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1 Introduction

The representation theory of the cyclotomic quiver Hecke algebras or cyclotomic KLR algebras
#2 of type A is governed by Specht modules that are indexed by multipartitions, from which
the irreducible Z2-modules arise as certain quotients. One of the main open problems is to
determine the dimensions of the irreducible Z-modules. A natural question is to ask when
do Specht modules coincide with irreducible Z2-modules. A classification of irreducible Specht
modules is known for the Iwahori-Hecke algebras of type A when ¢ # —1. In joint work
with Matthew Fayers, we use this classification to study irreducible Specht modules for the
Iwahori-Hecke algebras of type B. Our work also depends on joint work with Robert Muth,
Thomas Nicewicz and Liron Speyer that studies core combinatorics, skew Specht modules, and
analogous skew cyclotomic quiver Hecke algebras.

2 Background

We give an overview of KLR algebras, Specht modules and the associated combinatorics.

2.1 Lie theoretic notation

Throughout, IF will denote an arbitrary field of characteristic p > 0. We denote the multiplicative
order of ¢ € F* by e € {00} U{2,3,...}, called the quantum characteristic. We set I := Z/eZ,
which we identify with the set {0,1,...,e — 1} if e is finite, otherwise we identify I with Z. We
let ' be the (type Ay or Agl_)l) quiver with vertex set I and an arrow i — i — 1 for each i € I.

We recall standard notation for the Kac—-Moody algebra associated to the generalised Cartan
matrix (a;;); jer following [15]. We have simple roots {«; | i € I}, fundamental dominant weights
{A; | © € I}, and the invariant symmetric bilinear form (, ) such that (o;, ;) = a;; and
(A, oj) = 6;5, for all i, j € I. Let @ be the set of positive roots, and let Q1 := @,;c; Z=o; be
the positive cone of the root lattice. If @ = 37, ; ¢ioy € Q4, then we define the height of o to
be ht(a) = ;¢

An e-multicharge is an ordered pair k = (k1,....k¢) € I*. We define its associated dominant
weight A of level £ to be A = A, := Ay, +---+ Ay,

2.2 The symmetric group and Hecke algebras

Let &, be the symmetric group on n letters. Associated to each complex reflection group
(Z)0Z) 1 &, of type G(¢,1,n) is an associated Ariki-Koike algebra, or alternatively called a
cyclotomic Hecke algebra. For our purposes, we are interested in the Hecke algebras associated
to the symmetric group &,, and to the signed symmetric group (Z/(Z)1S,,, namely the Iwahori—
Hecke algebras of type A and B, respectively.



Definition 2.1. Let ¢ € F*. The Hecke algebra of the symmetric group or Iwahori-Hecke
algebra of type A, denoted S 4(S,,), is the unital, associative F-algebra with generating set
{T1,...,T,,—1} subject to the relations

(T; —q)(Ti+1)=0 for 1 <i < n;
T, =TT, for [i — 7] > 1.
LT T =T T4 for1<i<n—2.

Note that we recover the group algebra of the symmetric group when ¢ = 1.

Definition 2.2. Let ¢, Q1, Q2 € F*. Then the Hecke algebra of the signed symmetric group or
the Twahori-Hecke algebra of type B, denoted % .0,.0,((Z/2Z)1&,,), is the unital associative
F-algebra with generating set {7y, T1,...,T,—1} subject to the relations

(To—Q1)(To — Q2) =0
ToT ToyTy =TTy Th Ty

(Ti —q)(Ti+1)=0 for 1 <i<m;
T.T; = T,T; for |i — j| > 1;
LT T, = T LT for1<i<n—2.

2.3 Young diagrams and tableaux

A composition A of n is a sequence of non-negative integers A = (A1, Ag,...) such that |A\| :=
Y21 A = n. We say that a partition of n is a sequence A = (A1, A, ... ) of non-negative integers
such that A\; > \j41 for all i > 1. We write @ for the empty partition (0,0,...). We denote by
2y, the set of all partitions of n, and let & := ] Z,.

An (-multipartition X of n is an f-tuple A = (XD, ... A®) of partitions such that [\ =
Zle IND| = n. We refer to \?) as the ith component of \. We abuse notation and also write
@ for the empty (-multipartition (2, ..., ). We denote by 2% the set of all f-multipartitions
of n, and let 2¢ := |J ZL.

For \, u € 2, we say that \ dominates p, and write A > y, if for all 1 <m < £ and k > 1,

m—1 k m—1 k
S 01+ A 3 3 0+ 3,
i=1 j=1 i=1 j=1

The Young diagram of an f-multipartition A = ()\(1), ceey )\(Z)) e 2! is defined to be
A= {(i,5,m) e Nx Nx {1,....0} | 1<j <A™}

We refer to elements of [\] as nodes of A. We say that a node A € [A] is removable if [\ \ {4} is
a Young diagram of an ¢-multipartition, while a node A ¢ [\] is addable if [\] U {A} is a Young
diagram of an /-multipartition.
If A= (A1, A2,...) € & is a partition, the conjugate partition, denoted N = (A}, ), ...), is
defined by
No=[{i =11 =4

For A € 2!, we define the conjugate (-multipartition, also denoted X, to be X := ()\(Z)/, e A(l)/).
Fix an e-multicharge k = (k1,...,s¢) € I*. The e-residue of a node A = (i,j,m) € N x N x
{1,...,¢} is defined to be
resA:=kp+j—i (mode).



We call a node of residue r an r-node. We define the residue content of A € 2 to be

cont(\) := Z OresA € Q4.

A€[N]
We write
P ={re P cont(\) =a}, acQ,.

Let A € 2. Then a A-tableau is a bijection T : [A\] = {1,...,n}. We say that T is standard
if its entries increase down each column (i.e. column-strict) and along each row (i.e. row-strict),
within each component. We denote the set of all standard A-tableaux by Std(\).

For A € 22!, let T be a standard A-tableau. Now define T¢, to be the y-tableau obtained
from T by removing all of the nodes occupied with entries greater than a, where a € {1,...,n}
and pu € 2L, Tt follows that T<, has the shape of u € 2%, and we write sh(T<,) = p.

There is a natural S,,-action on Std(\). We refer the reader to [16] for further details.

2.4 KLR algebras and their cyclotomic quotients
Suppose o € QT has height n, and set

Ia:{i:(il,...,in)EIn‘ ail—k---—i—ain:a}.

Definition 2.3. We define the Khovanov-Lauda—Rouquier (KLR) algebra or quiver Hecke al-
gebra %, to be the unital associative F-algebra with generating set

{e() [ 1€ IU{yr, - ynt U{t, .. ona}

and relations

e(i)e(j) = dije(i);
Z e(i) = 1;
el
yre(i) = e(i)yr§
¢r6(i) = €(Sri)1/)r;

YrYs = YsYr;
Urys = Ysr if s #r,r+1;
Vpths = Ysihy if |7' - 5| > 1

yﬂ/}Te(i) = (d}ryr—l—l - 6ir,ir+1)e(i);
Yrp1re(i) = (Yryr + 0, 4,0 e(d);

0 if ip = 4pg1,
e(i) if dpy1 # iy, 0 £ 1,

Pre(i) = 3 (yrp1 — yr)e(i) if i = dpy1 + 1,
(yT - y7‘+1)e(i) if by = ir—l—l -1,
(yr—l—l - y?‘)(yr - yT+1)e(i) if Uy = ir—l—l +1= ir—&-l - 1;
('¢r+1'l/)r'¢’r+1 + 1)6(i) ifipro =ip =ipp1 + 1,

e atre(Q) = § rervrbren = DE0) e T b T

(rp10rthry1 — 2yrq1 +yr + yr+2)e(1) ifipyo =ip =ipp1 +1=1dpp1 — 1,
(Vrr19ribri1)e(i) otherwise;



for all admissible 7, s, 1, j.
The KLR algebra or quiver Hecke algebra %, is defined to be the direct sum @@, Z., where
the sum is taken over all o € Q% of height n.

Definition 2.4. We define the cyclotomic KLR algebra or cyclotomic quiver Hecke algebra 9?3
to be the quotient of %, by the relation:

oy e(i) = 0,

for all i € 1.
The cyclotomic KLR algebra or cyclotomic quiver Hecke algebra 9?,11\ is defined to be the
direct sum @, Z2, where the sum is taken over all & € Q% of height n.

Lemma 2.5 [3, Corollary 1]. There is a unique Z-grading on Z> such that, for all admissible
r and i,

deg(e(i)) =0, deg(yr) =2, deg®r(e(i)) = —ai r;-

These Z-graded algebras are connected to the Hecke algebras of complex reflection groups
via Brundan and Kleshchev’s Isomorphism Theorem.

Theorem 2.6 [2, Main Theorem]. Ife = p or p{ e, then Z) of type As or AY s

e—1
isomorphic to a cyclotomic Hecke algebra associated to a complex reflection group (Z/0Z) 1 S,

of type G(£,1,n).
In particular, 2 is isomorphic to:
¢ an Iwahori-Hecke algebra J¢ ,(S,,) of type A when A = A, for some & € I;

o an Iwahori-Hecke algebra 7% 4.0,.0,(Z/2Z)1&,,) of type B when A = A, + A, for some
k1, k2 € I such that Q1 = ¢™ and Q2 = ¢.

2.5 Affine induction and restriction

Given a, 8 € QQ4, we set
t@awg = Ky, 8%@,3.

We denote by M X N the outer tensor product of an %,-module M and an %s-module N.
There is an injective algebra homomorphism %, 3 — Zq+s, mapping e(i) ® e(j) to e(ij), where
ij denotes the concatenation of the two sequences. The image of the identity element of %, 3

under this map is
€a,B 1= Z e(ij).
iele, jelB

Let Ind, s and Res, g denote the induction and restriction functors, respectively, between
the module categories

Inda”g = ‘%Ot‘l'ﬁeaﬁ@%a,ﬁ? : %a,/a’ -mod — %a—l—ﬁ -mod,
Resqy g := eaﬁ,@aJrg@gaw? : Ro+p-mod — X 5-mod.

Both Ind, g and Res, g are exact functors, and send finite dimensional modules to finite dimen-
sional modules. Moreover, Ind, g is left adjoint to Res, g.
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2.6 Specht modules and irreducible modules

The representation theory of cyclotomic KLR algebras #2 is governed by a special family of
modules called Specht modules. There is an explicit presentation of Specht modules — we refer the
reader to [16, Definition 7.11] for further details. For each A € 2%, we denote the corresponding
Specht module by S(X). Specht modules are Z-graded, inherited from the non-trivial Z-grading
on the cyclotomic KLR algebras.

Theorem 2.7. [4, Corollary 4.6], [16, Proposition 7.14 and Corollary 7.20] For A € 2¢,
there is a set of vectors {vr | T € Std(\)} that forms a homogeneous F-basis of S(A).

For each A\ € 22!, the head of the Specht module S()) is an irreducible %Z2-module, denoted
D(u) for some p € PL.

Theorem 2.8 [3, Theorem 5.10].  The modules {D(pn) | p € 2%, n is regular} give a
complete set of graded irreducible Z-modules up to isomorphism and grading shift. Moreover,
each D(p) is self-dual as a graded module.

The indexing set of the irreducible %{L\—modules is given by regular multipartitions. In gen-
eral, there is a recursive description of regular multipartitions — see [1] for a description of the
combinatorics of regular multipartitions. However, for irreducible modules D(u) for the Iwahori-
Hecke algebra of type A, which are indexed by partitions, there is an explicit description of the
indexing set given by e-regular partitions.

Definition 2.9. Let \ € &2.

¢ We say that A is e-singular if \j11 = Aiq2 = -+ = Ajre > 0 for some ¢ > 1. Otherwise we
say that X\ is e-reqular.

¢ We say that X is e-restricted if and only if its conjugate )\’ is e-regular.

Definition 2.10. Let A € &,. We say that A is an e-core if and only if X is the unique partition
of residue content a. (Note that e-cores are both e-regular and e-restricted.)

Specht modules arise as the cell modules of cyclotomic KLR algebras — see [12] for details.

Theorem 2.11 [12, Theorem 5.8 and Corollary 5.10]. The cyclotomic KLR algebra %7 is
a graded cellular algebra, and its graded cell modules are the graded Specht modules as introduced

in [4].

3 Skew Specht modules and skew cyclotomic KLR algebras

We give a brief overview of skew Specht modules and the associated combinatorics of skew
shapes, together with their connection with restrictions of Specht modules. Furthermore, we
introduce joint work with Robert Muth, Thomas Nicewicz and Liron Speyer on skew cyclotomic
quiver Hecke algebras.

3.1 Skew diagrams and tableaux

Let A\, pu € 2, with [u] C [A]. Then the skew diagram of A by p is A/u := A\u. Note that
M@ = \for A€ ¢, so skew diagrams generalise Young diagrams.

Example. Let A = (52,4,22), u = (42,12). Then [u] = M c A= |and [A/p] = ak

- N [



For a fixed pu € 2%, we denote by yf, g the set of all skew diagrams \/p with |A/u| = d. For
A p e fid, a \/p-tableau is a bijection T : [A/u] — {1,...,d}. We denote by Std(\/u) the set

of all standard \/u-tableaux, that is, all A\/u-tableaux that are both column- and row-strict.
3.2 Skew Specht modules

Over the affine KLR algebra %, Muth [19] constructed Specht modules for skew shapes —
see [19]84 for an explicit presentation of these Specht modules. For each skew shape A\/u, we
denote the associated skew Specht module by S(A\/p). There is an analogous standard basis
theorem for skew Specht modules.

Theorem 3.1 (Proposition 4.7, [19]). For A\/u € yf,d, there is a set of vectors {vr | T € Std(A/u)}
that forms a homogeneous F-basis of S(\/p).

Skew Specht modules appear in the filtrations of restrictions of Specht modules.

Theorem 3.2 (Theorem 5.13, [19]). Let \ € @£+ﬁ and

{p1, o} ={p € 25| [u] C [N},

and assume that p; > pj implies i < j. Write
Vi :==TF-span{ur € S(A\) | T € Std(\),sh(T<,) = pj for some j < i}

for alli. Then
0=VyCViC-- C Vi = Resay S(\)

is a graded filtration of Resqy g S(A) by Xa,p-submodules V;, with subquotients
Vi/Vier = 8(ps) ®S(A ps)
as X, p-modules.

We now consider a special case of this theorem in level £ = 1. Let A € &2, 3. Assume that
W E P, is a core partition, in which case u is the unique partition of content «. Hence

Resqa g S(A) =2 5(p) XS/ ).

3.3 Skew cyclotomic KLR algebras

We saw before that cyclotomic KLR algebras are cellular, whose cell modules are Specht modules.
It is therefore a natural question to ask if we can construct an analogous cellular algebra whose
cell modules are skew Specht modules.

Let a, 8 € Q1. We now fix £ = 1, a fundamental dominant weight A, and a core partition
pw € Pq. (Note that the following generalises to arbitrary levels, the details of which we have
omitted here. The combinatorics of cores is more complicated in higher levels, and the results
in level £ = 1 are sufficient for our study of irreducible Specht modules.) The following is joint
work with Robert Muth, Thomas Nicewicz and Liron Speyer.

We denote by ¢ the composition of algebra homomorphisms

%g — %a (Xh@ﬁ — ea75<@a+geaﬁ — ea,3%£+ﬁea75.

The kernel ker(y) of this composition of maps is a two-sided ideal of Zg.



Definition 3.3. The a-skew cyclotomic KLR algebra, or a-skew cyclotomic quiver Hecke alge-
bra, is defined to be

A
%ﬁ/a = X/ ker(p).
We obtain the analogous result to Theorem 2.11.

Theorem 3.4 (Muth, Nicewicz, Speyer, S., 2023+). The a-skew cyclotomic KLR algebra ,@g\/a
is a graded cellular algebra, and its graded cell modules are skew Specht modules.

Moreover, there is an exact functor of Z-graded categories ‘%111\%8 -mod — %g/a -mod that
sends cell modules to cell modules.

This result connects irreducible Specht modules and irreducible skew Specht modules in the
following way.

Corollary 3.5 (Muth, Nicewicz, Speyer, S., 2023+). Suppose that p € P, and X € Po 1 such
that p is a core partition. If S(X) is an irreducible Zo3-module, then S(\/p) is an irreducible
Hz-module.

The #Zz-module S(\/p) will factor through some cyclotomic KLR algebra quotient %);;

Therefore, it is a natural question to ask for which partition v € (@f; is the irreducible 9?;9—
module D(v), up to inflation, isomorphic to S(A/u)? We tackle this problem in level £ = 2 for
irreducible modules D(v) that are precisely, up to a grading shift, irreducible Specht modules.

4 Irreducible Specht modules

In this section, we review known results on (ir)reducible Specht modules for the Iwahori-Hecke
algebras of types A and B. Moreover, we introduce joint work with Matthew Fayers on work
towards a classification of irreducible Specht modules for the Iwahori-Hecke algebras of type B.

4.1 Irreducible Specht modules for the Iwahori-Hecke algebras of type A

There is an almost complete classification of irreducible Specht modules for the Iwahori—Hecke
algebra of type A:

o when ¢ # —1, the classification is complete [13, 17, 18, 5, 6, 11];

o when ¢ = —1 the classification is complete for the symmetric group [14], and almost
complete for the Iwahori-Hecke algebra of type A [9, 7, 10].

For h € N, let v,(h) denote the usual p-adic valuation of h. That is, v,(h) denotes the largest
power of p dividing h if p is finite, while vo(h) = 0 for all h.

Definition 4.1. The (e, p)-adic valuation of h is defined to be

B Vp(%) +1 if e|h;
Vep(h) := .
0 otherwise.

Definition 4.2. Let A be a partition. The hook length of a node (a,b) € [\], denoted h2,, is
defined to be
B =g —b+ X —a+ 1.

The classification of irreducible Specht modules S(\) is almost complete thanks to a multi-
tude of papers [13, 14, 17, 18, 5, 6, 11]. This (almost) classification depends on the (e, p)-adic
valuations of hooks lengths as follows.



Theorem 4.3. Suppose that e € {3,4,...} and charF is arbitrary or e = charF = 2. Then
S(N) is irreducible if and only if there exist integers k > 0 and £ > 0 with (k+ 1,44+ 1) & [)],
satisfying

i) Vep(hly) = vep(h),) whenever (a,b), (a,c) € [A] and a > k;
i) Vep(hi.) = Vep(hi) whenever (a,c), (b,c) € [A] and ¢ > ¢;
iii) Vep(h)) =0 for 1<a <k, 1<b< P

Definition 4.4. We define a JM-partition (named after James and Mathas) to be a partition
A that indexes an irreducible Specht module S()\), satisfying the irreducibility condition in the
above theorem.

Remarks. When e = 2 and charF # 2, (ir)reducible Specht modules for the Hecke algebra of
the symmetric group have been studied in several papers [9, 7, 10].

There are cyclotomic i-restriction functors, denoted e;, and cyclotomic divided powers, de-
noted egr) that act on %)f}—modules, in particular on Specht modules. These functors were
introduced in [3].

Definition 4.5. We say that (\, u) € 22 is i-restrictable if there exists a residue i € Z/eZ for
which (A, ) has removable i-nodes but no addable i-nodes. If there exists no such i, we call
(A, ) unrestrictable.

By the exactness of these functors, we have the following crucial result.

Lemma 4.6. Suppose that (\,p) € P2 is i-restrictable and has v removable i-nodes. Further
suppose el(-r)S()\,,u) =~ S(v,n) for some (v,n) € P2. Then S(A, p) is irreducible if and only if
S(v,n) is

To classify irreducible Specht modules for 9?,/1‘ it thus suffices to classify unrestrictable irre-
ducible Specht modules.

4.2 Irreducible Specht modules for the Iwahori-Hecke algebras of type B

Fayers began the study of irreducible Specht modules for the Iwahori-Hecke algebras of type B
n [8]. Throughout, we will identify the Iwahori—Hecke algebras of type B with the corresponding
cyclotomic KLR algebra #Z". When e = co, Fayers gave a complete classification of irreducible
Specht modules in this case [8][Corollary 3.6], using one-runner abacus displays for partitions.
We refer the interested reader to [8] for details.

Fayers also began the study of irreducible Specht modules for Z2 in finite quantum charac-
teristic e € {2,3,...}.

Proposition 4.7 (Proposition 2.4, [8]). Let A € Z,. S(\, @) or S(&,\) is an irreducible
FA -module if and only if S(X) is an irreducible % 4(S,)-module.

When e = 2, Fayers reduced the classification of irreducible Specht modules for Z2 to those
of the Hecke algebra of the symmetric group.

Theorem 4.8 (Theorem 4.1, [8]). Let (\,p) € P2, ¢ = 2 and suppose that S(\, i) is unre-
strictable. Then S(\, p) is an irreducible 2 -module if and only if (\, ) = (v, @) or (@,v) and
S(v) is an irreducible # _1(S,)-module for some partition v € Z,,.



Thus, when e = 2, there is no unrestrictable Specht module S(\, u) with A # @& # p that is
irreducible. We thus suppose from now on that e € {3,4,...}.

The author previously studied the family of Specht modules indexed by hook bipartitions for
the Iwahori-Hecke algebra with e € {3,4,...}. A hook bipartition of n is a bipartition of the
form ((n—m), (1™)) for some m € {0,...,n}. In [22, 23], the complete graded module structure
of Specht modules indexed by hook bipartitions was determined. Of course, the one-dimensional
Specht modules S((n), @) and S(2, (1)) are irreducible. Besides these one-dimensional Specht
modules indexed by hook bipartitions, one can obtain from their module structure a classification
of irreducible Specht modules for hook bipartitions.

Theorem 4.9 (Theorems 5.1-5.4, [23]). Let F be arbitrary, e € {3,4,...} and k = (K1, K2).
Suppose that n —m > 1 and m > 1. Then the Specht module S((n —m), (1™)) is an irreducible
FX -module if and only if n # ke — k1 + 1 (mod e) and kg # k1 — 1 (mod e).

For arbitrary e, Speyer and the author [21] studied the decomposability of Specht modules
indexed by bihooks, pairs of hook partitions, for the Iwahori—-Hecke algebra of type B. Moreover,
Muth, Speyer and the author [20] classified semisimple Specht modules indexed by bihooks,
giving an explicit decomposition of these modules into irreducible summands. One can observe
from the decompositions of these semisimple Specht modules, that the presentations of the
irreducible summands coincide with the presentations of certain skew Specht modules. In fact,
the irreducible summands are isomorphic, up to inflation, to the corresponding skew Specht
modules. This observation inspired the study of irreducible Specht modules in higher levels.

In current joint work with Fayers, the author is working towards a classification of irreducible
Specht modules for the Iwahori-Hecke algebra of type B with e € {3,4,...} and over a field
of arbitrary characteristic. Observe that a hook bipartition, many of which index irreducible
Specht modules, is a pair of partitions whose first component is an e-regular partition and
whose second component is an e-restricted partition. We generalise pairs of partitions with this
property that index irreducible Specht modules.

Proposition 4.10 (Fayers—S. 2023+). Let A and p be JM-partitions. Suppose S(A, p) is irre-
ducible. Then

o at least one of A\ and p is e-reqular,

¢ and at least one of A and p is e-restricted.

Recall that JM-partitions index irreducible Specht modules for the Iwahori-Hecke algebra
of type A with e € {3,4,...}. JM-partitions satisfy an “e-restricted condition” given in The-
orem 4.3(i) and an “e-regular condition” given in Theorem 4.3(ii). Notice that the previous
result mimics these conditions, allowing us to understand more precisely which skew diagrams
correspond to bipartitions (A, 1) that index irreducible Specht modules.

Definition 4.11. We say that a bipartition (A, u) is skewable if there are partitions n and v
such that 7 is a JM-partition, v is a core, Mi+1 S V1, and either

1. A=C", p= R"n and v + V| + €Z = k1 — Ka, or

2. A= R"n, p=C"n and vy + V] + €L = Ky — K1,
recalling R and C are row- and column-removal operators on partitions.

Fayers and the author conjecture that the only irreducible Specht modules for the Iwahori—
Hecke algebra of type B are, up to taking cyclotomic divided powers, precisely those that are
isomorphic, up to inflation, to irreducible skew Specht modules as determined in Corollary 3.5.

Conjecture 4.12 (Fayers—S.). Suppose that (A, u) € P2 is unrestrictable. Then S(\,p) is
irreducible if and only if (A, p) is skewable.
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