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AFEE 2022 £ RIMS HFEIFFZE (RBERY) TREATRIEREEGH & 2 DR I TEEMT o - #H Th
7 — ZEBOMHL R L E A ER Y —KHADE FAERE ] ORELHTH D, FHE DRI [Mur22)]
DRI T D 5. AR TIIHFTROIMERAHD T8t 72 ¥ D 2 Huh & L, sEFHOMERIZ DWW T
[Mur22] IZi#5 2 &5 5.

[Mur22] o F##H5R1E

BRTLRAORFRER) = lim (5 7— X

EWVWSEATORREILNT FADZRRBIIH L TR LD DT, ZDIEHDIFIZH L < BIFE L 72
MEMOFETHS. 2D bRy —0REL BTNV ERGROFEZHVTHRR LI DR ST
W3,

FoRRBEDEEDICERZAIRT RS — L HGRONEMNEN TV S HTREEBRZEL
/3 RT P RS —ICBI2EELZTHETH 5 Witten OFHERETELRRT 272DDAT v
TO—=DThbH2. BILLORAREIBEFIEEPVEFED 27— R VI IEFEEINTWSHL
WRROBMAEFNCIE > TR RUTBOERVNCDEETH 5.

AROMAZBRZ. FFT 3R AT — BT H2ARL LT2HI, 3EITZhZThETIER
LERE SRR OWTEBA L, AR OEIE & eATHR 2R, 4 i EFER GO 2 RN 2.
RIZIC 5 EICIREDEEMCE T 2 HFEEZENT 5.

ARG TR T 2 i [Mur22] 1% 2022 £ RIMS HFEMZE TREER, R L B e 2o &)
DOMEFLHE [ 22] TR L 7253 [MM21] OFRINZNETH 2. 20D ABED 2 fir 3 &g
[Ff 22, 3§, 4 81 YEEIDH 2D, REOEED-DICERZBLT, Li Ligh s LLBEgIC
R U7z, 72 5 HICIREE D [Mur22) 2 #E L 721 HIIH L 72 BIRERR /& ¥ OB EIH 2 O8N
L7.

2 BIREE

EFFEELREFHLAVTERINSITEED I THS. KEWZAIE LTIIFEIED
Jones ZIHADV BT 6125, AR TEET 5 DI Witten—Reshetikhin—-Turaev (WRT) REE
EWVWD IRTLEZRBOBRTFAERTH S, Z4UT 3 RILEREAE M 1L WRT(M) € C (7721
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kE€Zsy) LEPNIZEERIITHS. CHICHTIEELRTHEL LTRYED 3.

F18 2.1 (Witten OB TH). WRT AZED k — oo T 2#EEMO EFEHIHICIE
Chern—Simons FZ &= Reidemeister torsion 72 ¥ D EEL AT EDLTHNIZTH A S.

DTS 2 58t & LT, Lawrence—Zagier [LZ99] IC X2 RDbDHDH 5
Step 1 3 JUTEHEA M (KT 2 1 7— KB fur(r) £HHT 5.
Step 2 % WRT),(M) = lim, ,, /, far(7) ZFHT 3.
Step 3 fu(7) DEY 27 —ZHH

T

far < 1) = 772 far (1) + (D B FRATHIREEK)

AT R, ZORICBWT T — —k 552 2 CTHlHLERH

WRT(M) ~ (=k)™/? lim far(7) + (E3%), &k — oo

T—=—k

BELNS.
Step 4 Step 3 TEOLNLWEERM® EHEIE lim, ., _, fi(7) % Chern-Simons A& & &
Reidemeister torsion Tioib§ 2. ZAUT XD Witten OMHI T OEHDE T 5 5.

22T Step 1 ICBNT: 8 F— 2B L 13 BT E A8 < 28 - BT B ERE Y LT

F(r) =" (n OBHS OFBICHT BHIE) " 7Y, g = VT

nezr

DESBRTFATEREINLGBDTH 5. HAKRFIE LT N €Zso L a € ZIINLUTEX S

o0

aN,a(T): Z Sgn(n)qN(nJra)z

Wb, 7z Step 2, Step 3 DNEIZ TWRT FEBDVPETFEY 27 -BRE2RT) tidRZZ L
HTED.
Step 1 205 Step 4 ¥ TOMIDHERKRIUILI T D@D TH 3.

(1) Poincaré REOY —HKE L WS IFHHA TR S Bl Z A0 LT, Lawrence—
Zagier [LZ99] & TORT v TR fERLT-.

(2) Brieskorn REOY —EKME & \» 5 Poincaré AT R Y —ER[H %2 & LERE IS LT, B
+ [Hik05] BDETDORT v FRERL 72

(3) Seifert REO S —ERME £ W 5 DBrieskorn A €01 ¥ — M2 F LB HEICH LTI
B b [HkO6] ETORT vy F2RERLEL. ZoH, HEEMRAL L TE-S5 RN 57
I [FIMT21] i2 X o T Step 1 ¥ Step 2 2%, #Ik—FlK [MT21] iZ & o T Step 3 23,
Andersen—Mistegard [And] iZ & 5T Step 4 DRI 7.

(4) HI S5 7Hh5FE £ B3 Seifert REOD—IKE &\ 5 Seifert TRWERIAED 5 LIEHA TR
b Bl b DTt LT, Gukov—Pei-Putrov—Vafa [GPPV20] 2* Step 1 %, & L [MM21]
3 Step 2 %, Bringmann—Mahlburg—Milas [BMM20] 23 Step 3 % f#k L 7=.
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(5) BEMBHRESHRE VS LR L2 TOERELEVLHELR Y 7 RDLERMAITH LT,
Gukov—Pei-Putrov—Vafa [GPPV20] {% Step 1 Zfi#iR L Step 2 ZEAMER TREDE THNT.

AREOFETEIL, (1)-(4) ZEA (5) IKEENZ T —RIIH LT Step 2 ZRRLIZ2 VI HDTH
%. 758 Witten DEHEEMTELEIRT 27-DDRBDAT v S TH 3 Step 4 12OV TIX (3) D
BE TR BMRIERIZI.

3 WMESHKIE

AEHTIIRTHIORBICER L BREZRE) LW+ L&D RO TV 3 RITESHEED
5 Z2IZDOWTIRET 5.
ZD9HI2% 3 Dehn F i WO HEHBE DS 3 RS HEAE LB T 2 HERZHENT 5.

EE 3.1. 8&HB L IZ, BREED ST DIEXZMD S3 ANDHEDAAD Z ¥ TH 3B*?

EE 3.2. WA n DREAE L IZino FHEE p1/q1, - ., pn/qn € QU {o0} ® Dehn Fif & 13,
S3 B a vy A EMITAIRE 3 RITRZHEZ R 2 UTOREDO 2 TH S.

(1) S3 No#AHE L OBWERE L ZH.
(2) S3NL ¥ nflAD b—52K%ZNZIEE p1/q1,...,pn/q, THIDEDES.

INEZRARL L, LT TERINZ XTI 700 EZ 2EAED Dehn FjiC k> THELN S
SRILERIEDZ & TH 5.

T 3.3. (1) BEAMEIALIE, SR L EEMCEAMNT 5N EEERER Y 5 7 CHEkE
ERVHLDDILTHS.

(2) EAMEAT L, BESARBRAECEI, £0% BRAECEREEE2 2 212, BA
DEHE TS S B2 2 L CRHFRN A 282, Z0ABIZH T Dehn
FiiF 52 L TRONS 3RTEHEE M(T) LE£E, 20k 51 LTELNS 3 KISk
PINES R L T3

() XBF 2777 igAHOMICORIZR 1 &K 2 1TR L.
ST, BEAMERT »oBONZMEZRE M(T) OFER, Fric M(T) OFRZEEIZFEHENICIE T
DIFERDOA TR TEZ X T THS. EBE, IR 1IREE0Y —BEUTOLIICFETE 3.

W 3.4 (I 22, W 3.4)). BECEANY b A7A D OTARE n, BEFHIZ W € Sym, (2)
v¥53e H(MT),Z) = Z" W (Z") B D 0.

WICEANERT 2oEZHRE M(T) OANEBZEDSL IS TE 5. FIZITAIEITHEML

L Zhud TEEMERBHRTI 2 R OB CEAMNIT 512K 5 0F £ 28 EZ A (plumbed manifold)) #2153 HEE M
HOMEETHD, EEL TS HETIERY. 2P [Kf 22] T “plumbed manifold” DFREEIZOWT NERHE N &
57D TARTIE plumbed ZkkE) LIER) IBNTWE DY, £ DRINA [#3 16] T “plumbing” 25 TBAETHE) &
RENTVWEZEDHBAL 72720, KR TIRERTERVWD DD THEZRAE) Y WOFREBEEHWS Zx ¥ L.

LARBTIETIILERTHRVIEAE (TROE TN IBREREENERMED b — 7 2 AL AR 2D D) DAEET 2.
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X1:HZ757 X 2: HZZ 7 0nd 2548

7z Gukov—Pei—Putrov—Vafa [GPPV20] i2 & % Step 1 ORI T ZHWTHREQADAILTOY D
Zr(q) 20> b 57— REMOTEREFED S 2 LI L > THINTNA.

4 FHR

ZRTRERERZARTNZ 5. MUT, I 2BBTEANT SNARTDH o T2 DBEETHIVEE
BRLOL L, k #EBRET5. Z0L 2HESHK M(T) & 20 WRT FZ& WRT,(M(I)),
BLUZORERIANT O 7 Zp(q) BEES. 2D % Gukov-Pei-Putrov-Vafa [GPPV20]
12k % Step 2 2ERML LTI TOHED TH 5.

F#8 4.1 (Gukov—Pei-Putrov—Vafa [GPPV20, Conjecture 2.1, Equation (A.28)]).

WRT,(M(T)) = ; lim Zr (q).

2(C2k — CQ_k ) q—Ck

725U (= 2V VR v ¢

[Mur22] O E#ERIZ Z O FREZETINCHR LI VWS HDOTHZ. 777 T OEFAvIIHL, £
N SMU 2O deg(v) LEEZ v DRBEER. 2O FEMBREIRD LSk Rs01 3

EIE 4.2 ((Mur22, Theorem 1.2]). 7777 T @ deg(v) > 3 222 TOTHM v ITH L
#{v LBHET 21 OTES} + 2 — deg(v) >0
BRDILOKEOTE A1 IEIETH 5.
SEHE 4.2 OFEHT $HEITER v LR TRIRICHIg LI TWw 3. UTicZzohit i d.
Step A HHERIH Fr i (t) € C(t) TH o TELIAD WRT,(M((T)) 7452 b D% MKT 5.
Step B ZH(t — +0 1295 2 M A

Fri(t Z ant”,  (BHBEF) - Zr (Ce?) Z bt

n=-—oo n=-—oo



12O\ T
by, = (BFREF) - an, bo = ag

ZEEAAT 5.
Step C  HEFAE Fr () A7t = 0 CEAITH 2 2 2R, ZAREDEED n < 0lTHL
an =001 2DT Step B X DEED n < 02X L b, =02V, Step A ¥ Step

B XD R
(HAZAT) - lim Zr (q) = by = ag = WRT,(M(T"))

q—Ck

PRENSD.

EH 4.2 TIEZ 77 T OTHARET 2&EFZRE L TWE 2, 24Ut Step C ZRT72DICHW
B IRETH 2. BUEEER L 728 25 ZDOERBENHED /80 Tz LT T 4.1 SGIT 5
eI N2 DY, BURCIEGEHHR TE 56 35 ROMETH 5.

T 4.1 OFTHICBOTRDEHE L VDI Step B 1B 2 #HTBBE DRI L, 25 n < 01K L TH
BT 2 2RTEHITHS. ZOMEE MM21] 72 ¥ DFRATHIZE TIEMISEEERIC & 2 IEH M
IRETEIC & o TEEMICEEA L TV 2h3, RSB W T Step C THERE Fr (1) DIERIM
JREXE2 2 CRIBMICEFAL TW2. ZHU X - TERDSARBICEIL X, T 4.1 0L T
272D DORBEE VAR > TV 3.

D EDRFEMEFIREIC L TV 2 DD EHETHN LZEBEEMOARXTH 2. XEiTIEZO K%
B35,

5 EhERHREOAT
MUTOMENERADFHERICBVWTHE R > TWAENTEMDOARTH 3.

i 5.1 ([Mur22, Proposition 5.6]).

o IE¥HEE, N,
. FEIEE C: ZN RZN S C,
o ZIAT P(CEl,...,l'N) S (C[xl,...,a:N],

o RZ ML aeRVN
WAL, BREEF (an)pezy DTFEL TUT DM ANDILILT .

(1) ([Mur22, Proposition 5.2]) fEEO 2BV f: RY, » CicwL t = (t1,...,tn) —
(+0,...,40) I2BE 3 2 Wi R
Y C)Pm)f(En+a) ~ > anfO0)E -3
nezf, nezN
DD SLD.
(2) ([Mur22, Proposition 5.6]) fEEORBPEE f: RY — CML t = (ti,...,ty) —

a



(+0,...,40) 1I2BE 3 2 Wi R

o O SO P f(t(n +0)) ~ 3 anf O -3

TLGZN TLGZN

i AIRVASH
7272 L2 CUToEEEE AW .

o FERx ITHL

san(z) : 1 x>0,

& . -1 z<0.

. t(n+a) = (tN(nN —i—aN),...,tN(nN —I-OéN)).

e F(t) ~G(t) ZIEBOEER RICNL F(t) = G(t) + OtR) BB HIDZ e KT,
o IEQOERARFENCET D72 C % g: R — CITHhL

g“”@%zz;ﬂwkz—meymw

ZOMBEDAA > MIMHEREICIRN BB (an)nezy HEABDEE f: RY o C OED AL S
BVWEWHIHTHDB. %7z, Znezgo ) ez sgn(n) W5 O QERKEAHIIE 2 WL 2
FOL WS DLIERICARBHTHHEETHSZ. THICIDERS fIED 3 FEHEOEREE D
AR DRI BBEA M < DTH 5. @l 5.1 (1) T f(x) = exp(— Xy, To) €T 2 & HHBIEL
Fru(t) »8 54, @8 5.1 (2) T f(z) = exp(aWa) (27EL Wix25 7 T OBBATH) t35L
RERIHLT O Y Zp () BMEBND. ZHICE 5T Step BARENZDTH 3.

e 5.1 (1) DFERIZR D Euler-Maclaurin OFIAKD HIES WA AR Z WS Z 2 TiRENS.

#78 5.2 ([Zag06, Equation (44)], [BKM19, Equation (2.8)], [BMM20, Lemma 2.2], [#f 22, 8
4.8)). T o L 2WRDBE F: R — Cizxf Lt — +0 1<B5 2 Wi s

> = Bn+1(a) n n
nz:%f(t(n—i—oz)) ~ Zlmf( )(0)t

i ARVASS
BB, LTIORT ECHE 5.1 (1) 13V OrDBHMOMARE D $5RVFIRTH 3.

AE53. (1) N=k=1,Cn)=1,P(x) =10 %=, an# 5.1 (1) I¥ Euler-Maclaurin ®F12
A2 505 WA (& 5.2) TH2.
(2) N=k=1,C(n)=(-1)",P(z1) =1 Dt %, @i 5.1 (1) & Euler-Boole DA D 51
) PR/ .

S (1) fltn +a)) ~ 5 S A gy

n!
n=0 n=—1
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TH5. LI TEEKE,(x) &
i En(a)tn 2™
— T1+et

WX o TERZN, Euler TN L ML 3.

il 5.1 (2) 1& n DRI n; BEDIGEICEE n; — —n; — 1 217 5 721212 Bernoulli ZIHK D X5
M B(1—XN) = (-1)B;(\) ZH\VW2 Z 2 TmREh 23 ([Mur22, Proposition 5.6]). &5 2 =D
DERFHOWEREN—HT 2 Z L 3B TAEHETH 2. £/ 2 CHEFEE sgn(0) =1 &

EDZ Ik oTE S n, — —n; — 1 TOMPERETATNWE Z HMEDHILICEINTED,
REFRERTDH 5.

7B, EZODERBEOWHLERS—KT 2 Z 2 3EF (a,) ORBEFICEE T2 205 biE
B2 TE3. DLTICZDRFEHZ RN,

il 5.1 (2) DRIGERR. ROEMIZEI 272D N =k=1,C(n) =1 DL X ICHHEE5X 3.
—ROGEDFRETH 5.

fid 5.1 (1) &b, EFRDOZIHEK P(z) € Clz] £ FEEK o 120 L TEELI (an (P, )52 HBFE
LT, EEOZABMDEE f: Rag — CIIIL t — 40 I3 2L

[eo]

Z P(n)f(t(n +a)) ~ Z an (P, ) f™ (0)t"
DR DILD. ZORIZBWT f(r) = et YIS & EIEHEABER Y 2 2 O CHITEHEEMZZ T
TH< 1t =0T Laurant Bl R oTED, 2Dk I~ & =] ITEHEWWZ BN TES. Z
CTEEDEH n 2L fFM(0) = (1) RO TELDOEFRBEKIIES (-1)"a, DEBEKYL 723,
ZDOREZ KD 57012
1

plt) 1= s € O%(Rop), 9= % € End(C™®(Ro)), (J: h(t) = (1)) € End(C™ (Rsg)),

P(x) =po+prx+---+pa”, P(0):=po+mpiz+--+pa” €End(C*(Rsp))

Bk, t> 00 LABESUZ

Z an (P, @) Z P(n)etnte) — oot Z P(—0)e ™ = —e ' P(—0)Jp(t)
n=—oo n=0
tHIT 5.

T, WERLZVDIE t — +0 12B 3 2 #naER

Y P)f(tn +a) N—ZP (t(n+a))

n<—1



EWSHNEEMZROD T, FEOBE n 1T L
(—D)"an(P(—x —1),1 —a) = —an(P, a)

B DIIHOZ 2 REIERV. ZTh2HBEHO—F k> TRT.
ETRU an (P, ) ORBBEBOFRRED

53(—nmmu%—x—1%1—ax—a“:-e*LﬂK4U%a—DJ¢—o

n—=—oo

= —e et TP(0 —1)Jp(t)
%DT
' JP(0 — 1)Jp(t) = P(—0)Jp(t)

ZREIZBWV. 22T End(C®(Rsg)) DL LT J2=1,0J=-J kD J(O-1)J=-0—-17%
DT IP(O— 1)J = P(—0 — 1) ThHB. % oTEDE e P(—0 — 1)p(t) LEF 2. £ C(Ra)
D et 5 EG% et b FHL &, End(C®(Rsg)) PTLE LT el (—0 — 1) = —0e! D TIHNRIC L D
EED r € Zoo KL el(—0—1)" = —=9"e! DI D D, Lo Te'P(—0—1) = P(—0)e! 21§5.
PLEXD P(=0)etp(t) = P(—0)Jp(t) ZRBIERWVDY, ZU elo(t) = Jo(t) D250 . O

FSC [Mur22) OFEFCLE Bernoulli ZEROMFMEE AV 7243, LOFEATIZ L DIHWEETH 2
Bernoulli 8D REEIEL (1) ORFMEE VT W B 75, X hABHARHEITNE L AREETHS
5. Lo LAY S ZODERFBOMEAREMI—HT % & W BHROMBDO W L FHIIEE 2 ThiRny
XS EHICIEbNS.

AR 5.4. FOIAO R L FROHERIC X o T 5.1 OFF (an)nezy ODEBEEZUATO X 512K
BH2BIeMNTEL. UTOFETIEGE 5.1 DFERE BRI t(n+a) = (In(ny+an),...,tn(ny+
an)) EWVIEREEHVWTWS Z LICEET 3.

Z antt -t = Z C’(n)P(n)e“""ru)

neZN ”EZJZVO
= el® Z C(n) Z P(n _l_km)et(n+km)
ne{0,...,k—1}N mezy,
J )
_ o C Pl = . . =) tntkm)
e > (n) > S o) ©
ne{0,...,k—1}N mezy,
8 8 etn
= e’ coyp (=, ... |
e ne{oa_m (n) oty" oty ) (1 —ektr) ... (1 — ekty)
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Bernoulli ZJHX A Hurwitz ¥ — ZBEBOFKREICR > TWa Z & AR, i 5.1 DY
(@n)pezy DHZ2E—XEBORHREL L TEHRTEZ2 550, 205 EMZEEIZ [MM21] Mk
AWTWz, 2 Z eid Mellin ZHUCBT 2BFD 74 77 D HRRTE 25 Z 2T [Mur22] O#E
RICKRMN W7z, AFROMHED KD E LTI IR LTHL.

Lawrence—Zagier [LZ99, pp. 98, Proposition], Zagier [Zag06, Section 1] DFiE%ZH\\25 Z & T,
Mellin ZE#CBI S 2 RDERDGE S .

WRE 5.5. £E A THRFNT SNIERET (ar)ren EIEDFEEF (by)ren I L, #EL
P(t):=) axe ™!
AEA
M Reo BIEFE—REIGEL, t — +0 2R3 2 MR
F(t)~ > cnt”
n>—co

PRB (LI ZTn > —c0 39N EWEEDOn I Le, =02R2IEEKRT ),
Mellin Z# -
MF(s) := / F(t)t*lat
0

NCEOBEHEBBHBEEDZ LIRETS. 2O X F(t) IS 2 L B%K

MEF (s a
L(s;F) := F(s() ) = Z K’\s

AEA

WOWT, FED n € ZITHL

(=1 L(—n; F), n >0,
cn = Res I'(s)L(s, F) = n!
s=—n (—n—1)! Res L(s; 1), n<0
N RASY
SEEA. EED e > 01T L
MEF(s) = Z cn/ t"*5=1dt  mod O(C)
n>—oo 0
= Z n mod O(C)
n>—oo s+n
LE, T(s) 3 C LTHEAEFZIMIs = -—ne€Zog THHVRTIMNTEEL (-1)"/nl TH3
DO FRIES. O

W 5.5 ZHW2 Z 2T, @ 5.1 OFF (an)pezy EUATD LS 1CH 2 — XEBORHRME L L
TR TE 5.

% 5.6. M 5.1 DR TR T 3.

9



(1) C,P,a iTfIFES 2 N Z8 L Bz

C(n)P(n)
L(s1,...,sn;C, P a) :=
( 1 N ) Z\] (n1+a1)31"'(nN+aN)sN
nEZZO
EBLYFEED n e ZN 1T L
a, = (—1)mttny Res -+ Res I'(s1)---I(sn)L(s1,...,s8:C, P a)

MR DILD. KT n € Zgo WAL
L(s1,...,sn;C, P, )

n = ’I’Ll! ce nN!
DI D 3LD.
(2) C, P, \TBET 2 1 B8 L B8x
' o C(n)P(n)
L(8707P7 OZ) = HGZZ;V (n1 + Oél)s . (nN ‘I’ aN)s
EBLEERD m e ZITHL
Res I'(s)L(s;C, P, ) = Z (—1)mttnNg,
s n€ZN ,ni+--+nn=m
DD L.
(3) N ZMEEME AR Q: RY - RE2EET2. 2O % O, Pa,Q icffiiT 3 1 ZH L &
e C(n)P(n)
n)P(n
L(s;C,P,a,Q) = Y | =2t
nGZgO Q(n + Oé)
EBLEEED M EZITHL
m,—Q(xz1,..., TN)
Res T(s)L(s; C, P, Q) = 3 d@;nl (0 )y
= 1

n€ZN ,ni+--+ny=m

NI AIRVASR

ZDFERIIMPICZER Y — XBEBORRIEDOBE OBGRR AR T TE 2720, AFEOER
TH23 3R R - BTEY 27— TY—XEOER» S R THEKEND DS
EHIZIIEDNS.

AR

2022 £ RIMS HFEIRFFE (N TRV EEGH & 2 D) ([ TIMIBEDOER 2 T S o 7210
A (FIERY) I E (HARY) WRAEHP L LT XY, X0 mEERE 28
LU CRYITEIC CREREWIEEHE TH 2 WNREMEE GILRE) KRIE#H VL ET. 557
THAST L 723 [Mur22] IZOWTIESFIREE —SeE (RILRT) |, AR XA GRALRT) |, BB
FE OUNKZE) | IR X A UNKRE) KZOTHERETEE £ L. AR JSPS &
W& JP20J20308 DBk 2% 72bDTY. Z ZITEH W LET.
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