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1 Main results of the talk

In this talk, I presented two kinds of different results related to the D, lattice, obtained in
a joint work [13] with M. Hirao and H. Nozaki. Let me first overview the results.
Our interest is in a design-theoretic property of the 2m-shell

(D4)2m:{(x1,...,x4)624‘$%+...+$i:2m}

of the Dy lattice (see §3.3 for the definition). We first proved that for any m € N, the subset
ﬁ(D;;)Qm of the three-dimensional unit sphere S? is an antipodal spherical {10,4,2}-
design (the case m = 1 was shown in [19]). Here, for a subset 7' C N, a finite subset X
of the unit sphere S%~! of the d-dimensional Euclidean space R? is a spherical design of
harmonic index T (spherical T-design for short) if the sum of all values P(z) at x € X is
zero for all harmonic polynomials P(z) € R[zy,...,z4] of degree £ € T. Remark that a
spherical {t,t — 1,...,2,1}-design is called a spherical t-design due to Delsarte-Geothals-
Seidel [10]. The concept of a spherical T-design was first introduced in [11] and recently
studied in [3, 5, 18, 25]. As a convention, since lattices are abelian groups, every positive
odd integer is contained in 7', so is omitted to write.

A basic problem is to determine the maximal subset T" C N, the harmonic strength,
such that \/%—m(Dzl)Qm is a spherical T-design. This problem is deeply connected to the
non-vanishing problem of the Fourier coefficients of cusp forms. As a prototype, it was

established by Venkov, stated in [19, Proposition BJ, that the 2m-shell —2=(Eg)an C S
of the Eg lattice is a spherical 8-design if and only if Ramanujan’s 7-function 7(m) is

zero, where > 7(m)q™ = n(2)** (¢ = €*™) is the unique cusp form of weight 12 on
SLy(Z) and n(z) = ¢Y/** [T, -, (1 —¢") is the Dedekind eta function. According to Lehmer’s
conjecture [16], 7(m) is believed to be non-zero for all m € N, or equivalently, \/%—m(Eg)Qm
would never be a spherical 8-design. In our work [13], we pointed out an analogy to this

for the D, lattice.

Theorem 1. For m € N, the harmonic strength of ﬁ(D;l)gm contains 6 if and only if
the mth Fourier coefficient to(m) of the unique newform n(2)*n(22)* = 3°, -, 1a(m)q™ of
weight 8 for T'g(2) is zero.



The non-vanishing conjecture on the 7-function is not formulated in the literature as
far the author knows (see [7] for a similar project). As quick numerical evidence by PARI-
GP, one can easily check 73(m) # 0 up to m < 108. In [13], we obtained 75(p) # 0 for any
prime p which is not congruent to —1 modulo 15 (note that the minimum of m € N such
that 7o(m) = 0 is prime). We will discuss an extension of the above result to other positive
even integers ¢. See §3.

The next result is about a characterization (a classification) of spherical {10,4,2}-
designs in S. For an antipodal subset X C S (i.e., —v € X for all z € X), a subset X’
of X is said to be a half set if X is a disjoint union of X’ and —X’. It follows that any half
set \%(D;;)é of \%(D;;)g (the 2-shell (Dy)s is known as the D4 root system) is a spherical
{10, 4, 2}-design with 12 points in S®. We can also compute the inner product
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where for X C ST we write A(X) = {{z,y) € [-1,1) | 7,y € X,z # y} with the
Euclidean inner product (z,y) = z1y1 + -+ + zqyq (z,y € R?). These data can be used
in the linear programming method to prove that, if a finite subset Y C S? is a spherical
{10, 4, 2}-design, then |Y'| > 12 (interestingly, our proof indicates that Y attains the lower
bound if and only if A(Y) C {—1/2,0,1/2}). This shows that the set \/%(D4)2 is a ‘tight’
antipodal spherical {10, 4, 2}-design. In our work, we classify such designs up to orthogonal
transformations. Here we note the fact! that if a finite subset X C S? ! is a spherical
T-design, then the set o(X) = {o(z) | + € X} is also a spherical T-design for any
orthogonal transformation o € O(R?) = {o : R? - R? : R-linear map s.t. {(o(z),0(y)) =
(x,y), V,y € R4}

Theorem 2. Every antipodal spherical {10, 4,2}-design with 24 points on S® is an orthog-
onal transformation of \%(D4)2.

Theorem 2 is called a uniqueness theorem in the study of classification of spherical
designs (see e.g., [4, 6]). As an application of the uniqueness of the D4 root system, we
gave a new proof of the uniqueness of the D, lattice as even integral lattices of level 2 in
R*. Another application goes to a decomposition of each shell of the D, lattice in terms of
orthogonal transformations of the D4 root system. We believe such decomposition would
shed new light on the study of shells of a lattice.

!This is a consequence of the fact that the group O(R?) acts on the space Harm,(R?) of harmonic
polynomials, i.e., (6*P)(z) := P(c~!(x)) is again a harmonic polynomial for any P € Harm,(R¢) and
o € O(RY).



2 Context of our works

Given a finite subset X C S? !, our principal problem is to determine a subset T'(X) of N
defined by

T(X):{EGN

Z P(x)=0, VPe Harmg(]Rd)} :
zeX
where Harmy(R?) C R[zy,...,74] denotes the subspace of harmonic polynomials (i.e.,
annihilated by the Laplacian Z;l:l 02/ axf) of homogeneous degree ¢. In the terminology
of the design theory, the set T'(X) of degrees is called the harmonic strength of X. As
explained in §1, the set X is a spherical T'(X)-design.

Given the coordinates of all points in X and the basis of the space Harm,(R?), the above
problem will be solved. For example, when d = 2, there is an explicit basis { f1 4, fae} of
Harm,(R?) such that fi,(cosf,sinf) = cos(¢0) and fo,(cos6,sinf) = sin(€d). Let us
consider the set Xy, 9, = {(1,0), (cos by, sin 6y ), (cos b, sin62)} C S' of vertices of a triangle
inscribed in the unit circle. Then, its harmonic strength can be computed by solving the
equations 1+ cos(£6;) + cos(d;) = 0 and sin(¢6,) +sin(¢h;) = 0. Indeed, for an equilateral
triangle (resp. an isosceles triangle), we can show T(Xz?w’%n) ={{eN|/{=1,2 mod 3}
(resp. T(Xg%ﬂ) ={l e N|/{¢=2,4 mod 6}). This proves that the harmonic strength of
the set of vertices of any equilateral triangle is given by {£ € N | £ = 1,2 mod 3} (recall
that the harmonic strength satisfies T'(c(X)) = T(X) for any orthogonal transformation
o € O(RY)).

The finite subsets of S* ! we are dealing with are the shells of a lattice in R%. In
this talk, a lattice A in R? means a full-ranked free Z-module, namely, there is a basis
{by,...,bg} (row vectors) of R? such that A = Zb; + - -+ + Zbg. For m > 0, we define the
m-shell A,, of A by

Ay ={z €A |(z,z) =m}.
Our actual problem is then to compute the harmonic strength of (non-empty) finite subsets
\/LmAm of S9! for all m > 0. Unlike the triangles, this problem seems difficult; one obvious
reason (from a computational obstruction) is that the cardinality is a polynomial growth
|Am| = O(m¥?7') as m — oo; another reason is in connection with the non-vanishing
problem of the Fourier coefficients of cusp forms, as in Theorem 1.

In the next section, we will summarize some known results on the harmonic strength of
some lattices and connections with the theory of modular forms. Before we get into this,
let us give a quick background on our principal problem.

The following property would be one of the motivations for determining the harmonic
strength (although this is a concept of spherical ¢-designs).



Proposition 3. If T'(X) contains every { € N less than or equal to t, then we have

1
—_ F(x Rz, ... ith deg F' <t 2.1
|Sd_1| g1 ( |X| g}:{ 7 ) S [Ilv azd] wr cg = U ( )

where p is the usual Haar measure on S™* and [S*| = [, dp(€).

Proof. The proof uses the well-known properties of harmonic polynomials. For simplic-
ity, we only prove the case when ¢t € N is even. Recall that every polynomial F(z) €
R[z1,. .., x4) of homogeneous degree t can be written in the form

F(z) = Py(z) + ra(z)Pi(x) + re(x)*Py(z) + - - - + rd(x)%P%
for some Pj(z) € Harm;_o;(R?), where ry(x) = 23 + -+ + 23. Note that Pr €Risa
Conqtan‘r Due to the orthogonality of harmonic polynomials of different degrees, one has

Joa—1 Pi(€)dp(§) =0 for j =0,..., £ — 1. Thus, we obitan
[ P <£>—# P.dp(€) = > = g R
S5 Joums W) = ] o, TS = rX\ rX\
where for the last equality, we have used the assumption that 1,2,... ¢t € T(X). O

A finite subset X of S¢! satisfying (2.1) is a spherical t-design. As a basic fact, for
any d (dimension) and ¢ (strength), there exists a finite subset of S¥~! that is a spherical
t-design, and its cardinality is bounded below by by, (called a Fisher-type bound), where

(d+e—1) + (d+e—2) b= 26,

e e—1

2(4e ) t=2e+1.

e

bat =

A spherical t-design in S%~! whose cardinality attains the lower bound ba: is said to be
tight. For example, the equilateral triangle X%ﬂ% is a tight spherical 2-design in S!,
because byo = 3. In general, tight designs have properties superior to non-tight designs,
and do not exist for some pairs of (d,t). For more on these studies, see Bannai-Bannai
[2]. It should be mentioned here that a fundamental tool to give lower bounds for the
cardinality is the linear programming method established by Delsarte-Goethals-Seidel [10].
Its machinery can be also applied to our case, so we can study tight spherical T-designs
for a given T" C N. For this study, we also refer to [3, 5, 18, 25] and references therein.
Our problem with the harmonic strength of shells is not a little influenced by these recent
developments.



3 Modular forms and spherical designs

3.1 How to use modular forms. We outline the method, established by Venkov [21],
to compute the harmonic strength of shells of lattices from the theory of modular forms.
For simplicity, we let My (I'1(N))g be the R-vector space of modular forms of weight k for
[’y (N) whose Fourier coefficients are real numbers, where I'y(N) = {v € SLy(Z) | v =
(¢ 1) mod N} is a congruence subgroup of level N of SLy(Z).

Let A C R? be an even integral lattice. Namely, (z,z) € 2Z holds for all x € A and A
is a subset of the dual lattice A* = {y € R? | (x,y) € Z for all x € A}. For a harmonic
polynomial P € Harm,(R?) and m € Zg, we write

arp(m)= Y  P(x)

$€A2m

and define the weighted theta series 0 p(z) by

Onp(z) = Z anp(m)q™ (g =€),

m>0

which is a holomorphic function on the complex upper half-plane {z € C | Im z > 0}. For
example, taking P = 1 of degree 0 gives the generating series of the cardinality of each
2m-shells of A.

Oa1(2) =Y [Mamlg™

m>0

From the works by Hecke and Schoenberg, we see that the series 05 p(2) lies in My (I'1(N))r
(see [12, Chap.3]), where N is the minimum of N € N such that N(z,z) € 27Z for all z € A*,
i.e. the level of A. We accordingly obtain the R-linear map

One : Harmg(RY) — Myjoro(D1(N))r, P 0y p(2).
When ¢ > 1, the image
ImIpr, = (Or.p(2) | P € Harm,(R%))g

is a subspace of the R-vector space Sq/a1¢(I'1(V))r of cusp forms in Mg/o1¢(I'1(N))r. Note
that ImJ, , = @ holds for ¢ odd, because the m-shell of A is antipodal (i.c., —x € A,,
for any x € A,,). From this, the harmonic strength T(ﬁAm) always contains all positive
odd integers, so we will not consider odd ¢ below.

The following proposition provides an application of the theory of modular forms to



design theories, which was used by Venkov in his study on even unimodular lattices [21].

Proposition 4. Let A be an even integral lattice in RY. For ¢ € 2N even, there are
harmonic polynomials Pi,. .., P, € Harm,(R?) such that {0ap,(2),...,0sp,(2)} forms a
basis of ImUp 4. Then, for any positive integer m, we have

1
teT (—A2m> = app(m)=---=ayp,(m) =0,

V2m

unless Ay, is empty. In particular, we have {¢ € 2N | dim (Im 7.9/\7[) =0}cCT (ﬁ/\gm),

Proof. Suppose ¢ € T <\/%7m./\2m), which is equivalent to ayp(m) = 0 for any P €
Harm,(R?) of degree ¢. Then it follows that asp,(m) = 0 for any j = 1,...,9. On
the other hand, for any P € Harm,(R?), there exist ci,...,c, € R such that

HAJ::(Z) = 019A7p1 (Z) i CgHAJ::g(Z),

from which the opposite implication follows. The “In particular” part is clear, because if
dim (Im¥Ja¢) = 0, then ay p(m) = 0 for all P € Harm,(R?). O

Using Proposition 4 together with a basis of the image of the map 5, : Harm,(R?) —
Sa/2+¢(I'1(N))r, we can check whether ¢ is in the harmonic strength of \/%—mAQm for at
least up to certain m (by a computer), or for all m if we are lucky. In particular, when
dimImdJ,, = 1, the problem whether ¢ € T' (ﬁ/\gm> is directly connected to the van-
ishing problem of the m-th Fourier coeflicients of a cusp form, so it may turn out to be a
challenging problem.

In the following sections, we will discuss what is known and expected about the har-
monic strength for individual important lattices.

3.2 The Eg lattice. A prototypical example of the use of Proposition 4 is the Fy lattice,
the unique even integral lattice of level 1 and discriminant 1 (unimodular) in R® (see [8,
Chap. 4, §8] for the definition). Its 2m-shell is not empty for all m > 1, which can be
shown by the identity 0p,1(2) = 14240)" _, 03(m)¢™ with the normalized Eisenstein
series of weight 4 on SLy(Z), where oyx(m) = i dim d* is the divisor function (see also §A
for the first several values of |(Eg)am|)-

The Eg lattice has many good properties. For our purpose, we recall Waldspurger’s
result [23] which determines the image of the map Vg, 4.

Theorem 5. Let ¢ € 2N. For the Eg lattice in R®, we have
Im "9Eg,£ = S4+g(SL2(Z)>]R.

6



From the theory of modular forms, for ¢ € 2N, we have dim Sy ¢(SLa(Z))r = [£] —

[”72] The first non-trivial cusp form appears when ¢ = 8 and it is given by n(z)* =
> m>1 T(m)g™. Now Proposition 4 leads to the following corollary (note that this result
can be shown without using the deep result of Waldspurger, Theorem 5; see [2] and [19,

Proposition B]).

Corollary 6. For any m € Z>y, we have

{2,4,6,10} c T (\/%(Es)m> ,

and 8 € T (ﬁ (E8)2m> if and only if T(m) = 0.

According to Lehmer’s conjecture on the non-vanishing of Ramanujan’s 7-function [16]
(i.e., 7(m) # 0 for all m € Z>,), the harmonic strength of the 2m-shell of the Eg lattice
would never contain eight. Moreover, one can numerically observe up to certain £ and m
that m-th Fourier coefficients of a basis of Sy, ¢(SL2(Z))r are not simultaneously zero (see
Appendix A). Overall, proving the equality {2,4,6,10} =T (\/%Tn (E8)2m for all m > 1
seems a very challenging problem. Here, we follow the convention that all positive odd
integers are excluded from the harmonic strength.

3.3 The D, lattice. For n € Zs3, let D,, = {x = (z1,...,2,) €Z" | 21+ -+ 2, =
0 mod 2} be the D, lattice. One has (D,)e, = {z € Z" | 23 + - - + 22 = 2m}. The case
n = 4 is treated in §1, but we repeat it: The D, lattice is known to be the unique even
integral lattice of level 2 and discriminant 4 in R*. The cardinality of the 2m-shell of D, is
given by [(Da)am| =123, (1 — (—=1)%)d, which is a consequence of Jacobi’s four square
theorem.

The image of the map ¥p, ¢ coincides with the space of newforms of level 2 (this fact
is a folklore):

Imdp, = S350 (T'1(2))r-

Thus, for all m > 1 (see also Appendix A), one has

(2.4,10) T (ﬁ(m)%) .

As is stated in Theorem 1, the harmonic strength of the 2m-shell of the D, lattice contains
six if and only if 7(m) = 0, where }_, -, 72o(m) = 1(2)*(22)® is the unique cusp form of
weight 8 and level 2.



As a level 2 analogue of Theorem 5, I observed

ImJpg ¢ = Sape(T1(2))r

up to ¢ = 10. Note that by Jacobi’s eight-square theorem (see references in [24]) the
cardinality is |(Dg)am| = rs(2m) = 16 Zdem(—l)dd?’ # 0 for m € N. By the dimension

formula dim Sy0(I'1(2))r = [£], it follows that {2} C T(\/%—m(Ds) ) for all m > 1.

2m

Similarly to Theorem 1, we have 4 € T (# (Ds) ) if and only if T9(m) = 0. Moreover,

V2m 2m
letting
Py(x) =7 Z zt —6 Z xias,
1<i<8 1<i<j<8

8
-, 2?2 mod 3 and

we get Op, p,(2) = 896m(2)%n(22)®. Using the congruences Py(z) = >
Py(z) = 2(35, 2)? mod 5, for each odd prime p, we obtain
2p|(Dg)ap| = 2p(1 +p®) = —p(1+p) mod 3,

0T = 2o (Do)l = 121 41 =plp 4 1) mod 5,

where we have used |(Ds)2,| = 16(7 + 7p?®). This shows that 7(p) = p(p + 1) mod ¢ for
¢ € {3,5} and any odd prime p, which was shown exactly in the same manner in [13]. I
am expecting that {2} ZT <ﬁ (Ds) ) holds for all m > 1 (see Appendix A).

2m

3.4 The Leech lattice. Let Ay be the Leech lattice, the unique even unimodular lattice
in R without roots (see [8, 12] for the details). Its theta series is 04,, 1(z) = 14+196560¢*+
16773120¢> + - - - € M15(SLy(Z)). Venkov [21] showed that

Im 19/\24,4 - 7](3)48M€—12(SL2(Z)>R7 (31)

and hence,

1
{2,4,6,8,10,14} C T (m(Am)Qm)

for all m > 2. Moreover, 12 € T <\/%7m(A24)2m) if and only if Z?z—ll T(n)T(m —n) = 0.
In contrast to the Fg and D, lattices, we can not observe if the opposite inclusion of (3.1)
holds. It may occur that (3.1) is proper for some ¢ and such ¢ may lie in the harmonic
strength of \/%Tn(AQZL)?m for some m > 3. The above result is a part of Venkov’s study of

the extremal even unimodular lattices [21].



3.5 The Barnes-Wall lattice. Let BWjg be the Barnes-Wall lattice, the unique even
integral lattice of level 2 and discriminant 2% in R® without roots (see [8, Chap. 4, §10]
for the details). This is an example of extremal 2-modular lattices. We have 0y, 1(2) =
1+ 4320¢° + 61440¢® + - - - . Similarly to the Leech lattice, one can show that

Im 9 pw,ge C 1(2)"n(22)"  My_s(T1(2))r,

which implies

1
{2,4,6} C T <ﬁ(BW16)2m>
for all m > 2. Again, 8 € T (L(BWM)M) if and only if S m(n)m(m — n) = 0. It

Vo
is pointed out in [22, Remark 18.9] that 10 € T (%(BWM)D. A generalization to the

extremal [-modular lattices is studied in [1].

3.6 Two-dimensional lattice. So far, we have seen that it is difficult to give a complete
set of the harmonic strengths for all shells. We now show examples of two-dimensional
lattices for which the harmonic strength is fully determined.

Using modular forms with complex multiplication by Gaussian integers Z[i] = Z2
Miezaki [17] showed that

1
T <\/—E(Z2)m> = {20 € 2N | = 1 mod 2}
for all m € Z>; with [(Z?),,] # 0 (note that the lattice Z? is not even). With a slightly
general notion, Pandey [20] extended this type of result to the ring of imaginary quadratic
integers whose class number is one. From his result for the Eisenstein integers Z[(1 +

v/ —3)/2|, we can deduce

1

for non-empty 2m-shell of the A, lattice.

A Numerical results/data for Dy, Dg, Ds, Fg, Es

By examining the (simultaneous) non-vanishing of the Fourier coefficients of a basis of
Imdp e, we give numerical results for the harmonic strength for the cases when A =



Dy, D¢, Ds, Eg, Es. Note that in these cases, corresponding modular forms are
Imdp, = 5577 (T'1(2))r,
ImﬁDG,Z - 53+z(F1(4)>R7
?
Impg ¢ = Sate(T'1(2))r,

Im "9E6,é C S3+4(F1

(3))r
Im ﬁEg,é == S4+g(SL2 (Z))R

For convenience, we exhibit the dimension table of the image of the maps ¥, and the
cardinality of the 2m-shell (see [15] for dim Im ¥, o and [8] for the cardinality). Note that

for the cases Dg and Dg, I have used the explicit construction of D, -invariants obtained
by Iwasaki [14].

¢ 2 4 6 8 10 12 14 16 18 20 22 24
dimImdp,, |0 0 1 1 0 2 1 1 2 2 1 3
dimImdp,, |0 1 1 2 2 3 3
dimImdp,, |0 1 1 2 2 3
dimImdg, |0 0 1 1 1 2 2 3 3 3 4
dimImdg, |0 0 0 1 0 1 1 1 2 1 2
m 12 3 4 5 6 7 8 9
(Dy)am| | 24 24 96 24 144 96 192 24 312
|(Dg)am| | 60 252 544 1020 1560 2080 3264 4092 4380
|(Dg)am| | 112 1136 3136 9328 14112 31808 38528 74864 84784
(E¢)am| | 72 270 720 936 2160 2214 3600 4590 6552
|(Es)am| | 240 2160 6720 17520 30240 60480 82560 140400 181680

To describe the results on the harmonic strength, let

> Pla)

zeX

T<p(X) = {E € 2N

=0, VP € Harm,(RY), ¢ < L} :

Proposition 7. We have checked the equalities

T<2 > ={2,4,10} (m <2-10%),

T<14
T<12
T<10

T<s32

(v
(
(
(
(

T

\_/\_/\_/\_/

={2} (m<2-10%,
={2} (m<2-10%,

2m

(m < 2-10%),

{2,4}

= {2,4,6,10} (m < 2-10%).

2m
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