Generalized Schubert Eisenstein series

YoungJu Choie
Dept of Mathematics, POSTECH, Korea

Talk at RIMS Workshop 2022
Zeta functions and Their representations
March 6. 2022-March 8, 2022

1 Introduction

Schubert Eisenstein series has been defined as sums like usual Eisenstein series but
with the summation restricted to elements coming from a particular Schubert cell
[2]. This is no longer an automorphic form, but we may ask whether it has analytic
continuation and at least some functional equations. Bump and the autor looked
closely Schubert Eisenstein series at the special case, where G = GL(3) and suggested
general lines of research for the general case in [2]:

(a) Does the Schubert Eisenstein series admit a meromorphic continuation ?

(b) Do a subset of the functional equations for the full Eisenstein series continue
to hold for the Schubert Eisenstein series?

(c) Is it possible to find a linear combination of Schubert Eisenstein series which
is entire?

Recently Getz and the author in [3] give a partial answer of the the above ques-
tions. In fact, in [3] Getz and author relate the above questions to the program of
Braverman, Kazhdan, Lafforgue, Ngo, and Sakellaridis ([1, 4, 5, 6]), in which they
prove the Poisson summation formula for certain schemes closely related to Schubert
varieties and use it to refine and establish the above conjecture in many cases.

In this talk we try to explain one of the main result by Getz and author in [3],
in which Theorem states a partial answer of (a) raised by Bump and author in [2].
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This note is based on the paper by Getz and author in [3].

2 Preliminaries

Let A be the Adele ring of a global field F. Take GG to be a split semisimple algebraic
group over F', equipped with a Borel subgroup B = TU, where T represents its
maximal split torus, and U is the unipotent radical. The Weyl group of T in G is
denoted as W(G,T) = Ng(T')/T, where Ng(T') is the normalizer of 7.

For a place v of F', denote the group by G, = G(F,) and similarly for algebraic
subgroups of G. Let K, be a maximal compact subgroup of G, = G(F,).

2.1 Schubert Eisenstein series

Let x be a quasi character of T'(A)/T(F'). Let (m,(xv), Vo(Xxv)) be the corresponding
principal series representation. Thus V,,(x,) is the space of functions f, : G, — C
that satisfy

fo(bg) = 02X, (b) fu(g)

for b € B, = B(F},), and which are K,-finite. Here ¢ is the modular quasi character.
If v is non-archimedean the group G, acts by right-translation:

To(gu) fo(2) = fu(Tg0).

If v is archimedean, this definition is wrong since m,(g,)f, may not be K -finite, but
the K -finite vectors are invariant under the corresponding representation of the Lie
algebra g, and so at an archimedean place v, V,(x,) is a (g,, K,)-module.

Assume that the space of K,-fixed vectors is nonzero. The vector space V,(x,)
has a K,-fixed vector f7 = f7  that is unique up toscalar multiple. We will normalize
it so that f2(1) = 1. Let V(x) be the space of finite linear combinations of functions
of theform [, fu(g,) where f, € V,(xo) and f, = f; for all but finitely many v. If
the function f is of this form then we will write f = ®, f,. So the space V(x) is the
restricted tensor product ofthe local modules V;,(x,).

The usual Eisenstein series are sums over the integer points in the flag variety X =
B(F)\G(F). Furthermore, the Bruhat decomposition of G gives the decomposition
of the flag variety into Schubert cells

X:UYw

weW (G,T)
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where Y, is the image of BwB in B\G. The closure of Y, is the closed Schubert

variety
X, =V

uw

where < is the Bruhat order. It seems a natural question to consider the Schubert
Fisenstein series

Eu(g.v)= Y f.(v9). (2.1.1)

YEXw (F)

This is no longer an automorphic form, but we may ask whether it has analytic
continuation and at least some functional equations. Bump and the author in [2]
looked closely Schubert Eisenstein series at the special case, where G = GL(3) and
suggest general lines of research for the general case (see [2] for details). Recently
Getz and author in [3] give a partial answer of the above first question (a).

2.2 Generalized Schubert Eisenstein series

This section is a part of the joint work with Getz [3].
Consider a parabolic subgroup P of G such that
T<B<PZC(G
and let M be the the Levi subgroup of P containing 7. Take an isomorphism
wp: M® — GF+1

where M® = M /M9 is the abelianization of M. Denote M9 is the derived group
of an algebraic group M.

Let x : (Ag, FX\AR)E+t — C* be a character, where Ag,, < FX is a subgroup.
For s € CF1 define

Si

k
Xs(ag, .., ar) == x(aog, ..., ax) H |a;
=0

and form the induced representation
Ip(xs) = Indg(Xs owp),

normalized so that it is unitary when s € (iR)**!.
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The Bruhat decomposition of G implies the following decomposition of the gen-

eralized flag variety
P\G = 1T P\PuwB.
weW (M, T)\W(G,T)

Let X,, be the (Zariski) closure of the Schubert cell P\ PwB in P\G. It is a Schubert
variety. In [3] the definition of Schubert Eisenstein series was further generalized and
with much greater generality questions (a), (b) and (c) in the introduction answered
affirmatively when we regard E, (g, v) as a function of sy assuming the s; with i # 0
arc fixed with large real part. We refer these results with details to [3].

Now take an arbitrary algebraic subgroup H of G and consider
P'~H

where P < P’ < (G are a pair of parabolic subgroups, v € GG. From the automorphic
point of view this may be the most important situation. Schubert cells are often
nonsmooth, whereas the image of any set of the form P'vH in P\G is a smooth
subscheme (see [2] for details).

In order to treat Eisenstein series indexed by sets of the form Y and PwB simul-
taneously we work with an arbitrary (locally closed) subscheme Y C G that is stable
under left multiplication by P’. Let X% := P%¥"\G be the Braverman-Kazhdan space
associated to P and G. Let

Yp = Im(Y — X3). (2.2.1)

To be more precise, the set theoretic image of Y — X5 is locally closed (see [3]).
This set is the underlying topological space of a subscheme Yp of X%. The subscheme
Yp C X3 is quasi-affine. Let Xp be the affine closure of X7 and let

Ypp C Xp (2.2.2)
be the partial closure of Yp in Xp. Furthermore, if we assume
P is maximal in P". (2.2.3)

there is a unique parabolic subgroup P* < P’ with Levi subgroup M that is not
equal to P.



2.3 Schwartz space

when F is nonarchimedean. Let K < M? x G be a compact open subgroup.
Let Cs,(Xp) be the space of K-finite f € C°°(X}p) such that for Re(sg,) sufficiently
large the integral defining the Mellin transform f,, converges absolutely and defines
a good section.

The Schwartz space of Yp ps is the space of restrictions to Yp of functions in

Cﬁ(J(XP):
S(Yp’p/) = IIIl(CBO (Xp) — CO(YP) (231)

For Archimedean F' see [3] for definition of Schwartz space.

3 Main Theorem

Now consider Schwartz spaces
S(Yq,r (Ar))
for @ € {P, P*} together with a Fourier transform

Fp|p* ZS(Yp’p/(AF»%S(YP*’p/(AF)). (301)

The Schwartz space S(Yg p/(Ap)) is contained in the set of restrictions to Yp(Ap)
of functions in C*°(Xp(Ar)). Let H < G be a subgroup, and consider the action
of H on G by right multiplication. Assume that Y is stable under the action of H.
Then the Schwartz spaces S(Ypp(Ar)) and S(Yp- p/(Ar)) are preserved under the
action of M®(Ar)x H(Ar) and the Fourier transform satisfies a twisted equivariance
property (see Lemma 3.4 in [3]).

Let I%.(xs) := Ind$. (xs owp). The * indicates that we are inducing y, o wp, not
Ys owp+. The group M acts on Yp and Yp- on the left, and hence we obtain Mellin
transforms

S(Ypp/(Ar)) — Ip(Xs)lyr(ar)
fr— 1) = fi.p() ::/ 352 (m)xs(wp(m)) f(m™")dm,
Mab(F)
S(Ype pr(Ar)) — Ipe(Xs)[vpe (ar)

fr—=f3.0) = fr () = /Mab(F) SHZ(m)xs(wp(m)) f(m™"-)dm.
(3.0.2)



Here ¢ is the modular quasi-character of an algebraic group ). The fact that
the Mellin transform f,, (resp. f; ) is absolutely convergent for Re(so) large (resp.
Re(sg) small) is built into the definition of the Schwartz space.

For fi € S(Ypp (AF)), fo € S(Yp+ p/(Ap)) define generalized Schubert Eisen-
stein series

By, (fix,) 1 = > Jix. (),
yEM P (F)\Yp(F)

By (f3.) = > e ).

y*EM (F)\Yp« (F)

(3.0.3)

These sums converge absolutely for Re(sg) sufficiently large (resp. small).

3.1 Main Theorem

Let Mg, be the simple normal subgroup of the Levi subgroup M’ of P’. For any
topological abelian group A we denote by A the set of quasi-characters of A, that is,
continuous homomorphisms A — C*.

For any

(m, f,X,S) < M,BO(AF) X S<XPmMBo (AF)) X AG”LFX\A; x C

let xs := x| - |* and form the degenerate Eisenstein series

E(m, fy,) = > Fre.(am)

Ze(PﬁMﬁo)\MBO (F)

They converge for Re(s) large enough (resp. Re(s) small enough). Here f, is the
Mellin transforms of (3.0.2) in the special case P’ = Mjg,.

Let K < Mjg,(Ar) be a maximal compact subgroup. The following conjecture
appeared in the statements of Theorem 1 :

—

Conjecture 1 For each character x € Ag, F*\A} there is a finite set T(x) C C
such that if E(m, f,,) has a pole for any K-finite f € S(XpmMﬂo (Ap)) then s € T(x).

Remark 1 Conjecture 1 is proved in [3] when Mg, is SLy,.



Theorem 1 [3] Let f € S(Ypp/(Ar)). Assume that F is a number field and Con-
jecture 1 is valid. Fix sy, ..., s, with Re(s;) sufficiently large. Then Ey,(f,,) and
Ey,.(Fpip+(f):,) are meromorphic in sy. Moreover one has

X
EYp(fxs) = Ei*/p* (}—PIP*(f);s)'

Proof We relate this problem to the program of Braverman, Kazhdan[1], Lafforgue[4],
Ngo[5], and Sakellaridis [6] aimed at establishing generalizations of the Poisson sum-
mation formula. We prove the Poisson summation formula for certain schemes closely
related to Schubert varieties and use it to refine and establish Theorem. See the de-
tails in [3]. O
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