TOWARDS EQUIVARIANT SCHUBERT CALCULUS FOR
p-COMPACT GROUPS

MASAKI NAKAGAWA

ABSTRACT. This report is based on our talk delivered in Geometry and Topology
of Transformation Groups held at RIMS on June 14th, 2023. The main aim of this
report is to explain our attempt to establish equivariant Schubert calculus for certain
complex reflection groups as well as p-compact groups. Details will appear in our
forthcoming paper [18]. This is joint work with Hiroshi Naruse.

1. MOTIVATIONS OF OUR WORK

First of all, let us briefly introduce three papers that motivate our current work.

1.1. Totaro’s work (2003). We begin with Totaro’s work [23]: Let W := G(r, 1,n) =
Z]r72 S, = (Z/rZ)" % S, be the complex reflection group acting naturally on V' = C".
Firstly, Totaro introduces the ring:

F(ryn) =2z, ..., x,)/(e;(2], ..., 20)(1 < i< n)),

where e;(z],...,z]) denotes the ith elementary symmetric polynomials in 27, ..., x}.

Then it is known that F(r,n) ®z C is isomorphic to the coinvariant ring of W, that
is, F(r,n) ®z C = C[V]y = C[V] ®cpw C = C[V]/(C[V]Y), where (C[V]Y) is
the ideal in C[V] generated by W-invariant polynomials of strictly positive degrees.
Moreover, for r = 2, F(2,n) is the integral cohomology ring of the isotropic flag
manifold Sp(n)/T™, and hence he suggested thinking of F(r,n) as the cohomology
of a certain “generalized flag manifold”. Then he considers the following subring of
F(r,n):

C(ryn) = Zley,...,e]/(ei(z],...;20)(1 <i<mn)) C F(r,n),

where e; = e;(r1,...,7,) denotes the ith elementary symmetric polynomial in the
variables x1,...,2,. One has C(r,n) @z C = (C[V]w)"» = C[V]*" @cpw C =
C[V]5/(C[V]Y). Moreover, for r = 2, C(2,n) is isomorphic to the integral coho-
mology ring of the Lagrangian Grassmannian Sp(n)/U(n), and therefore C'(r,n) can
be thought of as the cohomology of a certain “generalized Lagrangian Grassmannian”.
Totaro’s primary purpose is to construct a basis for the ring C(r, n), thus generalizing
the classical result in Schubert calculus for Lagrangian Grassmannians (J6zefiak [12],
Pragacz [20]). More specifically, he uses the Hall-Littlewood functions Qx(z;t) (A:
partition), specialized t to be (, to give a basis, which he calls Hall-Littlewood basis,
for the ring C(r,n) ®z Z[(]. Here ( = (. is a primitive rth root of unity. Then his
result is stated as follows: A partition A is said to be r-reqular if no part of A occurs
r or more times, in other words, if m;(\) < r for all 4, where m;(\) is the multiplicity
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of i. Denote by P,y the set of r-regular partitions. He introduces two rings:
C(r) =C(r,0) = Zley, ea,...)/(ei(x], xh,...) (7 > 1)),
C'(r) = P ZIRa(z: ().

/\E'P(T)

Then he showed the following result:
Lemma 1.1 (Totaro [23], Lemma 3.2). There is an isomorphism
C(r) @z Z[¢] — C'(r), ei — Quy(2;¢) (i > 1).
It follows from Lemma 1.1 that we have
C(r.n) ®z Z[(] «— C(r) @z Z[C]/(ei (i > n))
— C'(n/(Qu(z;Q) (i > n))
= @ Z[¢]1Qx(z;¢) (Hall-Littlewood basis).

)\EP(T), A<n

1.2. Ortiz’s work (2015). Next we briefly review Ortiz’s work [19]: Let V be a
complex vector space of dimension n, and W C GL(V') be a finite complex reflection
group (or pseudoreflection group, unitary reflection group). We fix a basis {ej, ..., e,}
for V, and denote by { X7, ..., X,,} its dual basis. Let Sy := Sym(V*) 2 C[X},..., X,)]
be the symmetric algebra of the dual space V* of V. As usual, W acts on Sx by the
contragredient action: (w - f)(z) = f(w ™! -z) (w € W, f € Sx, z € V). Let
Sy = C[Y3,...,Y,] be another polynomial ring with trivial W-action. Denote by
s(W) the set of (pseudo)reflections of W, and |s| the order of a (pseudo)reflection
s € s(W). For a (pseudo)reflection s € s(WW), let a; be the corresponding “root”, and
As be a non-trivial eigenvalue of s € s(W), which is a primitive |s|th root of unity.
Under the above setting, he introduces the following:

Definition 1.2 (GKM ring (algebra) of W (structure algebra of W)).

[s|—1
l/jsjv i Vv € W’ Vs € w
\I/% = {@/) = (Vu)vew € @SY Z (A1) € (as)'Sy ( IUS Vi < |5| _81( ) )

veW j=0

Note that when |s| = 2 (therefore A, = —1) for Vs € s(IW), the above condition
reduces to the usual GKM condition:

Py — sy € asSy = () (Vo € W, Vs € s(W)).

Since s/ - @y = May, the above condition is equivalent to the following:

|s|—1 ’
&ESY MoeW, Vses(W), 1 <Vi<l|s|—1).
=0 (87 - o)’

This condition is referred to as Ortiz’s GKM condition in the sequel.
Define a map (—)y : Sx — Sy by f(X1,...,X,) — f(Y1,...,Y,). Then the
(algebraic) localization map is defined as follows:

Definition 1.3 ((Algebraic) Localization map).
$ : Sx ® Sy — @Sy, f®g— (v f)yg)eew-

veW
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It follows easily from the definition that the image of ¢$, is contained in the GKM

ring: Im ¢§, C ¥§, C @Sy. In the case when W = G(r,1,n), Ortiz showed that
veW

Im ¢, = UY, by building an Sy-basis {¢"},ew of ¥, consisting of elements of Im ¢3,.

Theorem 1.4 (Ortiz [19], Theorem 6.1). Let W be G(r,1,n) and let SY denote the

ring of W -invariant polynomials in Sx. Then, the localization map ¢9, : Sx ® Sy —

@Sy induces the following isomorphism:

veW

(1.1) Sx @ Sy/(f = fy | f € (SX)+) = Wiy € P S,
veW

where (SY ) = {f € S| deg(f) > 0}.

Note that the left-hand side of (1.1) is the double coinvariant ring of W = G(r,1,n).
As for the root system for G(r,1,n), see e.g., Bremke-Malle [6], Rampetas—Shoji [21].

1.3. McDaniel’s work (2016). Lastly, we review McDaniel’s work [16]: In order to
state his result, we repeat again the notation and terminologies introduced in the pre-
vious subsection (but slightly changed): Let V' be a complex vector space of dimension
n, and S := C[V] be the ring of polynomial functions on V. A finite pseudo-reflection
group W C GL(V) acts on S by (w- f)(z) = f(w ! - x). Denote by SV the ring of
W-invariant polynomials, and Sy := S/(SY) the coinvariant ring of W, where (SY)
is the ideal in S generated by W-invariant polynomials of strictly positive degrees.
Then he considers the double coinvariant ring (equivariant coinvariant ring) S @gw S.

Definition 1.5 ((Algebraic) Localization map).
d: Swgw S — S fegr— (- g))ew.

veW
Definition 1.6 (McDaniel's GKM ring).

Is|—1

M. ) Vysi Yo e W, Vs € s(W)
\IJW._{l/) (Po)vew € S| D oo a)z‘ES ( 1< Vi< |s| 1
veW j= 0
In order to prove Im @t = Wi he make use of the (generalized) right divided

difference operators:
Definition 1.7 (Right divided difference operators).

ZBS : @S — @, ’l/) — 285(1/1)

veW veW
[s|—1
. wvsj
ids v = -
(D)o =D oy
Jj=0
When |s| = 2 (therefore Ay = —1 and i = 1), we have
l/}v - l/jvs
as v T
(2.0, = Pt

which is the usual right divided difference operators (up to sign). Notice that using
the right divided difference operators ;0s, McDaniel’s GKM ring is rewritten as

‘I’%:{Q/f:(%)uewé@s V), €S ( weW, VSGS(W))}.

1<Vi<|s|—1
veW




Then his main result is stated as follows:

Theorem 1.8 (McDaniel [16], Theorem 1.1). The localization map ¢ = S @gw S —
@S induces the following isomorphism:
veW

Swew S Ui c P S

veW

Note that McDaniel did not give an S-basis for Wil

2. FACTORIAL HALL-LITTLEWOOD P- AND ()-POLYNOMIALS

In order to establish equivariant Schubert calculus for the complex reflection groups
G(r,1,n) and G(r,7,n), a generalization of the factorial Schur Q- and P-functions will
be needed. Such a generalization has been introduced by our recent paper [17].

2.1. Definition of the factorial H-L P- and Q-polynomials. Let = (21, xs,...)
be a countably infinite sequence of independent variables, and b = (by, by, .. .) another
set of independent variables. For a positive integer k£ > 1, we set

k

[z|b])" := H(x +b;) and [[z;t|b]]" := (2 — tx)[x|b]*

i=1
For a partition A = (Aq, ..., As) of length ¢(\) = ¢, we set
¢ ¢

l
@b == [ [lz:lb] and [[fa;¢[b]]* := ] [llzs; tb]) = ] [(as — ta) s b]
i=1

i=1 i=1

Definition 2.1 (Factorial Hall-Littlewood P- and @-polynomials). For a sequence of
positive integers A = (A1, ..., A\g) with £ < m, we define

T; —tw;
HP ; = : A . J
A(3 t[b) S we|[xfb] x H p—
Eesm/(sl)f><Sm—£ 41S'7'S£
1<j<m
LA x; —tx;
_ Z w - HH(LA—b X H Z_ i
WESm /(1) X S—s i=1 j=1 1<ice YT
1<j<m
) o _ ) A T — tx;
HQMenifo) = 37w |llwtlolP < T T=
EESm/(Sl)ZXSm_[ ,IS.ZSZ
1<j<m
= (1 —1t)x
‘ i x; —tx;
>, w ([Ja [[@+o= [ ——
TESm/(S1)! XSy | =1 =1 1i<t Ti T
1<j<m

We also define
HP)\(xm;t) := HPy\(x,,;t|0) and HQx(x;t) := HQx\(m;t]0).

Example 2.2. (1) HQ\(x,;t|b) = (1 — )" H P\(x,,; |0, b).
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HPqy (2 tlb) =21 + 204 -+ 4+ 2 + 11—_t:tnb17
H P2y (2; t|b)

l—tm_l

1— m—1 1—¢t™m
= (1) [y (@) + S5 b () + CE0SE02]

where my(x,,) denotes the monomial symmetric polynomial corresponding to
the partition \.
(3) For each integer k > 0, let vi(t) == [, % For a partition \, we set
Ox>0(t) == ;5 m;0)(t). Then, for a partition X of length < m, we see that
HP\(@ ;1) = vas0(t) PA(Tm; ) and HQx(@m;t) = Qa(@m;t),
where Py(x,;t) and Q\(xm,;t) are the usual Hall-Littlewood polynomials in
Macdonald’s book [15, Chapter III].

2.2. Basic properties of factorial H-L P- and @)-polynomials. Factorial Hall-
Littlewood P- and @Q-polynomials have some nice properties that the ordinary factorial
S-, P-, and )-polynomials possess. First we show the vanshing property of factorial
Hall-Littlewood P- and Q-polynomials: Let b = (by,bs,...) be a sequence of indeter-
minates, and ¢ an indeterminate. We define

—bf(t) := (=by, —tb;,...,—t*'b;) and —bY(t) := () (empty sequence).
For a partition pu = (1, o, - . .), we define
B, (8) = (=B (), —bR(E), —bI (1),
where m; = m;(u) is the multiplicity of i (1 <@ < ).

Example 2.3. Let p = (5,5,5,4,1,1), then my(u) = 2, ma(u) = 0, ma(u) = 0,
m4(lu) = 17 m5(lu) = 3; and

—bu(t) - (—65, —tb5, —t2b5, —b4, —bl, —tbl)

For a partition p of length £(u) < m, consider the substitution x,, = (21, za,...,Zm)
with —b,,(t). Then, using Definition 2.1, one can show the following:

Proposition 2.4 (Vanishing property). Let A, u be partitions of length at most m and
set L:=p+ (1") = (u1+ Lo+ 1,...,0m +1). Then the factorial Hall-Littlewood
P- and Q-polynomials satisfy the following vanishing property:

(1) If u 2 A, we have
HQ\(=b,(t),0,...,0;t|b) =0 and HP\(=by(t);t|b) = 0.
m—L(y)
(2) If p = X, we have

A1 mq(A) q
HQA=br(1),0,...,0:4b) = [ (HHM% + tmp(’\)bp)> |

m—E(N) =1

M mq(A) /q-1 R
HPy(=bs(1):6) = vaeo () [T T] (H(—tk‘lbq + tmp%)) |



Example 2.5.
HQ@21,1(—b@2,11)(t),0,...,0 |b)
= (t - 1)b1 X t(tQ - ]-)bl X (t — 1)b2 X t2(t2 — 1)b2 X (tbl _ bZ) X (thl _ bZ)

Next we show the r-cancellation property of the factorial Hall-Littlewood P- and
@-polynomials: Let » > 2 be a fixed positive integer and ( = (, be a primitive rth
root of unity. For an indeterminate a, define a”(¢) := (a,a(,al?,...,a(" ™).

Definition 2.6 (r-Cancellability). Let 7 < m. A symmetric polynomial f(z1,...,Ty)
with coefficients in a certain ring O Z[(] is said to have the r-cancellation property if
f(@ (¢),zr41,...,2m) does not depend on a.

By specializing ¢ to be (, the factorial Hall-Littlewood polynomials H Py(x,,;(|b)
and HQy(x,,; ¢|b) are symmetric polynomials with coefficients in Z[(] ® Z[b] = Z[(] ®
Z[by,bs,...]. Thus one can ask if these polynomials have the r-cancellation property.
In a recent paper [17, §4], we have given generating functions for the factorial Hall-
Littlewood P- and @-polynomials. For instance, by Corollary 4.4 in [17], H P\(2,; (|b)
is given as the coefficient of u ™ = u; ™ - - uf“f in

ERp—— | | A D
' (1—0(2.:1 Ui = Tj up

j=1 Gy =1

Substituting (z1, ..., z,) with a”(¢), we have

ﬁui—cja % ﬁuz‘—CSCj_ﬁUz‘—C%
i1 o .
j=1 i S g BT L T
since (" = 1. Therefore, (2.1) does not depend on a nor z1,...,x, after the substitu-

tion. From this, we have

Proposition 2.7 (r-Cancellation property). Assume that v < m. The factorial Hall-
Littlewood polyonomials H P\(%,,; C|b) and HQx(x,,; (|b) have the r-cancellation prop-
erty.

3. FINITE LOOP SPACES, GENERALIZED HOMOGENEOUS SPACES, p-COMPACT
GROUPS

In this section, we briefly explain the topological background of our study.

3.1. Finite loop spaces, generalized homogeneous spaces. First recall some
classical results which go back to 1950s: For a compact Lie group G, denote by BG
its classifying space. Then the following results due to Borel and Bott are classical:

Theorem 3.1 (Borel [3]). Let G be a compact connected Lie group, H a closed con-
nected subgroup of maximal rank. Then there is an isomorphism

H*(G/H;Q) = H*(BH;Q) ®p+(BG:) Q.

Theorem 3.2 (Bott [4], [5]). Let G be a compact connected Lie group, and T a
mazximal torus. Then the integral cohomology H*(G/T') is concentrated in even degrees
and torsion free.

The original proof of these results relies on the differentiable structure of the compact
Lie groups, and therefore is not purely homotopy theoretic. Thus it is natural to ask if
there exist purely homotopy theoretic proofs of the theorems of Borel and Bott. One

of first attempts to this direction was given by Rector [22]:
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Definition 3.3. (1) A loop space X = (X, BX,e) is a triple consisting of a topo-
logical space X, a pointed (connected) topological space BX, and a homotopy
equivalence e : QBX —+ X. The space BX is called the classifying space of
X.

(2) A morphism f : X — Y of loop spaces is a pointed continuous map Bf :
BX — BY. The homotopy fiber of Bf over the basepoint of BY is called the
generalized homogenous space of Bf, and denoted by Y/ f(X), or just Y/ X if
f is understood.

(3) We will call a topological space X finite (more precisely, Z-finite) if the integral
cohomology H*(X) is finitely generated Z-module.

Finite loop spaces seem to be nice homotopy theoretic analogues of Lie groups. How-
ever, as Rector proved, for example, there are uncountable number of homotopically
distinct finite loop spaces BX with QBX ~ SU(2).

3.2. p-Compact groups. The above mentioned defect of finite loop spaces was over-
come by the concept of p-compact groups due to Dwyer—Wilkerson [9]. Without en-
tering the details, we briefly summarize this concept: Let p be a fixed prime number.
A space X is F,-finite if H*(X;F,) is a finite dimensional graded vector space over
F,. The p-completion construction of Sullivan, Bousfield-Kan produces for each space
X, amap X — X;. A space X is called [F,-complete if this map is a homotopy

equivalence. Denote by Z; the ring of p-adic integers, Q; the field of p-adic numbers.

Definition 3.4 (Dwyer—Wilkerson [9]). A p-compact group is a triple (X, BX,e),
where BX is a pointed, connected p-complete space, X is Fy,-finite, and e : X ~ QBX
1s a homotopy equivalence.

p-Compact groups have the following nice properties:

(1) Any p-compact group X has a maximal torus ¢ : T — X.

(2) The Weyl group Wy = Wx(T) of X is a finite p-adic reflection group, that is,
a pair (W, Ly), where Ly is a Z;—lattice and Wy is a finite subgroup GL(Ly)
generated by reflections.

Furthermore, the classification of p-compact groups has been completed by Andersen—
Grodal-Mpller-Viruel [1], Andersen-Grodal [2].

3.3. T-equivariant cohomology of homogeneous spaces of p-compact groups.
Let X be a p-compact group with a maximal torus 7 of rank ¢. The generalized or
p-compact flag manifold X /T is the homotopy fiber of the map Bi : BT — BAX.
As before, Wy denotes the Weyl group of X. Then, by using the Eilenberg—Moore
spactral sequence associated with the fibration X' /T — BT — BX/, we obtain the
following Borel presentation of the T-equivariant cohomology of X' /7T

Proposition 3.5 (Borel presentation).
H(X/T; @Ap) = H*(BT; @Ap) Qu+(Bx;G,) H*(BT; Q;)~
Moreover, it is known that

H*(BT;Q,) 2 Q,[X1,...,X,] and H*(BX;Q,) = Q,[Xi,.... X" .
7



Therefore, we have
HH(X/T; QAp) = H*(BT,; QAp) Qu+(Bx;a,) H*(BT; @Ap)
QX1 ... . X, Y1, ..., Y]
(f = H [ fFe@[X1,. .., X Wx),)

= double coinvarint algebra of Wy.

Example 3.6. Let X(r,1,n) be the p-compact group corresponding to G(r,1,n) =
(Z/rZ)"™ x S,,. Then we have

Q;[X17"‘7X1’L7Y17"‘7Yn]
(ei(XT,..., X)) —e(Y7,...,Y") (1 <i<n))

HH(X(r,1,0)/T; Q) =

Thus the double coinvariant ring of G(r,1,n) can be realized as the T-equivariant
cohomology ring of a “generalized flag manifold” X (r,1,n)/T (cf. Totaro’s work
introduced in §1.1).

Theorem 3.7 (Andersen-Grodal-Mgller—Viruel [1], Theorem 1.5). Let X' be a con-
nected p-compact group, p odd, with a maximal torus T and the Weyl group Wx. Then
H*(X/T;Z,) is a free Z,-module of rank |Wx/|, concentrated in even degrees.

Using this theorem, one can prove the following Schubert presentation of the T-
equivariant cohomology of X'/T:

Theorem 3.8 (Schubert presentation). Let X, p, T, Wx be as above. Then H3(X /T Z,)
is a free H*(BT; Z;)-module of rank |Wx|, concentrated in even degrees.

Thus, there exists a free H*(BT; Z;)-basis, say {0w fwewn, SO that, at the cohomo-
logical level, we have the following presentation:

Hy(X/T:Z,) = € H*(BT;Z,)0u.
weWx

More generally, one can consider more general homogeneous spaces of p-compact
groups. In fact, Castellana constructed various morphisms between p-compact groups
that are analogues of the classical Whitney sum map ([8, Theorems A, BJ. For in-
stance, from Theorem A, one has a morphism j : U(n) := X(1,1,n) — X(r,1,n).
The homotopy fiber X(r,1,n)/U(n) of the map Bj : BU(n) — BX(r,1,n) can be
considered as a generalization of the classical Lagrangian Grassmannian. We call the
homogeneous space X (r,1,n)/U(n) the generalized Lagrangian Grassmannian. By us-
ing the Eilenberg—Moore spectral sequence again, one can compute the T-equivariant
cohomology of X (r,1,n)/U(n) in a similar way to Example 3.6.

4. TOWARDS EQUIVARIANT SCHUBERT CALCULUS FOR THE p-COMPACT GROUP
X(r,1,n)

As mentioned in §1.1, Totaro suggested to think the ring F'(r,n) or the coinvariant
ring of G(r,1,n) as the cohomology ring of a certain “generalized flag manifold”. In-
deed, as we saw in Example 3.6, the double coinvariant ring of G(r, 1, n) can be realized
as the T-equivariant cohomology ring of the p-compact flag manifold X' (r,1,n)/T.

In this last section, we briefly explain our attempt to establish equivariant Schu-
bert calculus on generalized homogeneous spaces associated with the p-compact group
X (r,1,n). We proceed the argument along the same lines as those developed by Ikeda—
Naruse [11], Ikeda—Mihalcea—Naruse [10]. Thus, let X'(r, 1,n) be the p-compact group
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corresponding to G(r,1,n) = (Z/rZ)" x S, with a maximal torus 7, and U(n) (=
X(1,1,n)) be the “subgroup” corresponding to .S,, C G(r,1,n). Our primary goal is to
describe the T-equivariant cohomology Hy(X(r,1,n)/U; R) and Hy(X(r,1,n)/T; R)
(R=C,Q,, or Z,).

4.1. Complex reflection group G(r,1,n). We summarize the basic data of the com-
plex reflection group G(r, 1, n) needed to describe our idea (For details, see e.g., Lehrer—
Taylor [14, Chapter 2]). The group G(r,1,n) is defined as the semi-direct product of
(Z/rZ)"™ with S,,, namely G(r,1,n) := (Z/rZ)" x S,. Thus an element of G(r, 1,n) is
a pair (r,0), where r = (r,...,7,) € (Z/rZ)" and 0 = [0(1) 0(2) -+ o(n)] € S,.
The product of (r,0) and (s, ) is given by

(r,o)-(s,7):=(r-r+8,07),

where 7 -7 1= (7:01), 77(2), - - -, T7(n)) and the addition is taken mod r. It is often very
useful to view an element (r,0) as the r-colored permutation of n letters. In this
manner, we write an element (r,0) as [o(1)) ¢(2)(™2) ... g(n)()]. Occasionally,
we write j bars over i instead of i¥). For example, an element ((1,0,2),[2 1 3]) €
G(3,1,3) is written as [2() 100 3] = [2 1 3]. It is known that the group G(r,1,n)
has the following presentation by generators: G(r,1,n) = (sg, $1, S2, ..., 8,_1), Where
so:=[12--n],and s;:=[1 -+- i+14 ---n]=(ii+1)for 1 <i<n—1. Thus the
subgroup generated by s; (1 <i <n — 1) can be identified with the symmetric group
Sp. The generator sg is subject to the following relations:

so =1, S0S15051 = $1505150, S0Si = SiSo (¢ > 2).

Let us introduce the following elements: ¢; := [1 ---i —17i+1 --- n] for 1 <
¢t < n. With respect to the generators, these elements are given by ¢; = sy and
ti = Si1ti18i-1 (i = 2,...,n). Then, the set s(G(r,1,n)) of (pseudo)reflections
consists of the following elements of two types:

(i) tit; sy = tit;%(i4) (1 <@ < n, 0 < a < r), where s;; = (i) is the

transposition of < and j.

(i) t¢ (1<i<n,1<a<r).

With these notations, we make the following definition:

Definition 4.1 (Grassmannian elements of G(r, 1,n)). An element w = [m&rl) e mﬁf")]

€ G(r,1,n) is said to be Grassmannian if there exists k with 0 < k < n such that
iy s e >0, 1 = =1, =0, and my > mg > -+ > My, My < Mpyo < - <
my,. The set of all Grassmannian elements in G(r,1,n) will be denoted by G(r,1,n)°.

Example 4.2. Grassmannian elements of G(3,1,2) are given as follows:

[11] =1, 12]=t [12] =1, 21] =tas1,  [21] = tytesy,
21 =2ts, 21=8s, 21 =tts, [21]=~4s.

Let us relate the set of Grassmannian elements G(r,1,n)% with a certain combi-

natorial object: In the above definition, putting o := [m; my --- m,] € S,, we
see that w = ¢} t72 -tk 0. We associate the elements w with an r-regular par-
tition Ay = (mi',m3?,...,m;*). Note that the largest part of Ay is < n since

n>m; > - >mg > 1. Let P(ST? be the set of r-regular partitions A such that
A1 < n. Then we have the follwing: There exists a one-to-one correspondence between
G(r,1,n)° and P(ST? With the above notation, the correspondence is given by

w=1t1 2 etk o€ Gr,1n)’ = Awy = (mi',m2, - mpk) € P(E;L.

mi“mao
9



We also use the following description: Since G(r,1,n) is defined as the semi-direct
product of (Z/rZ)" with S,, an element v € G(r,1,n) is written uniquely as v =
t1'ty? - - timo, where 0 < r; <7 (1 <7 <n)and o € S,. Thus one can take the set
{ti--tl» ] 0 <r; <7 (1 <i<n)} as coset representatives of G(r,1,n)/S,. Then
we have the following: There exists a one-to-one correspondence between 73(%1 and
G(r,1,n)/S,. The correspondence is given by

v="t" -t € G(r,1,n) /S, — Ay =(n™ ---1M) € P(E;L.

4.2. Algebraic localization map. It would be convenient to work with an algebraic
model of the T-equivariant cohomology of X (r,1,n)/U(n). Moreover, it would be
desirable to construct the theory independent of n. Thus we will take n = oco. Let
r > 2 be a fixed positive integer, and ( = (, be a primitive rth root of unity. Let
G(r,1,00) = U,G(r,1,n) and Sy = U,S,. Let A(x) = Ac(x) denote the ring of
symmetric functions over C in countaby many variables & = (1, xs,...), and consider
the following subring:

F(,«)(CC) = (C[Pk (k ?_é 0 mod 7")] = C[p17p27 co oy Pr—1,Pr41y - - -y P2r—1,P2r 415 - - ] C A(CU),

where p,. = pr(x) is the kth power sum symmetric function. By Definition 2.1, one
can check directly that the polynomials HQ\(x,;t|b), HPy(x,,;t) and HQA(:cm, t)
have the usual stability property: Let X be a partition of length < m. Then

HQx(z1, ..., 2m,0;tlb) = HQx\(x1, . .., Tm;t|b),
HP\(z1,...,2m,0;t) = HP\(x1,...,75;1),
HQx(z1,...,xm,0;t) = HQx(21, ..., xp;t).

From this, we can let the number m of variables go to infinity, to define symmetric

functions HQ(x; t|b), H P\(x;t), and HQ\(x;t) respectively. Then the following fact
holds:

Proposition 4.3 (cf. Macdonald [15], I1I, §7, Examples 7). Let P,y = P(Sfo denote the
set of r-regular partitions. Then the set {HPy(x; () }aep,,, (Tesp. {HQ,\( O}rery)
is a C-basis for 'y (x).
Set C[b] = Clby, by, . . .|, and consider the following ring:
F(r)(m|b) = F(r)(m) ® C[b]
By Definition 2.1, the highest homogeneous component of HQ,(x;(|b) in x coin-

cides with HQ(x; (). Therefore, taking Proposition 4.3 into account, the functions
HQx(x;(|b) (A € P(y) form a basis for ' (x|b) over C[b].

Definition 4.4 (Algebraic localization map). The algebraic localization map
D: Tyy(xlb) — b cpl
veG(r,1,00)/Ss0
fxlb)  — O(f(2[b)) = (Pu(f(2[b)))vecir1,00)/50
15 defined by
©,(f(2[b)) := F(=by((),0,0,...).

Forv=t---tl € G(r,1,00)/Sx, the sequence —b ( ) is given by

—b,(¢) = (=b7"(C), -, =b;"(C)),

where —bl(¢) = (=b;, —Cbs, ..., —¢77'b;) and —bg(cj) =( ).
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Since we have bijections G(r,1,00)/Ss = Py = G(r,1,00)" as mentioned in the
previous subsection, we do not distinguish these three sets. Note that the map @ is
the algebraic counterpart of the geometric localization map at “torus fixed points”.
Therefore we often use the notation f(x|b)|, instead of ®,(f(x|b)), emphasizing the
restriction to each torus fixed point. For example, by Example 2.2, we know that

HQqu(;t[b) = (1 —t)(a1 + 22+ ).

Therefore, for r = 3 and t = w := e%, the images of the algebraic localization map
are given by

HQ)lo =0,

HQ )l = (w—1)by,

HQ(1)|(1,1) (w2 - 1)517

HQu)lw) = (w — )by,

HQulen = (w—1)bi+ (w—1)b,
HQmle1ny = W?=1)b + (w—1)bs,
HQulez = (W —1)bs,

HQmle2ny = (w—1)b + (w? —1)by,
HQ(1)|(2,2,1,1) (WQ —1)by + (w — 1)b,.

The GKM ring \118(74’1700) can be defined in a similar manner to Definition 1.2. Since
we are interested in the generalized Lagrangian Grassmannian X (r, 1,n)/U(n), we also
introduce a “parabolic” analogue of the algebra lllg(mm) (see e.g., Kumar [13, Defi-
nition 11.1.16]). Denote this ring by \Ifg(mpo) /S0 This is an algebraic counterpart of
the T-equivariant cohomology ring H3-(X(r,1,n)/U(n); C). Then, using Proposition
2.4 and Ortiz’s GKM condition, we can prove the following result:

Theorem 4.5. The algebraic localization map P is injective, and induces the isomor-
phism @ : T,y (x|b) — \Ilg(r,loo)/Soo'

We know that the set { HQx(z; (|b)}rep,,, is a C[b]-basis for I'i)(z|b). Thus, putting
Py 1= P(HQ\(;¢|b)), then we obtain the following corollary:

Corollary 4.6. The set {tx}aep,,, defined as above is a C[b]-basis for the GKM ring
\Ijg(r 1,00)/So0

Further consideration shows that the basis {HQx(x;(|b)}aep,, for [)(z|b), or
equivalently, {¢,} rep,,, for \Ifg(m’oo) /5 has some plausible properties that the usual
equivariant Schubert classes of G/P have, where GG is a complex semisimple Lie group
and P a parabolic subgroup (cf. Ikeda—Naruse [11, Proposition 2.1], Kumar [13,
Theorem 11.1.7]). In this sense, our basis is what should be called the Schubert basis
for the generalized Lagrangian Grassmannian X (r,1,n)/U(n).
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