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To each symplectic manifold (M, w), the Hamiltonian diffeomorphism group Ham (M, w) is one of
the most fundamental objects for understanding (M, w). The group Ham(M,w) is infinite dimen-
sional and non-compact in general, and it might possess more than one maximal tori with distinct
conjugacy classes unlike the case of finite dimensional Lie groups. McDuff and Borisov proved that
the number of conjugacy classes of maximal tori in Ham(M, w), allowing conjugations by elements
of Symp(M,w), is finite. See [ I, [ ], and [ , Proposition 3.1].

In this article, we are interested in monotone symplectic manifolds, that is, a symplectic manifold
(M,w) equipped with a monotone symplectic form defined by

cil(M):=ci(TM,J) =\ [w]

for some A > 0 and an w-compatible almost complex structure J on M. Since the scaling factor A
does not contribute to the Hamiltonian diffeomorphism group, we always assume that A = 1. In
[ |, McDuff posed the following question.

Question 0.1 (McDuff). | , Question 1.11] Let (M,w) be a 2n-dimensional closed monotone
symplectic manifold. If Ty and Ty are n-tori in Ham(M,w), are (M,w,Ty1) and (M,w,Ts) equivari-
antly symplectomorphic? Equivalently, is the number of conjugacy classes of n-tori in Ham(M,w)
precisely one?

When a symplectic form is monotone, it is equivariantly symplectomorphic to a smooth Fano toric
variety by the Kleiman’s ampleness criterion | , Theorem 1 in Section III-1] and its moment
polytope becomes reflexive, i.e., it is integral and has a unique interior lattice point such that the
affine distance from the point to each facet is equal to one. McDuff | | gave an affirmative
answer to Question 0.1 when M = CP* x CP™, and Fanoe [ | generalized McDuff’s result to
the case of CP*-bundle over CP™.

This paper is addressed to Question 0.1 in case that M is a Bott manifold. A Bott tower, first
introduced by Grossberg and Karshon | ], is an iterated CP!-bundle starting with a point

B, ™ B, 1 ™% ... — By = CP' ™5 By = {a point}

where each B; is obtained by projectivizing the direct sum of the trivial line bundle C and a complex
line bundle &; over B;_1, i.e., B; = P(C @ &;). The total space B, is called a Bott manifold.

We may equip a natural complex structure on a Bott manifold by taking each &; as a holomorphic
line bundle so that B,, becomes a complex manifold with a natural (C*)"-action constructed in an
iterative way using a toric structure of a base space and a C*-action on a fiber at each stage,

see | , Section I-7.6’]. Indeed, B,, is a smooth projective toric variety.
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We note that not all Bott manifolds are Fano. Recently, Suyama | | classified all Fano Bott
manifolds in terms of Bott matrices, see Section ?7 for the detail. We prove the following.

Theorem 0.2. Let X and Y be Fano Bott manifolds. If there exists a ci-preserving graded Ting
isomorphism

p: H(X;Z) — H* (Y, Z),
then X and Y are isomorphic as toric varieties, i.e., the fans associated to X and Y are unimod-
ularly equivalent.

Using Theorem 0.2, we obtain a positive answer to Question 0.1.

Corollary 0.3. Any monotone Bott manifold has a unique toric structure.

We note that 0.2 is closely related to a problem posed by the third author and Suh | ,
Problems 1 and 4] which asks whether two smooth complete toric varieties having isomorphic
cohomology rings (as graded rings) are diffeomorphic or not. This problem is now called the
cohomological rigidity for toric varieties. There are many partial affirmative answers to the problem.
For instance, two smooth complete toric varieties with Picard number 2 are diffeomorphic if and
only if their integral cohomology rings are isomorphic as graded rings, see | ]. We also refer
the reader to [ ) ] and references therein for recent accounts of this problem.

Inspired by Theorem 0.2, we pose the following conjecture.

Conjecture 0.4. Suppose that M and N are smooth toric Fano varieties. If there erists a c1-
preserving graded ring isomorphism between their integral cohomology rings, then M and N are

isomorphic as toric varieties.

Conjecture 0.4 was verified for some other classes of smooth toric Fano varieties. Indeed, the
authors confirmed Conjecture 0.4 for smooth toric Fano varieties with Picard number 2, whose
proof will be provided in an upcoming manuscript | |. Also the third author together with
Higashitani and Kurimoto | ] proved Conjecture 0.4 for smooth toric Fano varieties with
small dimension (dim X¢ < 4) or with large Picard number.)

Note that if Conjecture 0.4 is true, then the answer to Question 0.1 is positive. More precisely,
if (M,w,T1) and (M,w,T5) are two toric structures over the same monotone symplectic manifold
(M,w), then the identity map on H*(M;Z) satisfies the hypothesis in Conjecture 0.4. Therefore,
Conjecture 0.4 can be thought as a stronger version of Question 0.1.
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