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Abstract

In this short report, we exhibit our recent results for the Johnson homomor-
phisms and homology groups of basis-conjugating automorphism groups of free
groups.

Highly motivated by the study of the Johnson homomorphisms of the mapping class
groups of surfaces by pioneering works of Johnson [7], Morita [10] and Hain [6] in the
1980s and 1990s, those of the automorphism groups of free groups was initiated by sev-
eral authors including Kawazumi [8] in the early 2000s. Over the last two decades, good
progress was made in the study of the Johnson homomorphisms of the automorphism
groups of free groups through the works of many authors. In particular, the stable
cokernel of the Johnson homomorphisms of the automorphism groups of free groups
have completely determined due to Satoh [13, 14] and Darné [3]. Enomoto-Satoh [4]
also gave a combinatorial description of the GL-decomposition of the stable rational
cokernels of the Johnson homomorphisms. As is well-known due to a classical work of
Artin, the automorphism group of a free group contains the braid group of a plane. (See
also Section 1.4 in [1].) Hence we have natural problems to determine the images and
the cokernels of Johnson homomorphisms of of the braid groups. However, in contrast
to the case of the mapping class group of a surface, there are few studies for them. In
general, it seems to be a difficult problem to attack this problem dirctly from a combi-
natorial group theretic and a representation theretic viewpoints. In the present paper,
we forcus on the basis-conjugating automorphism groups of free groups which contains
the pure braid groups as a subgroup, and study the Johsnon homomorphisms of them.

Let us fix some notations. For any n > 1, let F}, be the free group of rank n with
basis x1, ..., 2,, and Aut F,, the automorphism group of F,. Set H := H,(F,,Z) and
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H* := Homgy(H,Z). Denote by L,, = @,~, L,(k) the free Lie algebra generated by H.
Let A,(1) D A,(2) D --- be the Andreadakis-Johnson filtration of Aut F,,. Then for
each k > 1, the k-th Johnson homomorphism

7t gt (Ay) = A (k) JAp(k +1) —» H* ®z L, (k+ 1)
is defined. Each 7 is an injective GL(n, Z)-equivariant homomorphism. Let
Co(k) = H*/{ay ®ay---ap —ar ®ay - ap_y |a; € H)

be the quotient module of H®* by the permutation action of the cyclic group Cj of
degree k on the components. By [13, 14] and [3], it is known that the cokernel of 7y is
isomorphic to C, (k) for n > k + 2. In order to describe the cokernel of 74, we use the
trace map

Try, : H* ®g Lo(k+ 1) = H* @7 H*FD — g®F ¢, (k)

defined as the compositions of maps including a contraction. This is a generalization
of the Morita trace defined in [10]. Then we have a exact sequence

0— g (A,) 2 H* 0z Lok +1) =5 Co(k) = 0

for n > k + 2. Furtheremore, Enomoto-Satoh [4] gave gave a combinatorial description
of the GL-decomposition of CR(k) := C, (k) ®z Q. In the paper, we consider the basis-
conjugating automorphism group analogue of these works.

An automorphism o of F,, such that z¢ is conjugate to x; for each 1 < ¢ < n is
called a basis-conjugating automorphism of F,,. Let PX, be the subgroup of Aut F,
consisting of all basis-conjugating automorphisms of F,. The group P, is called the
basis-conjugating automorphism group of F,,. Since McCool [9] gave the first finite
presentation for PY,,, it is also called the McCool group. For any k > 1, set P, (k) :=
PY, N A, (k). Then we have an injective &,-equivariant homomorphism

0 gt (P) = Po(k)/Pu(k +1) = H* ®g L, (k + 1),

which we call the k-th Johnson homomorphism of PY,. Here we consider &, as a
subgroup of GL(n,Z) consisting of all of monomial matricies. Satoh [16] showed that
for any n > 2 and k > 1, the image of 7/ is contained in a certain submodule p,, (k) of
H* @y L,(k+1). Let Try : p,(k) = C.(k) be the restriction of Try to p, (k). By the
definition of P, (k), it is easy to see that for any k > 2, (2%, ... 2F) N Im(Try) = {0}.
Let ﬁkp - pn(k) = C,(k) be the composition of Tr;, and the natural projection C, (k) —
Cn(k) :=Cy(k)/{z¥ ... zF). Then we have

rrn

Theorem 1. For any n > 3, we have an &, -equivariant exact sequences
F T, =
0 — gr*(Pn) = pu(k) — Cn(k) = 0
for2 <k <3, and

il T, =
0 — gr*(Pn) = pu(4) T, Cn(4) = (Taxpzemp |1 <a <b<n)—0.
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This shows that the trace map ﬁf is not surjective in general. In order to detect non-
trivial &,,-irreducible components in the cokernel, we introduce a reduced version of the
trace map. For any k > 2, let N (k) be the &,,-invariant submodule of C, (k) generated
by zj,xj,---x;, forall 1 < gy, ..., jr <nsuch that each j; (1 <1 < k) appears at least

twice in j1,j2, ..., jik. Let /Tvr,I: s pn(k) —>~5n(k:) := Cn(k)/N (k) be the composition of
Tr; and the natural projection C,(k) — C, (k). Then we have

Im(T,f) C Ker(TrkP) = Ker(ﬁkp) C Ker(:f\;kp) C pa(k).

—~Pp ~
Theorem 2. For any n > 2 and k > 2, the map Tr, is surjective. Hence C, (k) ®z Q
injects into Coker(7F ®idq) as an &,-module.

As a corollary to Theorem 2, we see that for any odd & > 3 and n > k, the module
A*Hgq injects into Coker(1} ®idq) as an &,-module. Furthermore, for any even k > 4
and n > k + 2, the GL-irreducible module [2,1%7?] injects into Coker(r}” ® idq) as an
S,,-module.

The study of the Johnson homomorphisms gives us several applications. Here we
consider three applications. The first one is to apply to the Andreadakis problem for
PY,. Let PX, = PX,(1) D PX,(2) D --- be the lower central series of PX,. We
have P¥,, (k) C P, (k) for any k > 1. The Andreadakis problem for PY, asks whether
PY, (k) = P.(k) or not. In general, except for some low degree or unstable cases,
the Andreadakis problems for PX,, and Aut F,, are still open. Satoh [15] showed that
PY,. (k) = P, (k) for k£ < 3. By using the thrid Johnson homomorphism, we obtain the
following.

Theorem 3. Forn > 3, we have P,(4) = PX,(4).

The second one is to apply to the second homology and cohomology groups of PY,.
By using the second Johnson homomorphism and the McCool presentation for PX,,, we
obtain the following.

Theorem 4. Forn > 3,
(1) Hy(PE,,Z) = 202,
(2) The cup product map U: N*HY(PX,,,Z) — H?*(PX,,Z) is surjective.

Finally, we consider twisted first homology groups of the braid-permutation automor-
phism groups of free groups. An element o € Aut F}, a braid-permutation automorphism
of F,, if there exists some pu € G,, and some a; € F,, for any 1 < i < n such that

x] = a;lxmai (1 <i<n).

Let BP,, be the subgroup of Aut F;, consisting of all braid-permutation automorphisms
of F,,. According to [5], we call BP,, the braid-permutation automorphism group of F,.
We remark that BP,, is isomorphic to the Loop braid group on n components. (For
details, see Sections 3 and 4 in [2] for example.) We see BP,, N A4, (1) = PX,. Let V be
the standard irreducible representation of &,,. By observing the decomposition of the
image of 7 ®idq, we see that V' appears in the decomposition of H;(PX,,, Q) By using
a finite presentation for BP,, obtained by Fenn-Riményi-Rourke [5], as an analogue of
calculations in [12], we obtain the following.

3



Theorem 5. Forn >3, H(BP,,V) = Z%* ¢ Z/AZ.

As a corollary to our calculations, we see that for n > 3,

HY(B,,V)=Z&Z/AZ, H'(S,,V)=17/4Z.
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