On a critical fast diffusion stochastic equation with
Stratonovich-type Brownian perturbation

Ioana Ciotir!, Reika Fukuizumi?, and Dan Goreac®*
"Normandie University, INSA de Rouen Normandie, LMI (EA 3226 - FR CNRS 3335),
76000 Rouen, France
?Research Center for Pure and Applied Mathematics, Graduate School of Information
Sciences, Tohoku University, Japan
3School of Mathematics and Statistics, Shandong University, Weihai, Weihai 264209, PR
China
ALAMA, Univ Gustave Eiffel, UPEM, Univ Paris Est Creteil, CNRS, F-77447
Marne-la-Vallée, France

1 Introduction

In this talk, we consider a nonlinear diffusion process of the following form

where X is the positive density for the time-space coordinates (t, ). This equation describe the
process that has been observed in several experiments in physics involving plasma [7][8]. Most
of the natural phenomena exhibit variability which cannot be modeled by using deterministic
approaches. More accurately, natural systems can be represented as stochastic models and
the deterministic description can be considered as a particular case of the pertinent stochastic
models. The propose of this work is to analyze such equations within the framework of stochastic
evolution equations with multiplicative noise, where (1) is the underlying motivating example.

Let us now introduce the suitable framework for this problem. Let (2,.%, (% )i>0,P) be a
stochastic basis. We consider a Stratonovich stochastic partial differential equation in R¢ with
d > 3, of the form

dX; — Alog Xy dt = o(Xy) o dWy,  [0,T] x R,
(2)
X() =,

where W; is a H~'(R%)-valued cylindrical Wiener process, and the diffusion coffecient satisfies
o(y) € XQ(Q%H_l(Rd); H) for y € H where Q is a non negative trace class operator on H—'(R%),
and H = {HY(RY), H~'(R?), L>(R%)}. Here, the spaces H'(R?) and H~'(R?) are usual
homogeneous and inhomogeneous Sobolev spaces respectively. We will briefly recall the definition
of the spaces later.

The stochastic theory of nonlinear diffusion equations was, recently, intensively studied for
the drift of the form —AW where ¥ : R — R defined by ¥ (r) = r™ is a maximal monotone
operator with additive and multiplicative noise. In the case m > 1, the corresponding equation
describes the slow diffusions (dynamics of fluids in porous media) and their existence, uniqueness



and positivity and behavior of the solution have already been studied. The case m € (0,1) is
relevant in the mathematical modeling of dynamics of an ideal gas in a porous media. The case
m € (—1,0) describes the super fast diffusion (behavior of a cloud of electrons). For the case
m < —1, it has been proved that, even in the deterministic case, there is no solution with finite
mass (see [10]). For details about the previous results see [4] and the references therein.

The case

U (r)=logr
for positive solutions, can be seen as corresponding situations m = 0 since
A (r™) = m div(r™Vr)
and therefore, formally

A (logr) = div(r—'vr).

Our work treats the fast logarithmic diffusion in an unbounded domain with a stochastic
Stratonovich type noise, and provides an answer to the case m = 0 left as an open problem in

[3].

2 Preliminaries and Main result

The space H'(R%) is the inhomogeneous Sobolev space on R? (functions belonging, together with
their first-order partial derivatives, to L?(R%)). The space H? (R?) for s € R is the homogeneous
Sobolev space of (real-valued) tempered distributions u over RY having an L. (Rd) Fourier
distribution @ and such that

ol = Folagaey = [ 161 a0 < .

The properties of these spaces have been summarized in [1]. In particular, note that the space
H? (]Rd) is a Hilbert space provided s < g. For |s| < %, the spaces H? (Rd) and H™* (]Rd) are
dual:

(000t ) = [, 0O,

for any (u,v) € H? (]Rd) x H™s (Rd) . Furthermore, the following continuous embeddings hold
true for 0 < s < %l:

JiG <Rd) cLT® <Rd> . LEm (Rd> cH <Rd> (3)
The space H~!(RY) is thus usually endowed with the norm

ol vy = [ 1+ 1€R) (e P

_1
or HUH%{fl(Rd) = [|(I —A) 2“”%2(1@1)-



In order to mention our main result, we here prepare the space Cp([0, T); H*(R%)) which
denotes, for any s € R, the space of all H $(RY)-valued (.%;)>0 progressively measurable processes
X :Qx[0,T) = H*(R?) such that

T
E/ X (1), dt < +o0,
0

and for all compacts &, the realization of X on & has a continuous modification in C'([0, T]; L*(Q, H*(0))).
E denotes the integration with respect to the probability measure dP.

We shall consider a solution to the equation (2) in the sense of the definition below.

DEFINITION 1. Fiz any T > 0. Let x € L? (RY) n H~(R?Y). An H~'(R%)-valued adapted
process X is called strong solution to (2) if the following conditions hold

o X(t,&,w) >0, dt x d¢ x dP-a.e. on[0,T] x R? x Q,
o X € I?(Qx (0,T) x R4 R) N Cp([0,T]; H(RY)),

o log (X () € L? ([O,T] x Q;Hl(Rd)>, and

(X (1) ex) g = (s ex)pa — /Ot [ V() Veudsds + </Ota(X (5)) odWs,ek>

L2

for all k € N and all t € [0,T] where {ex}y is the orthonormal basis in H~'(R?).

Remark. One can easily see that our definition of solution is one of the usual ones for porous
media equation. It is a strong solution from the stochastic point of view and a weak solution
from the PDE point of view.

We give some assumptions on the noise. Let us consider a sequence {j}r>1 C RIE such that

Zﬂk(”ek”%w + llexl3a +1) < oo
k>1

where {e;} is an orthonormal basis for H—1(R%) (a density argument applies for the finiteness
of the above series.) To this sequence ui, we associate () a non-negative trace class operator
such that Qeg = uger, on H7H(R?). In (2), W; is a H!(R%)-valued cylindrical Wiener process :

= Br(t)ex,

keN

where {0}, is a sequence of mutually independent Brownian motion on a probability space
(Q,.F,(F#),,P). The noise coefficient o(z) depends linearly on z € H € {H~', H~!, L?}, and
is defined by

o(x) QQU Z\/_ek, W) f—1€x.

keN

This is well-defined (see our original paper [6]).
We state now the main result of this work.

Theorem For each z € L? (]Rd) N H ' (R%) such that zInz —z € L' (]Rd) and z > 0 a.e. on
R, there is a unique positive solution X to (2).

Here, we note the important properties of the stochastic term to prove the theorem:



o Let H={H ', H' L?}. Then

E /0 o (X (5))dW (s)

2 t
= Y [ IX(enlds
H k 0
t
< (Sl +€, g IVerlis) JE [ 1X (s
k

e The Stratonovich product may be written as It6 product with a correlation:
1
o(X(t)) odW(t) = o(X(t)dW(t) + 5(0 ® o) (X(t))dt,

where
(c®o)(z):= Zukeix, reH
k

which has the property

I @ o lrum <3 pvlenli~ (el +C s llexla).

3 Ideas

Our problem has several technical difficulties which will be treated by using several specific
approximation with the parameters ¢, v, \. More precisely,

(i) The first main set of difficulties comes from the properties of the logarithm: We have
a problem due to the fact that zero does not belong to D(log) and we can not assume
that D(log) = R. Another problem which is specific to the logarithm diffusion is the fact
that we can not assume any polynomial growth hypothesis, nor the strong monotonicity
assumption. All those technical difficulties impose the choice of a particular form of the
first approximation in the parameter A and the use of a Stratonovich multiplicative noise.
Namely, having fixed A > 0, we set

Wy (r) := Wy (r) — ¥)(0) + Ar,

for all » € R.

The first approximating equation is then as follows.

dXy = AUy (X)) dt +0o(X))odW(t), t>0;
X)\(O) =x.

(ii) The second main set of difficulties comes from the unboundedness of the domain which
does not allow us to use the Poincaré inequality. This technical problem impose the use of
a second approximation. We introduce the operator A — vI for v > 0 and consider

{ Xy, (t) = (A —vD) Uy (Xy, (1) dt +0(Xr,(t) odW(t), t >0;
X)\W(O) = .



(iii) Finally set A, = (A —vI)Uy. The third approximation with Yoshida approximation

A =1 (I - I+ 6A,,)_1) (e > 0) is necessary to get some estimates, by Itd calculus, in

g
appropriated spaces.

At the last, we remark that the important contribution of the Stratonovich noise is the
following uniform bound.

2 . < 2 / B '
5 IO By < € (14 el + [ otna =) ) )
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