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1. EA

Cahn—Hilliard 7773 [6, 7, 40, 41] 3 BEHRR 25l 3 2w TERX e LTX
CHIS N, B & T it ) BRI IR TOR TV, IR WO BHRICERH T3
L, BARRC B 2 —iGae L TEZE LT 2 ARACEDPECHERZ VR0,
OB R Z K LA REZEF T2 HMCEIEL I (RE ) =KL
fii) 23, EHE OILBIHS e MR TRBIIRED 1D TH 5. ZNERAMEEBIIH T 2 4
BEDIRM D HER TR L 7202 Cahn—Hilliard SR TH 3. X o T, RABEF
L T Neumann 3R EHZ M TIHLENIEFI1CZ L, ZHUT X D HEROH &R FHIDH
RGN D. —77, A DBARRIAICHEN A RS2 EHI T2, —R3 52 (H
B)RFRIPEZL TS XS CRABRVWEEbH L7255, L L, RXMRFRIDK
SMLTWAD, B ANALTRBAZA TRV WS 22 I3EZLNRNWES S h
ZOXIRERE LMERRO D &, 2N E COERIFFSEM R Td Cahn—Hilliard
FRERC X R R 2 HOEN REEL L, ZOWMUMED [11]) Twt oz, 22T, B
BRI SRR O AR AE DRI R ORI OB e [T (H L
B2 X D RKEV) BRORRMY 2 a0RERE 2T, 22 TWMhwbhET v
&, A Goldstein—Miranville-Schimperna [30] %° Gal[25] 12 & o THRIBENATED,
BEEHER s —EHH PR T Vo v VOGS, BEYIEROERBZENCOWTI T
HIREREMME LN TV, B, ZOEFALTIERBREEREFENNERLT 2. T4hb
5, N e R LB BORMPHES 5. DIk, ZOEFTLE 3 NDOEEDHET
ZED, GMS EF LV EMRZ 22T 5. —77, Liv-Wu[38] TIEMREEREFRID AL T
%5 GMS ETILE 3D, NERe iR o 22 CHEMR(FD AL T % T 7 V038
BXiz. Dk, ZDETIAE LW ETLEMERZ 22T 5. ZOWMFHTIZZN S GMS
ETNE IW ETADZNZIUI LT, BFYEBOMMEEBIEICE D, HR LT 2R
L WA HTRRERANDERICOWTHL 5. FICF OB AR % I E
ROEZLTED, —R¥ 2 IEEYZMEICE R 2 Mo B,
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2. Cahn—Hilliard A2 H 5 IERALEN S IERA DR
0<T <00, QCRYYd=2,3)FTHEOLLRIERTD =00 % bOFREHL T 5.
0> 0¥ L, ROEAER] 72 Cahn—Hilliard HFREREEE T2

Owu—Ap=0 inQ:=(0,7) x £, (1)
p=—0Au—+ fB(u) +or(u) — f inQ, (2)

’3ﬁ6+wMZE#F”TT//%wMM%ﬁGﬁﬁﬁzﬁkﬁ%ﬁﬂﬁﬂ%%
HFIE Y 32, Hl2EWr) = (1/4) 2 — 12351, W(r) = —r 27D, B(r) =
w&%vwf%%.L?Q%ﬁ%ﬁéﬁotﬁhﬁﬂnﬁn@@@ﬁﬁﬁd

Ou—AB(u) =0 in Q,

D & 5 BRIFRALET R 2% (7L, DD f=02LTHB). 22T, B
WIZEFAEDAZIRET 2 Z T, (1)-(2) OBETIELSHE 505 e h 6, LERIEEE
TR RGO D O 2BLBER RN, 4805 B (u) =0 L RZEMPFET LI L
RHRT 2 HERE 125 (B RWHEMAITE [12, 17, 18, 19, 20) #BR). —7, (2) &KX
DICELEZ % L IRMIEZ—ET 5:

p=—0Au+pB(u) +n(u) nQ, (3)
D%, BN IR 77 12 H
du—A(B(u) + m(u)) =0 inQ

e, ZRFVWOW BRI BRI ERNTH 5. EIE () +7(r) = r® —r O
&, —1/V3 < u < 1/V3 R 2B TIEIEBTEO R IEL 72 ), — B IE#EY) 72k
MTH5. 0 Cahn-Hilliard FFEK (1) & (3), d L <1F (3) ITKEHD w72 K51
Cahn—Hilliard 7120 & BT RITIEEOT R AN O E Z3#kEwm L 72D 2 [4, 5, 31] TH
5. bHbAANTHOHEICLIFBYILMEZ DL DZHENTN S DT TIERWV. KE
(72 Z DREEHIRO S, T2 b BILHTEDRE 0 % 0 IR X8 % Z 212 & % ol
MTFRRT %, RITKBN S 2 BN RS E R T Cahn-Hilliard S FEUCHEIG L TA 5.

3. BIREREZHG T TO Cahn—Hilliard 51E1{

FT1I LU DHIC 2 DD Cahn—Hilliard /TRERGR (GMS) & (LW) Z#E/45 5. 6 € (0,1]
AT R, RFBEBZ u,p:Q - RE up,pur: X —REL, £33

Ou—Ap =0 a.e. in Q, (4)

p=—-Au+&+m(u)—f, £€pB(u) ae in@, (5)

U, =Up, f, = {r, a.e.on X, (6)

Our + Oyt — Arpur =0 a.e. on X, (7)

pr = Oyu — 6Arur + &r + mr(ur) — fr,  &r € Br(ur) a.e. on X, (8)
w(0) =wup ae inQ, ur(0)=uyr ae onl 9)

ZFEET L. ZOYHHEREFMERE (4)-(9) Z (GMS) LR, 72720, yp ldud b L —
AREKRT S, 2T, f+7RFr+mr Ol LTU TR ZZEFTHL:

o B(r) = 1% w(r) = —r, D(B) = R DHE, WIERD AL 72 “EFFR T >
>y )b
}wm=iv%4ﬂ



e 3(r)=In((1+7)/(1—71)), 7(r) = —2cr, D(B) = (—1,1) DHFA, WIERD log

W(r) = ((1 +r)ln(l+7)+(1—r)ln(1l — 7’)) —cr?,
72720, c> 03T (ZEHFMEZES) T RE2REK;

e 3(r) = 0I_1y(r), w(r) = —r, D(B) = [-1,1] DFE, WIERDHE 5 HTRVKR
T YT X¥I

1
W(’T‘) = I[_LH(T’) — 57‘2,

T 2T, I FBAXM [-1,1] Lo, $4hbb

0 ifrel-1,1],
Ii_ r) =
: 1’1}( ) {oo otherwise.

F7e, Ol & Iy DHEWD ZERT 2 (B2, [3] 2BR);

o BHZ Br(r) = 0, 7n(r) = —r, D(Br) = R OBE, ST 2 BRI 7 8
FHRRE 75 (AR R 3).

—7.5, 5”®ﬁ:ﬁﬁt LT*%DE@?&% U, W Q — R t Ur,Wwr - Y =R t L,

N\

Ou—Ap =0 a.e. in Q, (
p=—-Au+E+n(u)—f, £€p(u) ae in@, (
U, =up, Oypu=0 ae on, (
Owur — Arwr =0 a.e. on X, (13
wr = Oyu — 6Arur +&r + mr(ur) — fr, &r € Br(ur) ae. on X, (
u(0) =up ae inQ, up(0)=wuyr ae onl (

FERLTAL. ZOYIAMERFERE (10)-(15) % (LW) & FEXR. (GMS) & (LW) &
FHEH GMS EFIL[30], LW E T 38] IZXET 223, ZNZ2NDEHICOVTIX
[45] DB SCAEE LW, JFE e LT, (GMS) Ti&

/u(t)d:v—k/ur(t)dF:/uod:v—k/uo,de for all t € [0, T (16)
Q r Q r

75 5 i EBRFRID AL 2 DK L, (LW) TIEAR e SR O ZzhZ2h T

/u(t)dx=/u0da:, /ur(t)dF= /uo,de‘ for all t € [0, 7]
0 Q r r

DAL T 5. DF D, (GMS) IZBWTIE, 5 LB TIE—R 3 2 L RERIDRGL L
TVWRWESICRZ 25, NEle HHE THEITZIMIBER L L TORFH (16) 29
FRAZLLTWB WS ZeNB 5. £72,(GMS) 28 (6) 12 & > THER v & ZDHHRA
DML —RAup, (LERT Vvl p 8 ZD ML —R up TEEINTWVWE Z I LT,
(LW) IZBWTE p & wp ICEZEBEIZELS, DX D NEOILERT > v b p & 55
DILFRT Vv hwp & LTHILLTED, 20561 (10) & (13) 18 & > TH#ERNEE
T 5 RPRHEIN TS 5.



GMS & 7 /L1id Goldstein—Miranville-Schimperna[30] "THENE S 41, HHERY 2 —EHHF
BIRT Vv VOEE, BB X o RREZEICTT 2 2FITCROFERDH5E
SN, BA BN T WS, KDEWZEHFURT VY vy LOGEIZ, 59/
DR — B, RIS K R BE 3 2 558 [11]) oot IR JE IR [43), B4
St EOBR fr 2 HIEIE & 3 2 RoBE I EREE R 22), RRERT V¥ v LOBGEIHIFE
5 OTHEEEEB X CRIFHEIZENC OV T [21], RKIERIEICOWTIE 32) R EDDH
5. EHIIHET AR LT, Hiite B e LA R 2 wlBIS v 3 2 dEk
IFTREANDIGH S [13] THhbhTWwW 3. BERTICH Z M 2 & AREREIC X 54
BA9, 10], MEFFEERTE I [24] OISHWIZEDS [23, 44] R0, Z Dfth [35] 3 5.
—77, LW £ 7L Liu-Wu[38] THRIB S, ZEHHFRRT ¥ 2 v uich 7z b R %z 2
\J %23, BESHIRER D RS PEH IR O W THRL T OGRS —HS 5 T 5 ([27] B BIR).
KD EWZEHHFRRT V> v L DA, SREOEERS RN, MR R
B 5 MR [16] TIRHNTWS. FRERKIC I Z2BEAERF — 4 ZOIERIZ
DWW [39] ofth, [1] DIFFED 5 5.

EHIZ, ZTH56 (GMS) & (LW) 2207 S LW & LT, Robin (5 318) Hi5 52
HEHLZARD D 5. 206 OHRENCALE S 5 & LT Knopf-Lam-Liu-Metzger|[34]
SIZ L > TROMEBM D febhle: (> 0% ZDERTEHE L

Ou—Ap =0 ae. in @, (17)
p=—-Au+u’—u—f ae inQ, (18)

u, = up, LO,p+ . =wr, a.e. on, (19)

Owur + Oy,pt — Arwr =0 a.e. on X, (20)

wr = Oyu — dArur +up —ur — fr a.e. on X, (21)
uw(0) =up a.e. in, up(0)=wuor ae onl. (22)

FaSEEM (19) DB 2 A3 1203 2 Wb 2 IEF R Robin (56 3 ) RS TH D,
SiZwr BED (21) THRESIN B 72DRMTH 225, (LW) L [FFIZ 1 & wr 1T b L—
2RI TVRWL. (17)-22)BWTL =02 FTHUE, p & wp D L —25MH
DEE T 2 72 (GMS) N\, £ — 400 & T AU, p IZh5 % AKX Neumann i 554531
BT 270, (LW)NEET 5 Z e AR THNS. FEFE, (20) 25 E0H 2TEBHA S &
(13) &7 5. ZOFENAIE T 2 BN LT, RFHZEHOMIE 28] % 2] ¥ D
BUEREAT 2 & DIFZEDHENT WV B,

4. (GMS) h SEIARGIE AR

Dtk ROFLZHWS: H = L*(Q), V := HYQ), W := H*(Q) Hr = L*T),
Zp = HY2(T), Vv == H'(T), Wy == H*(). %%, H:=Hx H-® Z = {z :=
(z,2r) € VX Zp : zr = 2|p a.e. on F}, V = {z € VX Vr:z2r =z, ae on l“}7
W = {z €W X Wp:zp = 2. a.c. on F} EBL. YUK, 2 DEREET (2,2r) DK 5724
BOMEE®RTZ2212F%. DOFD2c HTE2: Q> RE 20 : T — RIFEERH
RTHE, 2€ZzeV TRz =Rz =205, 52, &
HERFUORMEN LA 5 XROEBZEMZHES %: Hy:={zc H :m(z) =0},
ZZTC,m:H—RIZ

1
m(z) = T {/de:c—F/szdF} forze H

CERL, SHREHEDOLD my = m(ug) £BL. ZEL, w = (ug,uor). %7z,
Vo=VNH, 2B, ZRFNOEBEMMIBED ) VLAEHEATWSED, VoD J




VAT OWTEE, #BEEHRFENITES U 72 Poincaré-Wirtinger D AN ERE1H 5 Z & T
1zlv, == a1(z,2)? (z € Vo) PMRATE 2. 22T, Wi#BEHERa; : VXV - R%Z
5 e (0,1 12H LT

as(z,2) == / Vz-Vizdr + 5/ Vrizr - Vrzrdl for z,z eV
Q r

TERLTEL. EIE H2EHCp > 0DFELT
|z}, < Cplz]i,, forall z eV,
Ziiiz L, Vo 2 b ZORBREM VIANDERF % (Fz,2)v: v, = ai(z,2) EERT
NUEF Vo= VI ERE 2. $72, Voo s Hy—— Vy RAWE»Da >
R S IRMDIABDNALS S ([11, Appendix] ZZ ).
DL EDREDT, fllFF-Niezgédka—Pawlow[33], AR [36] 1C & 2 FIEHFER DS

A & A ESIICD (GMS) DY Z IR 2 2N TEX L. 22T, ROBKES T
HET %:

v := (v,ur) = (u—mg,ur —my), Vo := (vo,vor) = (Ug — Mo, UpT — My).
72, ROKELEHWS: B(2) = (8(2), Br(zr)), w(2) := (7(2), 7r(zr)).
Dk, LR ZIRET 5:
(A1) B, fr: R — 2% |ZMCRHFH T, 3651@1!5?431_%“&155?&/3 Br: R = [0,00] T
B(0) = Br(0) = 0 27T HDIC K 5T B =8B, fr = Ifr D & 5 CHMHTH
HEhTW3;

(A2) 7, 7 : R — R X Lipshitz ##;

(A3) D(Br) C D(B) T, XBIZHLEM 0,c0 > 0 DFHELT

8°(r)| < 0| Br(r)| + ¢ for all + € D(fp),

ZIT, pr) = {r* € B(r): |r*| = minges) || };
(A4) my € intD(Br) TE B2 Blug) € L), Br(uor) € LMT) BKILF 3
(A5) fF e L?(0,T;V), upe V.

BIS—MEBRTHIEBEAA B = THD. £ 6 = fr DHAITIE (A3) DI
EVTHERNCHALT 2. 37205, (A3) BNEE R TR L RT Vv L2 D kS
oD 1DDHEMT, fid (A3) @%ﬁ%“@ BriZXiLEnTnd (B 21X [8]). Allen—Cahn
ROREGEREMHEOYETHIUR, AR FEDRE TOE D Hnd 201 12H 5.

DY E, (GMS) 1IN LT N DYGEDIFEEMDMILT %:



FEIE 4.1 [11, Theorem 2.2]. § € (0,1] £ 3. (A1)—(A5) DN, b B4 (vs, s, €5)
WRD I 5 R
Vs € Hl(O,T; Vi) N L=, T;Vy)N LZ(O, T:;W),
Hs EL2(07T7V)7 56 EL2(07T7H)7
& € B(vs +mg) ace.in Q, &rs € Br(vrs +mg) a.e. on X

WAFEL T
(v(1), z>V8,VO + a1 (ps(t),2z) =0 for all z € Vi,
(ms(t), 2) ;= as(vs(t), 2) + (&5(t) + w(vs(t) + mol) — f(t),2),, foralzeV,
for a.a. t € (0,T) T, 51T vs(0) = vy ZiMi7=3.

ROPGEZ BT UL, B DZAMEHR & 5 FHNIEREEDGE (A1) D FTH (GMS)
XS % SRR DIFAEDEEA T & %

(A5) fe HY0,T;H), f(0) e V,uo e VN (H?*(Q) x H3T)), B°(up) € V.

FHE 4.2 [11, Theorem 4.2]. § € (0,1] &3 5. (Al)-(A4),(A5) OF, H5#
(s, ps, &) DRD T Z A

us € WH(0, T; VYN H(0,T; V)N L>(0,T; W),
ps € L0, T:V)NL*(0,T;W), & € L>*(0,T; H),
& € B(ug) a.e.in Q, &rs € PBr(urs) a.e. on X

IHFTE LT (4)(9) it 7.

SR DIFAEE T (EHE 4.1) DR OARE 72181, ROMRFE R EX O YIHIE
IR & Z DRI S 2 —HReHll D TRICH %

F(t) + 0p(vs(t)) = P(—&,(t) — m(vs(t) + mol) + f(t)) in Ho,
&5(t) € B(vs(t) + mol) in H, foraa.te(0,T),
vs(0) = vy in Hy,

ZZT, p: Hy— [0, 00] \ERDEIE T 5 BEEL

1

—/ |VZ|2d$+§/|VFZF|2dF if z € Vy,

o(z):=<¢ 2 Jq 2 Jr
o if z € HQ \ VQ.

¥72, P:H — HylZ Pz:=2—m(2)1, 272 L1:=(1,1). 2Ot = fEHAEAIEE
Az DFHEiZ BN D(0p) = WNV, TEHIZ, 0p(z) = (—Az,0,2 — 6Arzr)
%155 ([11, Appendix] ZZM). ZDHE, ps = 0p(vs) + €5 + m(vs + mel) — f TH
25, ZDV O—FHEZ15 % DI Vs, Viprs DRHMEIZINZ m(ps) OFHEZ1E 2 Z
& T Poincaré-Wirtinger D RNEFEXVIEHTX 2 AR ENZEED 1 OTH 5. KR
D IW E T T 2FERTE I DORZRDOITETHRL TV L RUSHIER L2

(GMS) DT 2 — I, 72 5 KT 6 — 072 2RO 5 LU R ORI %TT
LR RSN T 2 ORI EEN G SN 5.



FEIE 4.3 [14, Theorem 2.8]. (A1)—(A5) DR, & 54l (u, u, &) BRD 7 F A
we H(0,T;V)NL>(0,T;Z), Auec L*0,T;H)
pe L*0,T;V), &eL*0,T;H x Z)

WAAEL T
(u'(t), z>V*7V +a1(p(t),z) =0 forallzeV,

(w(t),z), = /QVu(t) - Vzdr + (£(1), 2) , + (&n(t), zp>ZF7ZF + (m(u(t) — f(t),2)

forall z € Z, (23)
for a.a. t € (0,T) T, EHIZ
Eep(u) a.e. in@, (24)
<€F,ZF — UF>Z;,ZF < /BF(ZF)CZF —/Bp(’dr)dr fOT all zr € ZF, a.e. on (O,T),
T r (25)

ZL T, u(0) =uo ZiiZzd. £z, (vs, ps, &) ZEH 41 THEONIMET I L, us =
vs +mol £ BUIE, B 5 HT] {0 e HEE LT, KOEKCINRT 5
us, > u in C([0,T); H),
us, — uw  weakly star in H'(0,T;V*)NL®(0,T; Z),
Augs, — Au weakly in L*(0,T; H),
By, — 1 weakly in L*(0,T;V),
&, — & weakly in L*(0,T; H x Vi),
—0pArur s, + &g, — &0 weakly in LQ(Oa T;Zp),
Oorus, — 0 in L™ (O,T; V) as k — +o0.

S (AS) ITRERITE 5. F7z, ROIEHIEE & 312 B3 (23) 3RO EHR TR

% [14, Remark 2.5]:
w=—-Au+&+7m(u)— f ae in @,
HUr = ayu + EF + WF(UF) — fp in Zf—i a.e. in (O,T)

o, IERMEDRIED S € L BIR D &0 1F (24) D K S BIE TR L (25) DIETHELN
HRICHER LWV, ZOVWEREZHRE T 2R BHE 5TV S [14, Theorem 2.10].
¥ 72, u,up WS B EEHRTENE [14, Theorem 2.8] %2, § — 01015 2 3EF M 15 5
1% [14, Theorem 2.12]:

5. (LW) 1 5 Bi B % SIS R A DR

LW E7 L0 5 ORMEHREE R T2 L, 0 = 0SS 2 MEIE, GW ET Lkt

NT(T) D Opu?’(13) DX DICIHA 720, LM R0 5. ERE, (10)-(14) D
§ — 0TI T ARIET wr 2N S FIWCRHEITIUL

Owu—Ap=0 ae. in @, (26)

= —Dutétn(u)—f, E€Bu) aein@Q  (20)

U =up, Oypu=0 ae on, (28)

duur — Ar(Opu + & + mr(ur) — fr) =0, & € Br(ur) ae. on ¥ (29)



YRR EZTHAD. XoT, B2 /r(r) =0, mp(r) = —r, fr=0%FERZ L
ATEIUL, BRTIX

Owur + Arur = Ard,u  a.e. on 2
DEIBARRERCRASZTERAZER L TWVWS LIRS,

(LW) OEYIMHE 2 ORMEIEIRE B3 212H720, LTOREZEBMNT % £I3MN
%ﬁﬂ%ﬂéﬁag Vo V%R, ar VF X VF%R %%h%h

ag(z, 2) = / Vz-Vidr for z,Z €V,
Q
&F(Zr,gr) = /V[‘ZF -Vrzrdl'  for zr, Zzr € Vp
r

TERTS. 72, me:V >R, mp: Vg -R%
1

mq(z*) == @(z*, Ly«y for 2" eV,
* 1 * k k
mr(zf) = m(zr, Dysve  for 21 € V7

CERT L. IS EHWT, Hy = {z € H:mg(z) =0}, Vo :=VNH,, Hro:={zr €
Hr :mp(zr) = 0}, Vo i= Ve N Hrg EEFET B &, ag R ar ZENZNV, ° Vg DN
e 72D, RD Poincaré-Wiltinger DRFERDWMALT %: HEECp > 0FEL T
|23 < Cp(\z — mQ(z)ﬁ/O + ‘mg(z)f) for all z € V,
2]} < Cplz]3, for all 2z € 1,
BN CP(‘ZI‘ — mr(Zr)’ino + |m1"(21")|2> for all zr € Vp,

|2rf3, < C’p|zp|%/n0 for all zpr € V.
if:, F%%%*J%‘)FF . V]_"70_>V1:\ky07£
(Fz, Z)yp v, = aq(z,2) for z,Z € W,

(Frar, Zr)vie v = ar(r, Zr) - for zr, Zr € Vor

THETUI, 2hs3INERICRS.
(LW) oMt 2@ s 2 12 H 7D, FIHHEIN 3 2 € (A6) Z IR L THL:

(A6) ma(ug) € intD(B), mr(ugr) € intD(Br), Blug) € L), Br(uer) € LM(I).

I 5.1 [16, Theorem 2.3]. ¢ € (0,1] £ 5 5. (A1)~(A3),(A5),(A6) DR, » 5l
(u51 s 557 Uur,s, Wr,s, gf,ﬁ) i)§;j'(0)7 A

us € H'(0,T; V)N L™(0,T; V) N L*(0,T; W),
ps € L*(0,T;V), & € L*0,T; H),

urs € H(0,T; V) N L>®(0,T; V) N L0, T; Wr),
wrs € L*(0,T;Vp), &ps € L*(0,T; Hy)



WIFTEL T

<ug(t),z>v*7v +aq(ps(t),z) =0 forallz €V, for a.a.t € (0,T), (30)

= —Aus+ & +7(us) — f, & € Blug) ace. in Q, (31)

(us). =urs a.e. on X, (32)

<u'm(t), ZF>VF*,VF +ar(wrs(t),zr) =0 for all zr € Vi, for a.a. t € (0,T), (33)
wrs = Oyus — 0Apur s+ €rs + mr(urs) — fr,  &rs € Pr(urs) a.e. on X (34)

(:‘, 51T UJ(O) = Up, URO‘(O) = Uo,r %(I%fij‘

(GMS) & FEIC (LW) 128 LT B 58ARDTFE [16, Theorem 4.1], #EFLHTFNE [16
Theorem 2.4] 23§ 65TV 2

(LW) ORI Z #am S 2 1 d b, NS (A7) ZHEL THL:

(A7) £ € L20,T; V). ug € V N (L¥(Q) x (L=()) TE &2

{ess glf up(x), ess sup uo(x)} C intD(p),
ze

€

{ess irnf up (), ess sup UO’[‘(ZC):| C intD(0r),
TE

zel

KRR O #GR T ISR (A7) 1Tk o T, 8% Br ITRS % 3 [42, Appendix,
Hw%mmAﬂ[wpmM#mﬁT%5Qw4m%mmmpum(mw%rwuﬁ
3B REMEHROARIZL T o@D TH 5.

EIE 5.2 [15, Theorem 2.2]. (A1)—(A3), (A7) DN, H2H# (u, 1, &, ur, wr, &) DX
DY 7 A
we€ HY0,T;V*)NL>2(0,T;V), Aue L*0,T;H),
p e L*0,T;V), ¢€cL*0,T;H),
ur € H(0,T; VE) N L®(0,T; Zr),
wp € L*(0,T;Vp), & € L*(0,T; Z})

WIFEL T

(u'(t) >V v +ag(u(t),z) =0 foralzeV, for a.a.t €(0,7T),
p=—-Au+&+m(u)—f, €£€pBu) ae. in@,

U =upr a.e. on X,
<u’F( >V T ap(wp(t),ZF) =0 forall zr € Vp, for a.a. t € (0,7T),

(wr(®), 20) g, = (Do) +&o(t), 210) 5, g + (w0 (ur(t)) = fr(®); 20) .
<51“ >Z Zp /ﬁl“ zr)dl’ — /BF up(t dF

for all zr € Zy, for a.a.t € (0,T)



"C\‘, é ’5 Iz U(O) = Uy, UF(O) = Uo,r }&ﬂ%f:j‘ if:, (U5, ug,gg,qug,’wR(s,gr,(s) %%fi 5.1
THELNIMET B, HEERDH {0k bren PIFEL T, ROBEKRTIHRT 5:

Us,, —> U

Us, — U
Aus, — Au
Opus, — Opu
Uur,s, — Ur
Urs, — ur

My, = [

in C([0,T); H),

weakly star in H*(0,T;V*) N L>*(0,T;V),
weakly in L*(0,T; H),

weakly in L*(0,T; Zy),

in C([0,T); Hr),

weakly star in H*(0,T; V7)) N L®(0,T; Zr),
weakly in L*(0,T;V),

weakly in L*(0,T; Vp),

wr,s, — Wr (
(0,75 H),
(
(

&, — &
&ris, — &r
—0rArurs, +E&rs, — &r

weakly in L*
weakly in L*(0,T; V),

weakly in L*(0,T; Z%) as k — +oo.

GMS ET7 VDS LRI, & T 25VWEKREZURE T 2MEEDELNTVWD
[15, Theorem 2.6]. w, ur ZX3 2 @GR IFE [15, Theorem 2.5] %2, 6 — 0IX5 554
72 7Hii [15, Theorem 2.8] [ TH 5.

{1

TEFL 5.1 DFREAD#E & LT —HFHHEICRE T 2 2 00 B0 HIFoN 5. 1 DDITHEE
0 DIRBREIEDE U512 H 5. Cahn-Hilliard FFERT & K W o2 7514 (11, 36] T,
(30)—(34) WX 2 B (B & Br D Yosida JTf) 2EZ L, (31) T us — ma(ug)
%, (30) T F ' (us — ma(u)) ZiRBRRAEISERE T, 2o 2R T I 215 5.
Z DFE, (GMS) TIIAREE 0 DZEBARFE T 2 72 DFEB me 2513 & <, BB
(15 — & — m(us) + f,us —mo)
= (—Aug,us — mo)y
= (Vus, Vus) g — (Ouus, urs — mo) iy
= [Vuslz — (wrs — 0Arurs + &rs + mr(urs) — fr,urs —mo)
D XD IWEHAD ML, TRDB, O us DHIIMEKR SN S, —77, (IW) TEE =R
BN HAR D Z NN THALT 5 DT, [F UEMEIE (31) Tus — ma(ug) %, (30) T
F~Hus —ma(ug)) %, (34) Tups —mr(uor) %, (33) T Fy ' (urs — mr(uor)) % alBRE
BUTERRZ EITHIEL
(15 — & — m(us) + f,us — maluo))
= (—Aus, us — ma(uo)) ,;
= (Vug, Vus)y — (Opus, urs — mﬂ(uo))HF
= [Vusliy — (Qvus, urs — mr(uor)) . — (Quus, mr(uor) — ma(uo)) ;-
= |Vus|y — (wrs — 6Arurs + &rs + mr(urs) — frours — mr(uo,r))Hr
- (&z%‘, mr(uo,r) - mQ(Uo))HF

DX Ous DIEPFHE-TLES. EEZNAZID o 72D Linv-Wu[38] TH % 23,
REVEIE I Z im S 2 12WE D272 D R’k 72 Tgeometric assumption |

CrITIM2 01 < 1



RARE LT, 51T Br + 7 1 B L WK A R RE L CilkandiE e & 7 (Lin-
u[38, Theorem 3.2, Remarks 3.3, 3.4]). EFE, Cr >0l X PL =X~ : V — Zp D[
B/R: Zr — VIS 28R

Rzly < Crlz|z:

THY, ~RICRIF—EHNTIERNZ D5 DPLPMULVRETH 572, THEMRIET
BEBM27TWZHD [15] TR INZBE L. Z22 T (30) TF Y us —ug) ZERZ
EWTEDLDT, (31) Tus—up %, AT (33) T Fups —uor) BEBRZENTES
(FIHZEM: (AT) D L —REHEDHIHTE ) DT (34) Turs — ugr 23S Oy us DI
BB TZ 5.

20DF pus D HIZHBIT 5 —HkFHiiTdH 5. (GMS) Tl Poincaré-Wirtinger D5
NZFH L7223, (LW) Tid Ehrling O (B 213 [37]) ZI0H L, ROFEFEZ H W
EREDe > 01T LT, HBERC. > 0BFEL T |t < e|Vuslh + Celuslwg. ZZ
T, Ve H— WHIZHEERT 2 (2720 W Wy =W N HLH(Q) DFAZZER]).

INHDEMBE D LITL T, —kkaHlis K a7 MERSE 5N 5 550K, i
IR & MRARIEIC & - TN R T = 3.

References

[1] X.Bao and H. Zhang, Numerical approximations and error analysis of the Cahn—Hilliard
equation with dynamic boundary conditions, Commun. Math. Sci., 19 (2021), 663—685.
[2] X.Bao and H. Zhang, Numerical approximations and error analysis of the Cahn—Hilliard
equation with reaction rate dependent dynamic boundary conditions, J. Sci. Comput.,
87 (2021), Paper No. 72, 32 pp.
[3] V. Barbu, Nonlinear Differential Equations of Monotone Types in Banach Spaces,
Springer, London 2010.
[4] E. Bonetti, P. Colli, and G. Tomassetti, A non-smooth regularization of a forward-
backward parabolic equation, Math. Models Methods Appl. Sci., 27 (2017), 641-661.
[5] L. T. T. Bui, F. Smarrazzo, and A. Tesei, Passage to the limit over small parameters
in the viscous Cahn—Hilliard equation, J. Math. Anal. Appl., 420 (2014), 1265-1300.
6] J. W. Cahn, #LVSS &4 2% R T, FEARME: S L BIRE, AHEEA fifk
AR (2011), 110-153.
[7] J. W. Cahn and J. E. Hilliard, Free energy of a nonuniform system I. Interfacial free
energy, J. Chem. Phys., 2 (1958), 258-267.
[8] L. Calatroni and P. Colli, Global solution to the Allen—-Cahn equation with singular
potentials and dynamic boundary conditions, Nonlinear Anal., 79 (2013), 12-27.
[9] L. Cherfils and M. Petcu, A numerical analysis of the Cahn—Hilliard equation with
non-permeable walls, Numer. Math., 128 (2014), 518-549.
[10] L. Cherfils, M. Petcu, and M. Pierre, A numerical analysis on the Cahn-Hilliard equation
dynamic boundary conditions, Discrete Contin. Dyn. Syst., 27 (2010), 1511-1533.
[11] P. Colli and T. Fukao, Equation and dynamic boundary condition of Cahn—Hilliard
type with singular potentials, Nonlinear Anal., 127 (2015), 413-433.
[12] P. Colli and T. Fukao, Nonlinear diffusion equations as asymptotic limits of Cahn—
Hilliard systems, J. Differential Equations, 260 (2016), 6930—-6959.
[13] P. Colli and T. Fukao, Cahn—Hilliard equation on the boundary with bulk condition of
Allen—Cahn type, Adv. Nonlinear Anal., 9 (2020), 16-38.
[14] P. Colli, T. Fukao, and L. Scarpa, The Cahn—Hilliard equation with forward-backward
dynamic boundary condition via vanishing viscosity, STAM J. Math. Anal., 54 (2022),
3292-3315.



[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

P. Colli, T. Fukao, and L. Scarpa, A Cahn-Hilliard system with forward-backward
dynamic boundary condition and non-smooth potentials, J. Evol. Equ., 22 (2022),
Paper No. 89, 31 pp.

P. Colli, T. Fukao, and H. Wu, On a transmission problem for equation and dynamic
boundary condition of Cahn—Hilliard type with nonsmooth potentials, Math. Nachr.,
293 (2020), 2051-2081.

T. Fukao, Convergence of Cahn—Hilliard systems to the Stefan problem with dynamic
boundary conditions, Asymptot. Anal., 99 (2016), 1-21.

T. Fukao, Nonlinear diffusion equation with dynamic boundary conditions and related
topics, pp. 53—64 in “Proceedings of 45th Sapporo Symposium on Partial Differential
Equations’, Hokkaido University Technical Report Series in Mathematics 2020.

T. Fukao, Convergence of Cahn—Hilliard systems to the Stefan problem with dynamic
boundary conditions, Asymptot. Anal., 99 (2016), 1-21.

T. Fukao and T. Motoda, Nonlinear diffusion equations with Robin boundary conditions
as asymptotic limits of Cahn—Hilliard systems, J. Elliptic Parabol. Equ., 4 (2018), 271—
291.

T. Fukao and H. Wu, Separation property and convergence to equilibrium for the
equation and dynamic boundary condition of Cahn—Hilliard type with singular potential,
Asymptot. Anal., 124 (2021), 303-341.

T. Fukao and N. Yamazaki, A boundary control problem for the equation and dynamic
boundary condition of Cahn—Hilliard type, pp.255-280 in “Solvability, Regularity, Op-
timal Control of Boundary Value Problems for PDEs”, Springer INAAM Series, Vol.22,
Springer, Cham, 2017.

T. Fukao, S. Yoshikawa, and S. Wada, Structure-preserving finite difference schemes for
the Cahn—Hilliard equation with dynamic boundary conditions in the one-dimensional
case, Commun. Pure Appl. Anal., 16 (2017), 1-20.

D. Furihata and T. Matsuo, “Discrete variational derivative method. A structure-

preserving numerical method for partial differential equations”, Chapman & Hall/CRC
Numerical Analysis and Scientific Computing, CRC Press, Boca Raton, 2011.

C. Gal, A Cahn-Hilliard model in bounded domains with permeable walls, Math.
Methods Appl. Sci., 29 (2006), 2009-2036.

C. G. Gal and M. Meyries, Nonlinear elliptic problems with dynamical boundary con-
ditions of reactive and reactive-diffusive type, Proc. Lond. Math. Soc. (3) 108 (2014),
1351-1380.

H. Garcke and P. Knopf, Weak solutions of the Cahn-Hilliard system with dynamic
boundary conditions: a gradient flow approach, SIAM J. Math. Anal., 52 (2020), 340—
369.

H. Garcke, P. Knopf, and S. Yayla, Long-time dynamics of the Cahn—Hilliard equation
with kinetic rate dependent dynamic boundary conditions, Nonlinear Anal., 215 (2022),
Paper No. 112619, 44 pp.

G. Gilardi, A. Miranville, and G. Schimperna, On the Cahn-Hilliard equation with
irregular potentials and dynamic boundary conditions, Commun. Pure Appl. Anal., 8
(2009), 881-912.

G. R. Goldstein, A. Miranville, and G. Schimperna, A Cahn—Hilliard model in a domain
with non-permeable walls, Physica D, 240 (2011), 754-766.

K. Kagawa and M. Otani, Asymptotic limits of viscous Cahn—Hilliard equation with
homogeneous Dirichlet boundary condition, J. Math. Anal. Appl., 512 (2022), Paper
No.126106, 23 pp.



32]

[33]

[34]

[35]
[36]
[37]

[38]

30]
[40]
[a1)
[42]
[43]

[44]

[45]

N. Kajiwara, Global well-posedness for a Cahn—Hilliard equation on bounded domains
with permeable and non-permeable walls in maximal regularity spaces, Adv. Math. Sci.
Appl., 27 (2018), 277-298.

N. Kenmochi, M. Niezgédka, and I. Pawlow, Subdifferential operator approach to the
Cahn—Hilliard equation with constraint, J. Differential Equations, 117 (1995), 320-354.
P. Knopf, K. F. Lam, C. Liu, and S. Metzger, Phase-field dynamics with transfer of
materials: The Cahn—Hillard equation with reaction rate dependent dynamic boundary
conditions, ESAIM Math. Model. Numer. Anal., 55 (2021), 229-282.

B. Kovacs and C. Lubich, Numerical analysis of parabolic problems with dynamic
boundary conditions, IMA J. Numer. Anal., 37 (2017), 1-39.

M. Kubo, The Cahn—Hilliard equation with time-dependent constraint, Nonlinear Anal.,
75 (2012), 5672-5685.

J. L. Lions, Quelques méthodes de résolution des problémes aux limites non linéaires,
Dunod Gauthier-Villas, Paris, 1968.

C. Liu and H. Wu, An energetic variational approach for the Cahn—Hilliard equation

with dynamic boundary condition: model derivation and mathematical analysis, Arch.
Rational Mech. Anal., 233(1) (2019), 167-247.

S. Metzger, An efficient and convergent finite element scheme for Cahn—Hilliard equa-
tions with dynamic boundary conditions, SIAM J. Numer. Anal., 59 (2021), 219-248.

A. Miranville, The Cahn-Hilliard equation and some of its variants, AIMS Mathemat-
ics., 2 (2017), 479-544.

A. Miranville, The Cahn—Hilliard equation: Recent Advances and Applications, Society
for Industrial and Applied Mathematics, Philadelphia, 2019.

A. Miranville and S. Zelik, Robust exponential attractors for Cahn—Hilliard type equa-
tions with singular potentials, Math. Methods Appl. Sci., 27 (2004), 545-582.

T. Motoda, Time periodic solutions of Cahn—Hilliard systems with dynamic boundary
conditions, AIMS Mathematics, 3 (2018), 263—-287.

M. Okumura, T. Fukao, D. Furihata, and S. Yoshikawa, A second-order accurate
structure-preserving scheme for the Cahn-Hilliard equation with a dynamic boundary
condition, Commun. Pure Appl. Anal., 21 (2022), 355-392.

H. Wu, A review on the Cahn—Hilliard equation: classical results and recent advances
in dynamic boundary conditions, Electron. Res. Arch., 30 (2022), 2788-2832.



