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Features of the Grobner basis in a space of 2-tensors
on irreducible representations of the complex general

linear group of degree 4
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Abstract
We will give the Zariski closure of the image of polynomial mappings from the set of all complex
square matrices of order n to a tensor product of irreducible representations of the complex general
liner group of degree n. In this paper, we give the Zariski closure of the image of polynomial mappings
from the set of all complex square matrices of order 4 to a tensor product of spaces of alternating
2-tensors on 4-dimensional complex vector spaces. We also describe features of the Grobner basis of
the ideal defining the Zariski closure.
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ZHNTI L 7 —RIKRD 2 RARZEADITZRD X5 ICHEET:

11(6,1,6n—6,6n+1); n=1,...,6, 11(6,6,n—6,n+36); n=1,...,6. 1(6,1,6,31) + 1(6,6, —5,42),
1(6,1,0,6n+7); n=1,...,4, 1(6,6,=5,n+37); n=1,...,4, 1(6,1,0,37) +1(6,6, —4,41),
1(6,1,6,3n%> —3n+19); n=1,...,3, I1(6,6,—4,4n>—1in+39);n=1,...,3, —I(6,1,0,37)+1(6,6,—3,40),
I1(6,1,6m+6,6n+25); m=1,2, n=1,2, I(6,6,m—4,n+40); m=1,2, n=1,2, 1(6,1,0,37) +1(6,1,6,31),
1(6,1,24,37), 1(6,6,—1,42).

PUF, 1.1 @i e, 1.2 iMoot st 2l 2. i 2 oMot 3 2 s 2R3, (3 5T
&, PV RREEOA FTADY L 7 F KN/ R (0, a,b,d) ZHWTZ L 7 F—IEED 2
RERZUXO LR HEHTTIEERGT 5.

*1 T 819-0395 fERTIPHX LM 744 E-mail: ota.ryotoku.588@s.kyushu-u.ac.jp




1.1 F5=8

4 TERIESTATHN A € My(C) DRI %2 a;; eCE T 2. HL1<4,j <455 ZOLZE 36HD2XK
FERZEREL TR TERTS: 1<p<q<4,1<r<s<4THNLT,

qurs = QprQgs — QpsQqr-

Z LT fpgrs ZHWT, C10 = My(C) 5 C3O NDZHAXER f ZRD K 5 WTEHT 3

ZDrE f(CY) C C3 DYV AFHEERD XK.

1.2 F[ED

ET=1=)
B=

f : (Clﬁ — (CBG; (aij) — (qurs)-

4 HEREIE GL4(C) DEIZEBLZ \°C* B, 2L &, CHMEM C16 = M, (C),C36 =~

N’ C*o \>C* =2 M(C) TH 205, ZIHAGS f 13

t&tﬁﬂ—é [2, 3] 7“:_71:'_;1_/, bkl = qurs

[ Ma(C) = Me(C); (aij) = (br)

= Qprlgs — Qpsqr CTHB. DF D, 1.1 i TR ZIHAXTH

f:Clo — €361, 4 K IEFFTIRIEDES My(C) 525 6 KEHLIESITHREDHES Ms(C) ~DHA
BZENGHETH 5.

72, n KIEHWHEREE GL, (C) DEHFIERIZ, C, A*Cr, .., ANVICPTh 5. EoT, BHIEHE
Ner e 7yt NFCr e N O, n IERIE I SKOHES M, (C) © C E#FEZER L LTOXRIT
%z, dime A\¥C", dime A" C" @ A" C" dime M, (C) L, 3EF2 U TO@HTHS. =71,
n=1,....52%%. %7 k=00t % dimc \°C" =173

k| dimc A"C! | dime AFCT @ AFC? | dime My (C) k| dimec A"C* | dime A*C*@ AFC* | dime My(C)
0 1Co=1 1Co x 1Cp = 1 1 0| 4Co=1 4Co x 4Co =1 16
1| 40 =14 4Ch % 4Cy =16 16
k | dime A"C? | dime A"C2 @ A¥C? | dime My(C) 2| 4Co=6 4Ca % 4Cy = 36 16
0] 2Ch=1 2Co x 2C = 1 4 3| 4C3=4 4C3 x 4C5 = 16 16
1| 20 =2 20y X 9Cy =4 4
k | dimg AFC? | dime AFC5 @ A¥CP | dime M;(C)
k | dime AFC3 | dime AFC3 @ A¥C3 | dime M;(C) 0] 5Co=1 5Co x 5Cp =1 25
0] 35Co=1 3Co x 3Co =1 9 1| sC1=5 5C1 x 5Cy = 25 25
1| 3¢,=3 5C1 x 3C1 =9 9 2| 5Cy=10 5C x 5Cy = 10 25
2| 3Cy=3 3Cy x 3C3 =9 9 3| 5C5=10 5C3 x 5C5 = 10 25
4| sCi=5 5Cy % 5Cy =25 25

22T, dimc AFCr @ A\FCr £ 1, dime M, (C) #£1 2 F 3L &,

k

dimc \ C" & A\ C" # dime M,,(C)

Y725 &5 BITEHRUNDBRIEB R E 2 5 &, 4 JUTEERRIZEH C! D 2 ROSART > VL% A\? C
TH2. LedoT,n=4k=20550MERETY Y AXMEZEZ 2.
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T DRETEN 1 ETBRARLMEITN T 29V A F MU ORI R Z RS

UK, A 771 = {x1 — fio12,T2 — f1213,-- -, T36 — f3a34) C Clz1,...,%36,011,...,024] DT VL T F—
HEZ G35 1270, BIERER T a1 > a2 > > aaa > 1 > o > -+ > T35 (ST B 2RECEFE
FREFE T 3. £/, Ty 7 H =TT Y XL EZEHT 5.

ATEMEL T L 7 F—RIK G

T33%34 — T32T35 + T31T36,
G = Q44234 — 43235 + A42X36, - - -, . (1)

2 2
—T2To7T29X3T35X7 + - — A12T1T5T36T6T9

FHEHR 2. 16 ROWMETL 7F— LK Gig=GnN (C[Jil, ceey 21)36] REHEIT A e

G — ] T33T34 T T32T35 + 31236, - - -,
16 =
2,2
—T4TT10T25T26T29T32 + * ++ — TITT26T27T33T36
= {glv'-'ag772}' (2)

FHERE 3. 16 RDIHEA T 7V Lig = (Grg) DHEZE TR,

gl(xl,.. .,1‘36) = 0,
V(gla o 79772) = (xlv o 'ax36) € (C36 . (3)

grra(21,...,236) =0

SHEASE 4. £(C6) OF U RFHEE FIC0) LB, ZOLE, f(C), FCO), Vig,...,gms) DEE
BARIERDE D TH %:
f((C16) C f((clﬁ) = V(917 .. 'ug772)' (4)

22T, N @) D LOHHERAR S, £3, RO FIRHLD LD [1].

EIE 1 (ZERBEHERTIL)

ERERIKE U, F o™ — k™ (tyetm) = (Filtnsetm)s oo fa(ty, b)) 22T GHE T2, X
DI, ATT7NITIZT=(x1— fi,. s Tn — fn) Ck[t1, ... tm, @1, ..., 2] TERL, I, = TN k[z1, ..., 2]
ZmRDBEATTINET D, 2O E, V(I,) M F(k™) C k" OV XFMUTH 5.

FoT, W1 Tk=C, m=16,n =36, 16 XJC7 7 4 Y2H C16 ¥ 36 Xoe7 7 4 > 240 C36 @
@*ﬁ%%%%ﬂ%ﬂ (C[all,...,a44], C[Il,...,I;;G], fl = f12127f2 - f1213,...,f36 = f3434 Zﬁ( t, ﬁ
(1), (2), 3) &b, 774 YIREZHIK V(I16) = Vigr,...,gm) 2145, W, W1 OFEID

f((ClG) C f((Clﬁ) = V(Ilg) = V(gl, .. .,9772)7 Ttﬁb% f((clﬁ) C f((ClG) = V(gl, .. .7g772) 751&?5
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3.1 16RDBEETLITFH—EE G DR
BUDIT, 16 RDIER T L 7 —FJK Gig DRHEIZL T 0D TH 5.
o #Gg = TT72.

o 16 XDMEZL 7F—HIK G DILIIFRZIEATH 5.

o G DILOWHRIZRDED TH 5.

G DL {[ER
2 RAFRZIHA 40
3SHKARZIA | 294
4 REXRZIHA | 342
5 XAEXRZHA 18
6 XA X% HA 70
7T RERZ A 8

F72, PTT 2 DIEE % weight(z;) =i (0 <i<n) THA, WX o' 2l - 2l D%

weight(] a3 - alr) = > ij;
=1

LIEDDL. ZOLE, TRTOEIELWEHAZ FREZHA L ITR [4]. AT 16 ROHEET L 7 F —H
FGlG @E&imi%lﬁ_ﬁ"c%% Z 2({) \iPO?:_ Wﬂibi, g = :E1:E12—ZEQZEH+ZE3I10+{E4IE9—ZE5I8+I6$7 S Glﬁ
b,

weight(z1212) = weight(—zar11) = weight(x3x19) = weight(z4x9) = weight(—x525) = weight(zez7) = 13
THd. & OT, g ﬁilﬁJE%’?IEﬁ“CZB 5. if:, g = T1T36 — L2T35 +T3L34 + T4T33 — T5T32 + LeL31 + T7L30 —
TTag + ToTog + T10T27r — T1126 + T12225 € Gis Z LD &,

weight(x1236) = weight(—zowss) = weight(x3234) = weight(z4233) = weight(—x5232) = weight(zgzsy)

= weight(z7230) = weight(—zgxag) = weight(xgxas) = weight(z1px27) = weight(—2x11296) = weight(z12225)

=37
TH3. XoT, g ZRIEZHATH 2

3.2 16 RDHEEIT LT F—EE G D2 RERZIAR
16 RDHE YL 7 F—HIE Gip D 2 KFRZERIUATORE AV TEEET L HTE 5:

«
I(a,a,b,d) E $(K)Tak+bT—ak+d; @, a,b,d € Z.
k=1

7272 L,
S%)_{ 1 (k=0,1 mod 3)
-1 (k=2 mod 3)

35, DUN, I(a,a,b,d) ZHWT 16 ROBEET VL 7 F—HE G D2 XFRZEA 2 HEZET



3.2.1 a=302RXERZIER

401D 2 RERZHAD S B, a=3 D2 XAXRZHEAILHT 12D 2. ThHD5H, KD 6

T1Te — T2T5 + T3T4, T7T12 — TL11 + L6210, £13T18 — T14T17 + T15T 16,

T19T24 — T20T23 + T21T22, T25T30 — T26X29 + T27228, T31T36 — T32T35 + T33T34

BUTORZM > THZELS:

T6n—5T6n — T6n—4Ten—1 + Ten—3Ten—2; 7= 1,...,0.

252, Z2ORE I(a,a,b,d) ZHOTRD LS ICHZEE 5:

T6n—5T6n — Lén—4Ten—1 + Ten—3Ten—2 =

M«

5(k)Z1k+6n—6T—k+6n+1

1

N = T

1(6,1,6n —6,6n+1); n=1,...,6.
F72, EDD6
T1T31 — T7T25 + T13T19, L2XT32 — TL36 T £14T30, T3T33 — T9X27 + T15%31,
T4T34 — T10T28 T T16T22, T5T35 — £11T29 + T17T23, T6T36 — T12T30 + T28T24

LROXZ o THZEYE :

TnTn430 — Tnt6Tnt24 T Tnpr12Tnr1s; n=1,...,6.

X512, 20X (. a,b,d) ZHVTEEER .

TnTn430 — Tnt6Tnt24 T Tnt12Tnt1s =

NE

8(k)Z6k+n—62—6k+n+36

1

| =

= 2[(6,6,n—6,n—|—36); n=1,...,6.
Frode, 12D a=3 D2 XERZLHEAL 2O THEEY S:

1 1
51(6.1,6n—6,6n+1), 71(6.6,n—6,n+36); n=1...6

3.2.2 a=602RXFRLIER
a=6DZHENZEWT 24 ED 3. FIDIZ, KD 4HD 2 RERZIHR

T1T12 — T2X11 + T3T10 + T4T9 — T5T8 + T6T7, T1X18 — T2T17 + T3X16 + T4T15 — L5214 + T6T13,

T1T24 — T2X23 + T3T22 + T4T21 — T5T20 + TeT19, T1T30 — T2T29 + T3T28 + T4T27 — T5T26 + T6T25

BUTORZM - THZEL S:

6
Z s(k)xpx_krontr; n=1,...,4.
k=1



EHI, 2D I(a,a,b,d) ZHWTEZEY 3:

hE

s(k)xkx—kton+r = 1(6,1,0,6n+7); n=1,...,4.

~
Il
—

{0

\

i}

KD 3D 2 XFXR%Z
T7T18 — X817 + T9T16 + T10T15 — L11T14 + £12T13, T7T24 — Tgx23 + ToTa2 + T10T21 — £11T20 + T12T19,
T7T36 — T8T35 + ToT33 + T10T32 — £11T31 + T12T30

BUTORZM - THZELS:

E S(K) k46T _py3n2_3ny10; 7 =1,...,3.
k=1

ZloTEHEZEES. 2618, 2ORF I(a,a,b,d) THNVTHEEELE 5:

6

> s(k)Ths6T—pran2-3ni10 = 1(6,1,6,3n° = 3n+19); n=1,...,3
k=1

KD 4 HD 2 KEFRZIER,

T13%30 — T14%29 + T15%28 + T16%27 — T17%26 + T18T15, T13T36 — T14T35 + T15234 + T16233 — T17232 + T18231,

T19T30 — T20T29 + T21T28 + T22T27 — T23T26 + T24T15, T19T36 — T20T35 + T21T34 + T22T33 — T23T32 + T24T31

B RORZM > TEHEEEE S:

M-

5(K)Thy6m46T—kionios; m=1,2, n=1,2.

E
Il

1

X512, ZORIE I(a,a,b,d) ZBHWTEEER3:
6
> s(k)Thsom6Tkront2s = 1(6,1,6m +6,6n+25); m=1,2, n=1,2.
k=1

KD 1ED 2 XFERZL A
T25%36 — T26X35 + T27X34 + T28T33 — T29T32 + T30231

B RORZM > TEHEEEL S:

6
Z 5(K)Tpy24T py37

X512, ZORE I(a,a,b,d) ZBHWTEEER3:
6
> s(k)Tpyoar_prsr = 1(6,1,24,37).
k=1

RD 4EHD 2 KFFXZIER

T1T32 — T7T26 + T13T20 + T19T14 — T2528 + T31T2, L1233 — T7T27 + T13T21 + T19T15 — T25T9 + T31X3,

T1T34 — T7T2g + T13%22 + T19T16 — T25210 + L3104, T1T35 — T7X29 + T13%23 + T19T17 — T25T11 + L3125



BUTORZM > THZEY S:

6
E 5(k)Tek—5T_6ksnt3r; n=1,...,4.
k=1

X512, ZORIE I(a,a,b,d) ZFHWTEEER3:

> s(k)xek—57—6kintar = 1(6,6,-5,n+37); n=1,...,4.
k=1

KD 3ED 2 KAERZIHNK

6

ToX33 — TgTay + T14T21 + T20T15 — T26T9 + T32X3, T2X34 — TgTag + T14T22 + T20T16 — L2610 + L3224,

ToT36 — TgT30 + T14%24 + T20T18 — T26L12 + T32T6

BUTORZM - THZEYS:

E $(K)Z6k—4T _grtin2—Lntsoi M =1,...,3.
k

X512, 2ORF (o, a,b,d) ZHOVTEEER 3.

6

—

6

1 1
Zs(k)$6k—4$_6k+%n2—%n+39 =1 <6767 —4, 5712 —gnt 39) yn=1,...,3.
k=1

KD 4HD 2 REFRZIET,

T3T35 — T9X2g + T15T23 + T21X17 — T27X11 + T33%5, T3T36 — T9x30 + T15T24 + T21T18 — T27T12 + 33T,
T4T35 — T10T29 + T16T23 + T22T17 — T28T11 + T34T5, T4T36 — T10T30 T L16T24 T T22T18 — T28T12 + £34T6
B TOREH-oTHEEHES:

6
E 5(k)Tek4m—aT_6ktntso; m= 1,2, n=1,2

k=1
X511, 2O I, a,b,d) ZERHIWTESEYR:
6
Z $(k)T6k-rm—aT—6ktnta0 = 1(6,6,m —4,n+40); m=1,2, n=1,2.
k=1

BRI, XD 1D 2 KFFRZTEN
T5T36 — T11T30 + T17T24 + T23T18 — T29T12 + T35T6
B TOREM > TEEXER:

6
> s(k)Ter—17—ckra2-
-1

k
X512, 2ORIE I(a,a,b,d) ZHWTEEER3:

6
Z s(k)xer—17 _ekta2 = 1(6,6, —1,42).
k=1



FeD2L, 24D a =6 D2 XFRZHNAIZ S MOATEEEHE %:

1(6,1,0,6n+7); n=1,...,4, (5)
1(6,1,6,3n> —3n+19); n=1,...,3, (6)
1(6,1,6m+6,6n+25); m=1,2, n=12, (7)
1(6,1,24,37),
1(6,6,-5,n+37); n=1,...,4,
1 1
I1(6,6,—4,-=n>—=-n+39);n=1,...,3,
2 2
1(6,6,m —4,n+40); m=1,2, n=1,2, (8)
1(6,6,—1,42).
3.2.3 a=80M2KRFRLER
a=8D2XRAXRZLIHAIUTD 3MHTH %:
T1T36 + TeX31 — TT29 + ToX2g + T10T27 — T11%26 + T13%24 + T18%19, 9)
T1T36 + T3T34 + T4T33 + TeT31 — T8T29 — T11T26 T T14T23 + T17T20, (10)
— T1T36 + T2T35 + T5T32 — TeT31 — ToTag — T10T27 + T15T22 + T16T21. (11)

zhezR (5), (6), (8) #flioTEEHET.
Frd, AG)IEm=0n=1R(6)ICn=5FH 5L,

1(6,1,6,31), 1(6,6,—5,42)

ThHa. IhoDMEET S

6
1(6,1,6,31) 4+ 1(6,6, —5,42) = Z (k)T py6_pys1 + Z (k) Tor—5T—ghra2
k=1 k=1

6
= X1T36 + TeX31 — T8T29 + T9Xog + T10X27 — L11X26 + L13%24 + T18%19
i, X (9) 2145, XoT, X (9) &

136 + TeL31 — TeTag + ToTag + T10Ta7 — T11L26 + T13T24 + T18T19 = 1(6,1,6,31) + 1(6,6, —5,42)

LHEZEES.
R, KGB)ICn=5 KB Xm=0n=12ZHn53L

1(6,1,0,37), I(6,6,—4,41)

TH5. ThooMzHETL L

1(6, 1,0, 37) + 1(6, 6, —4, 41) = Z S(k)xk$61+7_k + Z S(k)xm—4+6kxn+40—6k

6 6
k=

1 k=1

= T1236 + T3T34 + T4233 + TeT31 — TgT2g — T11T26 + T14%23 + T17T20



LD, R (10). LT, & (10) &
= T1X36 + T3T34 + TaT33 + TeT31 — TeT2g — T11L26 + T14T23 + T17220 = 1(6,1,0,37) + 1(6,6, —4,41)

CEZEES.
BRI, A m=1,n=0,GB)In=5%Hn3L

1(6,6,—3,40),1(6,1,0,37)
Thb. IhoDeriHTse

6

s(k)X6k—3T—6k+40 — Z s(k)xrT_ky37
1 k=1

1(6,6,—3,40) — I(6,1,0,37) =

M=

b
Il

— T1%36 + T2X35 + T5T32 — Tel'31 — ToLag — T10%27 + T15T22 + Ti6T21
b, X (11) 2185, LiedoT, A (11) &
—X1T36 + Tokss + T5T32 — TeLs1 — ToTag — T1oT27 + T15%22 + X161 = 1(6,6,—3,40) — 1(6,1,0,37)
CEXEES. $e0dL, 3D a =80 2 XFXZHAUIKX (5), (6), (8) ZAWTEZHEYES:

1(6,1,6,31) + 1(6,6,—5,42), 1(6,1,0,37) + I(6,6,—4,41), —I(6,1,0,37) + 1(6,6,—3,40).

3.24 a=1202XFRZER
a=12D2XFRZHENI1ETDH 5:
g = T1T36 —ToX3s+L3T34+T 4233 — T5Tao+TeX31 +L7L3p — TeXog +LoTog +T 1027 — L11T26+T12%25. (12)
ZhENX (5), (7) 2o TEEEST. XAG)Kn=5RXMNKCm=0,n=1%2H03L
1(6,1,0,37),1(6,1,6,31)
Thsb. ZhooMEHET S L
12

1(6,1,0,37) + 1(6,1,6,31) = Y s(k)zrz k137 =g
k=1

b, K (12) 2155, L ®B L, a =12 D2 KEREERER (5), (7) ZHVTESEE S

1(6,1,0,37) + 1(6,1,6,31).
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