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Abstract

Local cohomology classes associated with a possibly positive dimensional primary ideal in polyno-
mial rings are considered. An effective method is shown for describing such local cohomology classes.
Some applications to the study of holonomic D-modules associated with roots of the b-function of a
hypersurface with non-zerodimensional singularities are given.

1 F

—iZA " 2 I — DA, £ DHED generic point (2B TRFTAIIZIZL. local cohomology D729 & D
AIREOERE D-IEEE LCRELE 2D, T TSPV 0 E BB 0T, 372 LatE2 Nz 5.

BHREZHE X L, ERIEERORTEZ Ox, EERIREEZREBICF SBIB R ERZEO R TR OE %~ Dx
LB MIE X Eokn ) I—=Dx-MEETHDLH LT DH. M DEE supp(M) TET. 2D & X supp(M)
@ Whitney stratification US, C, M @ derived category (2331} % fiJE D% cohomology 73, % stratum F
T, ABRKICT locally constant & 72 572 6 DNFIET D ([5]). FFIT, Sy PR ARIRIT (&£ Y EMECITINALAL
73) Th D & 972 stratum ThHAUZ, local 12

(i) Sa =supp(M), (ii) Ch(M)=T% (X)

il Hpe Sy DX IR U @S EE, e /) 2 — Dx- I M IZE U 2B\ T,
smooth 7 submanifold Sony (275 % b2 local cohomology D72 J& Bs, nu|xnu = Hcs(zfjrig(s”)(OXmU) D
HIMEDOEFIC Dx-MAEL L TR TH 5:

M|U = Bs, . nvixnu @ Bs,.nvixnu @ -+ & Bs,nu|xnu-

PeoT. Au ) I —DJIREL R D Z ENT OS> TND L 9 R RRS TR OBE & i+ 2
BRI, RAEHOZER & LT subvariety I 5 272 X 9 72 local cohomology DJg & 48E L, ZDEIZET &
9 72 local cohomology classes TH 2 b MRS FRAREZWIcT DA RO L Z ENHEEITRD.
2729, local cohomology Z f#HT=ED xR & L CTHRW, Wiy FRKZREMES Z LI/ b. — I, local
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cohomology D & 72 % subvariety & LT, B 82 &1 & 5 7o — kA7 suvvariety Z48E L T < LN
5.

ARG TUE, D-IBEOEGR & A 7 7 NV OFER UL EMAGDOEDH Z LT, ZHABRICB T HHERA 77 AN
TE ¥ % local cohomology IZ%f L ¥ —1EHHZOMEEZEATELZ L a2mnT. 1 ¥—{EAFZDISHE LT,
Au /2 — D-JIEED local cohomology fif % Kb 5 st HIEEMBIT 5.

2 RA—EAZFR

p ITAHEER K = Q 2%k +52EAER K(2] = Klxy, 10, .., 2, OFEAT TV, q C K] 1T p-%FH
ATTNETDH Ay ={v1,¥2,-.-,ya} Cx={x1,T2,...,%Ty} 1L maximally independent set modulo
p T dIFATTNVp. ODRILTHD. z2={21,22,..,2na} =2 —y Cx={x1,T2,...,2,} L.

AT TIVp, q DB K(y)[z]. ~DIEKRE p¢ = pK(y)[z], q° = qK (y)[2] £FB<. ZD L& p¢ ¢ 1E K(y)[2]
IZBWTEHERTTHD.

Local cohomology H;e_d(K(y)[z]) %

HE (K (n)[2]) = lim Bxtiid ) (K )2/ (60°) K ()[2))

TEDD.

FAE 1p¢ C K(y)z]| EFERILTHLDT, A7 7/ p¢ lidn—dEOZHEXTEREND. - T, local
cohomology Hp: (K (y)[z]) ® 351t complete intersection Tdb % 44 & AFEIC Grothendiek symbol %
fEo THRIATLHLIENTED.

IR 2 Variety V(p) C X = C" IZHZFF> f#HTHY local cohomology D&% By (pyx £38<. TDEE
ng_d(K(y)[z]) {ZJE 7 local cohomology class (%, V(p) @ open dense subset T/ By () x ? section &5
Z%.

AT TV ¢ =pK(y)lz], q° = aK (y)[2] 123 L

Hye = {¢ e Him K(y)l2]) | pp = 0,Yp € p°},
Hye = {YeHim(K(y)2) | ¢ =0,Yq € ¢°}
LEDD. REOD—RE A &
Hye = Homgy).) (K(y)[2]/p, Hye Y(K(y)[2]))) .
Hge = Homgy (K(y)[z]/a% Hio YK (y)[2])))

ERBTED.
K (y)[] (ot ¥ xR RO ER R D = K(y)[2. 2] 82 5. REEROIK K(y)[z] C D12 kY

Hye = Homp. (D°/D%°, Hyim (K (y)[2])) ,
Hge = Hompe (D°/Dq%, Him (K (y)[2])))

B85, £ DCNEE Mye, Mye %

My = D°/D¢q¢, My = D¢/Deq°,



TEDD.

72 De-MEEE L COERIER 2 Hompe (Mge, Mye) %, Hge DRRIASIES y (ZFF % Noetherian
space & FESZ LIZF %, Noetherian space X, 5 K (y)[z]/pe- I OHEE % £, Noetherian space D4%2E
Fi%, DR R O EE (DREE) (2L W RBETE 5.

Noetherian space Hompe (Mge, Mye) DK K (y)[2]/p¢ ED~2 FVZERTE L TOREEZ KRBT 28R
Wy VE A DO %A Noetherian basis & FESZ LT 5.

H R 72544

Hompe (Mge, Mye) X Hye — Hge

MO BRI 91T, Hye I2J&T local cohomology class (%, Hye (ZJ87 local cohomology & Noetherian
basis, Bl GRS TEFZE XV TET LN TE 5.

FEE 3{R, Ry, - , R} 1X Hye DIBKRIMSIES y IZBHT 5 Noetherian basis ThoH & T5. b D
W TERZORAEE Ly, Ly, -+ , Ly, TET. 20L&, {L1, Ly, -, Ly} 1T Ehrenprise-Palamodov
DED Noetherian 1EHFE A 525, A6, ZHK h(z) € K[z 12K L, h & K(y)[z] DEHR LR LI L
X Lok, Loh, -, Lmh 3 K(y)[2] 1080 BEAF T p¢ \CBTZ L1 h RWEEAF T q C K] 128
TLEDORET RN EEZD.

3L [15, 17, 18, 19, 20, 21] Tl, FXRLHER A 7 7 VB ED 5 local cohomology 1Zx5 % ¢ % —1EfHFE
EZDOIEAER S TWD. FX (10, 11, 12, 13] TIEEFERE OB A D ZHEARICBIT 53 ¥ —EHAFE D
HEE, ICHEIZOWTH LT 5.

3 HwA/I—D-ME~DIA

br(s) 1%, 23X f(z) € K(z] = K[z1, 22, ..., 2,] @ reduced b-function Th 5 &35, D 1L Weyl {3
Kz, Z], Annpg (f*) 1% f @ D[s] = K[z, Z][s] {281} % s-parametric annjhilator Z&3 &9 5.

xr

BHRERE BT LA T TV

Is = Annpp (f*) + DIs|(f, %, g—x]; e ;—;) + DI[s|(s — )
T, D-INEE Mpg % Mg = D[S]/15 TEDD.

FEhdE S = {z € C" | f(x) = 0} DR LES % Sing(S) THRT. HWHEK 3% by DR THRVES,
Is = (1) THY, Mg 1T Mg =0 BI'5 trivial Th 5. HHEE S5 by OIROBE, Mg 1% supp(M) C Sing(S)
ZiifedAn ) I— DAL 72 5.

ZOHEITCIE, ¥ —1ERAFEE AT reduced b-function (2T A4k 1 /7 2 — D-MEED local cohomology
fif 2 SR 2B EIE BT 5.

Bl flr,y,2)=ay®+22 LT 2. ATTN(f.Jp) IZX2EAT TN Jp = (2y?,93,2) C Klz,y,2] &%
LV, i S = {(z,y,2) € X | f(z,y,2) = 0} OFFE AT

Sing(S) = {(z.y,2) € X |[y=2=0,2 € C}

Thd. L X=C B\ g, {a} C{z,y, 2} 1ZAT TV (f,J;) OWBKIMNESTH 5.
(fy Jpy DILRIX (f, Jp)e = (y%,2) C K(2)[y, 2] THD. q=(y? 2) C Klz,y,2] £F<, D associated
prime |3 5700 /g = (y,2) C K[z,y,2] TH Y, Hge O Noetherian basis 1% {1, (_a%)} THEZBND.
Ry=1, Ry = (_a%) LBE Hy(K(z,y,z]) IZJE 7 local cohomology class g, 01 %



00 = Ry

1 1
] y 01 = Rl ‘|
Yz Yz

TEDD. ZoLkx 3 = V(y,z) C X IZHEZFD local cohomology DJE Bsix @ section 7 TH
fr=Jdr=0%A7=3 b0, EAIEE ho(x), hi(x) ZHNT

7 = ooho(x) + 01h1 ()
LRI
£ f O s-parametric annihilator Annpg(f*) O L7 FEEIL {E, B, A1, A} Thx bbb, 1=
2L
E :63—2y8% —32%, B:3x% —y(%,
A1=2za%fy3%, A2=228%73;L'y2%

LBV RIS TERTFE A, As 1X D[s]<f,g§,%5,g§> BT ERNESITH L. RS TRRGR Pr =
0, VP € Annpq(f°) #1248 By x @ section T

T = ooho(x) + 01h1 ()
DD HDERD DI, Wiy HREAR
Er=Br=0

ERFIERVNZ SITh 5.
1
X CZ 2T local cohomology class l 1 [
Yz

T IR L

0 0 0 0

LEIMRD. I, AT TV D[s|((y,z) ZIEL L, WM TERREOBOFHEZIT .

ERy = Ry(6s+5), BRy=Ro(3zZ +1) mod D|[s](y, z),
ER = (65+5)(—%;) +2(—%) = Ri(6s+7) mod D[s](y,2),
BRy = 3zZ(—%)+2(—%)=Ri(3r4 +2) mod D[s](y,2)
w135,
1

(1) 170 = ooho(x) (= Ry

] ho(z)) &<
Yz

ET1o = 00(6s + 5)ho(x), Bty = g0(3x%4h;($) + ho(2))

XY, REH5.



1

6s+5 =0, Tozcx_él
yz

‘|,C€(C.

1
Yz

(2) 1 =o01hi(z) (= Ry

] hi(z)) £B<.

Er = 00(6s + T)hi(z), Bri = 01(329 (z) + 2hy (x))

L0, ke,

@l

6s+7=0, i =cx” [ i ] , ceC.

Y2z

%233 f O s-parametric annihilator & #3517 7 /LD Noether {EFHFEOFEDFHE %, 7 7 /v Dls] (y, z)
ZHELELTITIZET, bbb LT 3ERDRMD TBRRROMEL, ¥aFHA 77 )V ORIMIEES D HEHR
oo v WIS E LI2EM TR OMBEICES MR TV D, 2o X ViGN s e
AR ZMEL Z & T, local cohomology & KD TWD Z LITHER Iz,

¥0 = {(0,0,0)} £B%x St =3t -0 LEDHSH. Local cohomology class 79 and 7 1% stratum St =
vl — %0 EIEAMIZR monodromy ZFFOSMME TH L. ZhHiT B0 ETIXER SR, Variety S @
generic points T2 S' TO transverse Milnor number (X2 T&H 5. L7=723-> T stratum S* L local
cohomology fifiZETRDIZ LI D.

Lagrangian 73, X £ microlocal b-function i

nglx(S) = (8 + %)(8 + %)

Tdh 5. Roots —2, —L IZxtT Bk m / I — Dx- 4 M_s M_; TERT. BEHESREITTAER

-7
6

supp(M_s) = supp(M_z) = B,

5
6

Ch(M_5) = Ch(M_z) = T X UT5 X

T
6

ThHxbh5.

FAJRDOFER [5, Theorem 3.7) 12XV, JF X0 ICHEEFFOHR T / I — D-INEERTFIET D AIREME DN 3005 .
Fi3C [25] Tl 20 12H A FF2 local cohomologu f# 4R 55 T, FREXRERE L1z, 2 2 Crisnss 2
AnaZ tTanirn /I — DINREEZ RO 2 HIEERN T 5.

T Y X b sup_cgsw([27]) (2 Annpg (f°) + D[s](f, Jr) Z ATIL, Z&fF (6545)(6s+7) #0 DFT,
ZOTNAY ALEFITTDH. 20 L X sup_cgsw X, b-PIELS (65 +5) (65 +7) = 0 LISMTREZRFO & X
ZORDEERIET HAR ) I—=D-MHEEZED DA T T NOT LT FTREZIRT. ZOROS%E sup_cgsw
DHIIF

(125 + 8], [, %, 2,y + 3]

TH5.
ZORFERIE —3 A% reduced b-function DR TH Y, (T 2+ 2 I — D-INEHE

M—% = DX/DX(xayz;aZ?yaiy + 3)



Th b LaE% T %. Lagrangian T3, X @ microlocal b-function (3 bT;oX(S) =5+ % ThHbH. M_3 D

B ERESRIRT, ThEh

3
2

supp(M_g) = 3% Ch(M_3) = T X

3
2

1
c-l 31706((:
TY 2

5l (swallows tail) f = 92%z — 823y? + 62222 — 24ay%2z + 16y* + 23
ATT N (f, Jp) OUERA T T AR (f, Jp) = Q1NQ2 THABND. ZI°T

T& %. Local cohomology fi#i%

ThHZbBND.

Q1= (1,322 + 2), Qo = (30222 — 2y* — 23,23 + 3wz — 4%, 52?2 — dxy® — 2%)

ThDH. ST HEAT T VL P = (y,32% + 2), Po= (22 — z,22 —y?) THZHNA.

Swallows tail DEFZLHA f (X weight vector 23 (3, 35, 75) PEFREHEXTHD ., A 77V Q1, Q2. P1, P
134T weighted homogeneous 72 ZTHATHEM I N TWVD Z LITHER L TEL.

7 LAY X4 paraann([8, 9])) # MWW T Annp (f°) D7 V7T EIEEZRD L L {E, By, By, A} %155
(0.0935sec). ZZ T

0 0 0
E = 2z— — +4z— —12
$8x+3y8y+ 282 S,
0 0 0
B, = (a? — — 4 (-4 2y 2
1 (z +z)8x+3:1:y8y+( a:z+8y)8z’,
0 0 0
By, = —_— 2 —~ +16zy—
2 8yax + (92° + 3z)8y + 6xyaz,
A = (92 + 12272 — 24ay® + 3z2)8% + (162%y + 482yz — 64y3)%

Th . WsrEM#E A Dis|(f, ;) (BT . newegswl([8, 9]) % M T, il ® redeced b-function
LIRS B A e 2 2 — DA RO D & by(s) = (s+1)(4s+3)(4s+5)(65+5)(65+7) 215% (0.1875sec).

KT 4543, 4s+5 (T 2F 8 /) 2 — D-MEHIFAICEERFOZ ERNELICOND. AT s+1,65+5,65+7
W2k %A v 2 I — D-IIEET 1 IRITD variety ICRZFFD. KT 6s+ 5129 5+81/ I — D-MEED s L
TR 20 EORBSTERFE NS 720 ZOHI2IE 5 BEORMOMERZNZ EN TN D, KT 65+ 7 1%t
FoAn ) I—D-IEEO 7 L7 REET 3 MORMEMNFEN SRV, 20923 7 ORI ER RN
BENTWD. 2D O THMEZRT — 27210 % B L 1T local cohomology ffZ ke 2 Z & IXBLEN Tl
ek Bbhs.

PAUF T, 2% —1ER%E % M\ T. local cohomology fi# % Kb T <.

1 51— V(P) ECofith

1
Ry =11Z%L oo =R , To = ooh(z) LB, 00T,
0 20 O[y(z+3x2)] To = ooh(z) Q0
0 0
_ 2y, _ _ _
yQO_(2+3x)'Q_(E)x Gxaz)g 0

[



WIZ, A TV Ds] (y, (z + 322)) ZiEE L, RS EAROROEETTH

ERy, = Ro{ZJJ(% - 617%) —(7T+125)}, mod D[s](y, (z + 32?)),
BiRy = RO{—2$2(% - 617%) — 5z}, mod D[s]{y, (z + 32?)),
ByRy = 0 mod D[s]|(y, (z+ 32?%))

5.
Byt = Qo{—$(2$% + 5h)} L0, h(gg) = C-gg_% w155, Ery = —(12—|— 128)7’0 £V, s=-1 155,
Local cohomology f#

To=C-T

[SS

1
y(z + 32?%) ]
1%, FEH A7 monodromy ZFiOZMfE TH Y, U1 OIRETIIERINARNWI L2 FRLTEL.
II SL=V(P,) LCofih
AT TN Py DBRMNIEEZRDD &, {z}, {y}, {2} 285, ENENOEE, ZTATTNAOT VT )
HEEERXZ—EHFELRDD &

(a) (y* -2 2—2%) C K(2)ly, 2], {1,328 +8yL}
(b) (2® 92z —2%) C K(y)lz,al, {15 — 228}
(c) (y*—2x,22 —2) C K(2)[y,2], {1, 428% + 3acya—}
%% (HIEFIEEE). 22 TiE (b)) Z HWTHT T2 2 L 12T 5.

Ro=1,Ry = (—%) —22(—£&) AT

00 = Ry 01 =Ry

(5133 y )(1‘ Z) ' (.1‘3 y2)(l'2 Z)
<.

(1) 00 1%, (2 —y*)oo = (2% — 2)oo =0 BLW

0 0 0 0 0 0
(2y5;-+3x2——-+4xy5;)&>:(2x——«+3y5§-+4x2——-+6)@)::0

oy ox 0z
Zyw 7=
AT T Dls] (a3 —y?, 2 — z) ZIEL LTEEAT LI E
0 0 0 0 5 0 0
By = 222 8_+3Ly8_ + 423 a—+6x , Ba —8y£+12L a—y+16f,yaz

ZRD. TNB X VIEBIZ Bigy = Baoo = 0 2155, WM EHRE E ZH05 28T, 65+5=0 2155,

(2) %9, AT TV Ds] (a® — y?, 2% — 2) BIEE L, WS TEMFEOR ERy, B1Ry, BoRy Z3tHT 5 &
SN E ZATER,

o) = l 4z n R ]
- (2° —y?)(z® — 2)° (2° —y*)*(a? — 2))
ZHkDTND &
b= [ 4 n 3z 1
(@° —y?)(a? — 2)° (@° —y?)*(2® — 2))




%ﬂﬂb\f:ﬁﬁ§§+§é7ﬁ§§é&:f£67‘i% I ETFHRTED.

Z @ local cohomology 1 = )2 g1 L, Qo = 0 ZH7c L% D weighted degree 1 —15 TH 5. A LI

By, Boyp 3t ET 5 &, Biy = B21/J =0 &RDDT, P BKWD S local cohomology ﬁ*f DMy,
5. AW ERSE E# WS Z T, 65+ 7=0 R TE 5. Local cohomology 09,9 133512, ¥1 LT
EFRIND.

%1 @ generic points T Milnor number |% 2 T& % DT, B ¢ generic points T? local cohomology
FRIZZ N TR TRDTZZ LR D.

IIT R COfigtT

ATTN (f,Jp) ODWERATTNVGRT (f,Jf) = Q1N Q2 THY, JFAFHEREF-TIEewn. Ll
newcgswl OFEIRT LI, FRICEEF >R /) 2 —D-IEERTFET D, ZoZ &ix, Aa/ 1 —D-
JINEES Whitney stratification LRz oTNDHZ &L D LD THDH. AIHREOEETH 5 primary
decomposition 721} TiL, ERMTHIZHR THDHHA T ) I —D-MEZIRAE D LN TE RV LizHk
LTWa. MRDER [5, Theorem 3.7] & I OFFREFERNG, FAlZEZF>A1r / I — D-INBEDOHFIED
AREEN S ND ZE A FE L TR E 20,

=, JFUSIZH &2 local cohomology fRDOFHEEE 2 5.

Z @ swallows tail I3 weight vector 2% (5, 3, &) PEARZHEACTERINTNDHZ L %Eu[b‘u”j% 7.
by DET 4s + 3,45 + 5 75, FLAIZH % local cohomology fi#? weighted degree 73 — -2 ThD
N TN

weighted degree 23 —15 &72% X 9 72 local cohomology class I l

12’

1 DH T 5. F7c weighted

Yz
degree 78 —12 (2% L\ & 5 72 local cohomology class 1%, ¥ 3 -2 local cohomology class

1 1 1
shyz |7 | 2222 || xyPz
D—UFEATHZ DS,
Weighted degree [ZVEH T2 Z & T, MROBAHICHIR AN Z 5 Z LN TE DT, BITEBRITRM T2
RRZMTIE L.
4s+3 =00+ =% cl L ], ceC
Yz

4s+5=0D¢ &

55,

L [27] T3, Local cohomology (259 % R # —{EMHZOWE & L DA v 7 I — D-JNEED local coho-
mology fEDFHE~DIGHIZ OV TIHLE TV A.

4323 D> DB T local cohomology fDFHFEZ L CE 7y, K7LV EOBIO X 5 ([CHER T T
72N & 9 7 variety £, local cohomology fi# % R 24, R ¥ —1ERZEOMENEN TH -2, 2ok
WZOWTIIRZ & BT THRE L2V,
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