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1 Introduction
Let us consider the Cauchy problem of the Navier-Stokes equations in R™(n > 2);
Ou— Au+ (u-V)u+ Ve =0in R" x (0,7),
(N-S) ¢ div u =0 in R" x (0,7,

Ulj=o = a in R"

where u = u(z,t) = (ui(x,t), -+ ,u,(x,t)) and 7 = 7(x,t) denote the unknown velocity
vector and the unknown pressure at the point = = (xy,---,z,) € R" and the time
t € (0,7), respectively, while a = a(x) = (a1(z),--- ,a,(z)) is the given initial data of
velocity. In the famous paper of Kato [1], he proved that for every a € L?(R") = PL"(R"),
there exist 0 < T' < 0o and a unique solution u € BC([0,T'); L*(R™)) of integral equation

t
(IE) u(t) = uo(t) — / PV e 94y @ u)(s)ds, 0 <t < T,
0
with ug(t) = e a

satisfying properties

t36u(t) € BO(0,T); LM (R™)) for all n < p < oo, (1)
3622 () € BO([0,T); IP(R™)) for all n < p < oo (12
where P is the Helmholtz projection onto the solenoidal vector fields and A = —PA

denotes the Stokes operator. We call such a solution u the mild solution of (N-S) on



(0, 7). Tt is known that the mild solution u necessarily satisfies u € C'((0,7); W"(R™)) N
CH((0,T); L™(R™)) and fulfills the abstract evolution equation

du
— 4+ Au+ Pu-V)u=0in L?(R"), 0 <t < T,

u(0) =a

due to the theory of the holomorphic semigroup. We call such a solution w the strong
solution of (N-S) on (0,T). Kozono-Okada-Shimizu [3] constructed the strong solution of
(N-S) for more general initial data in homogeneous Besov space as well as its analyticity.
Let us define the approximating solutions {u;}32, of (IE).

uo(t) = e Ha,

t
w1 (t) = uo(t) — / PV e 9y, @ uy)(s)ds, §=0,1,2,--- .
0

In this work, we define a very mild solution u as a solution of (IE) only satisfying (1.1)
and show that it necessarily becomes the strong solution of (N-S) on (0,77). We also show
that the convergence of the approximating solutions {uj};?‘;o corresponding to the norm
in (1.1)

sup 2 |uy(t) — u(t)], — 0 as j — oo (1.3)
o<t<T

for some n < p < oo, necessarily yields that {uj};?‘;o converge to u in the topology of
C((0,7); W*™(R")) and C'((0,T); L»(R")). It should be noted that (1.3) is the most
fundamental scaling invariant norm of w in LP with the time weight. Throughout this
paper, we denote by || ||, the usual LP-norm on R™.

2 Main Results
Before stating our main theorems, let us define a function space X, by
X, = {u € C((0,7); Ly(R"); 20 +lu € BC(0,T); L/ (R"))}

for n < p < o0o. X, is a Banach space with the norm

%(1 1

lullx, = sup #2673 fu(t)]],. (2.1)
o<t<T

Our main results now read:

Theorem 2.1. (Koizumi-Taniguchi [2]) Let a € L%(R™). Suppose that u is a very mild
solution of (N-S) on (0,T). Then, it necessarily holds that
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(i) 22" 2Vu € BO([0,T); LYR™)) for alln < g < oo;
(i) w € CL((0, T); L*(R™)) N C((0,T); W2™(R™)) with

sup t[|Au(t)|l. + sup ¢[|0u(t). < oo;
0<t<T 0<t<T
(iii) w satisfies the differential equation (E) with |u(t) — a|, — 0 as t — +0.
Theorem 2.2. (Koizumi-Taniguchi [2]) Let a € L*(R™). Suppose that u is a very mild
solution of (N-S) on (0,T). Let {u;}52, be approximating solutions of (IE). Then, it holds
that u; € X, for alln <p <oo and all j =0,1,--- . If
|u; —ul|x, =0 (2.2)

for some n < p < 0o, then we have the following properties (i) and (ii).

(i)

sup t%(%_%H%HVuj(t) — Vu(t)|l, =0 asj — oo (2.3)
0<t<T
foralln < g < oo;
(i)
sup t||Au;(t) — Au(t)|l, — 0 as j — oo, (2.4)
o<t<T
sup t||0pu;(t) — Owu(t)|l, — 0 as j — oo. (2.5)
0<t<T

Remark. (i) It should be noted that convergences (2.4) and (2.5) are obtained only in
terms of (2.2). Furthermore, we will clarify that even (2.6) is a consequence of (2.2). We
emphasize that (2.2) is closely related to a scaling invariant norm. Indeed, for the norm
|| - [|x, defined in (2.1) with T" = oo, it holds that

|ulx, = [luallx, for all A >0,

where uy(z,t) = Au(Az,\*t). Hence, our theorem exhibits that once approximating
solutions {u;}32, converge to the very mild solution u like (2.2) in such a scaling invariant
norm in X, as (2.1), the convergence in higher ordered Sobolev spaces like (2.4) and (2.5)
necessarily holds.

(ii) As a further result of Theorem 2, Koizumi [3] proved that (1.3) necessarily implies
that

sup ™2 T30 D|| 9 Doy (1) — AP Du(t)]], — 0 as § — oo (2.6)
0<t<T
foralln < ¢ < oo, allm € Ny and all & € N with D* = 9%. Moreover, if we define the ap-

proximating solutions of the pressure {p;(t)}32, of (N-S) by p;(t) = (=A)~'div div(u;_1®
u;_1)(t), as a consequence of (2.6), {p;(t)}52, satisfy

o] |, n
sup ("2 TEGD |9 D, (1) — 97 Dp(t) ], — 0 as j — oo (2.7)
o<t<T



for all n < g < o0, all m € Ny and all a € N}, where p is the pressure determined by (E)
ie., p(t) = (—A)"'div div(u ® u)(t).

3 Outline of the Proof
In what follows we use the symbols €;(t) = u;(t)—u(t), &;(t) = (u; ® u;)(t) — (w @ u)(t)(j =
0,1,...). The following lemma is essential for the proof of our main theorems.

Lemma. Let a € Ly(R™). Suppose that {u;}32, and u are approximating solutions of
(IE) and a very mild solution of(N-S) on (0,T), respectively. Then we have the following
estimates (i), (1) and (iii).
()
lully, < Cllluollx, + lullk,, + llullx,, + lullxe, (luollx, + lullk,,) (3.1)
withn < g < oo andn/2 <r <n.
(i)

lejlly, < Cllej—tllxa. (luollx,, + lullk,, + llu-2l%, + (lullx,, + lu-illx, ) (lellx, + lluj-2lx,,))

(3.2)
withn < q,q1,q2 < o0 and 1/q=1/q¢1 + 1/q¢a.
(iii)
sup t||Ae;(t)[ln + sup t[|0e;(t)]ln (3.3)
0<t<T 0<t<T

< C(IIEj—lllyq(lluOllxp + lullx, + llullk,) +Hlej-llv, lullx, + lej—2llv, lullx, lullx,,
+ llej-1llx, (luoll x, + [luj—1lly, + w2 x., ||Uj—2||Yr2)+||5j—2||Xp||Uj—1||Yq(||U||Xp + [lujallx,)
+ llej-1llx,, w1l + llei—2llx., ||UHXpHUj72HY72>
withn <p,qg<oo,1/n=1/p+1/gn<ry,rs <ooand 1/n<1/r=1/r1+1/rys <1/q+ 1/n.

The proof of the lemma is based on Holder continuity in time of u(t),e;(¢) and &;(t)
as LP-valued functions. We only prove (3.3) using the following proposition which shows
Hoélder continuity in time of VE;(t) as an L"-valued function.

Proposition. Let 1/n=1/p+1/q withn < p,q < co. Assume that 1/n < 1/r=1/r +
1/ry < 1/q+1/n with n < ri,ry < oo. Suppose that {u;}32, and u are approxvimating
solutions of (IE) and a very mild solution of (N-S) on (0,T), respectively. Assume that
uj € Xp forall j =0,1,--- and alln < p < co. Then it holds that

IVE;(t+h) = V& ()]



< C((||€j||yq||uo||xp + llej=1llyi, llullx, [lullx,,
+ lej-ullx, luslly, (lullx, + llui-1llx,) + llej-1llx., lullx, (w1,
+ llesllx, (luollx, + g —allx, [lu-allv,, ) Aot
+ (llesllv, e, + lleg—allx, luglly, (el x, 4w llx, ) pPmrt =t o
+ (llejllx, lluj—allx, Nui-allyv,, + lei-1llx,, lullx, w1 lly,,

o llegtlhey Il ll x,, Y oot ),
1 n 1 n1 1

h>0 0<t<T, B””’Ei_z_p

for all 0 < o < By qr, where C=C(n,p,q,7,a) is a constant independent of h and t.
Proof of (3.3). By (IE) and the definition of u; we have

Aey(t) = P54 = 1)((t51 - V) )(6) — ((w- V) (1) (3.4)
/ § (a1 Vs 1)(s) — (- V)u)(s))ds

/ Vg] 1( ) Vé'j_l(s))ds
Ji(

)+J2()+J3() O<t<T.

It holds by the Holder inequality and the bounds of {e~*4},.¢ and P in L that

171l < Cll(ws1 - V)uy1)(8) = ((u - V)u) (@) (3.5)
< Cllejllpl V2 (Ollg + lu@®)lp[[Ve; 2 @)]lq)
< Ct (- llx, lwgally, + -1l lullx,)

for all 0 < t < T with C' = C(n). It holds by the Holder inequality, LP-L9 estimate of
Stokes semigroup and the bounds of P in L? that

ol

IIJz(t)HnS/ 1A= 4 (w1 - V)ujoa)(s) = ((w- V)u)(s))llnds (3.6)

0

(SIS

= C/o (=) 3070wy - V)uia)(s) = ((w- V)u)(s)|ds

SIS

SC/o (t =) 7 EC D g1 ([ Vatg-1(3) s + (), V51 (5) 1)l

[SIES

(t — 3)_1_%(%_%)3 -3 %_%)ds

S—

Cllejllxe, luj—llv,, +llgj-1llv, llullx,,)

t
1 2

_ncl_ 1 _]_n(l_1
Cllejllx, luj-illv,, + lgj-1llv, lullx, )t 720 n)/ s ds
0



= Ct ™ (llej-1llx., lwj-1llvs, + lej=illvi, llullx., )

for all 0 < t < T with C' = C(n,r). By the analiticity of {e=*'};.o we have

t
[ T3(8)] | Sﬁ [Ae™IAVE; 1 (1) = VEj—1(s)) [uds

<C [ (=5 1980 - TE ()]s

2

for all 0 < t < T with C = C(n). Set a = 3,,,/2. Changing variable s — 7 =1t — s of
integration and using the Proposition, from the above estimate we obtain

[J5()][ (3.7)
<c / L VE () — VE 1 (t— ) |ndr
0

< C((H@HyAIUonp Flles-allvi, el lullx, +llei-llx, luslly, (lullx, + luj-llx,)

SIS

+llej-1llx, Jullx, luj—1llv., + lle5llx, (luollx, + w1l x., ||Uj—1||Yr2))t_l_a/ Ty
0

[SIES

+ (el lull, + lej—1llx v, (lullx, + IIUj—lllxp))t_l_ﬁ”’p/ T Perdr
0

+ (||€j||Xp||Uj—1||Xr1 lwj-1lly,, + llej-1llx., llullx, llwj-1]ly,,
t

2
+ ||5j—1||Yr2 ||u||Xp||uHXrl>t—1—/3n,q,r/ 7_—1+/3n,q,rd7.)
0

< Ct‘l(llﬁj—lHYq(llu()llxp + llull%,) +Hlles—2llv,, llullx, [l x.,
+ llgj1llx, (luollx, + [wj2llx,, ||Uj—2||Y,~2)
+ llgj—2llx, lluj—ally, (lullx, + ||Uj—2||X,g)+||€j—2||X,~1 ||U||Xp||uj—2||Yr2)>

for all 0 <t < T with C = C(n,p,q,r). Now the desired estimate for Aec;(t) follows from
(3.4)-(3.7). The estimate for 0;e;(t) is easily deduced from the one for Ag;(t). In fact,

due to the semigroup argument we have
Oe;(t) = Ag;(t) + (P(uj—1 - V)uj1)(t) — P((u- V)u)(t)).
The second term of the above equality is estimated as
[P (uj—1 - V)uj—1)(t) = P((u- V)u)(@)]n (3.8)
< Cllej—1OlplI V-1 (®)lq + [[u@)lp[[Vej-1@)]lg)
< Ct (llej-allx, luj—1llv, +j-ally, llullx, -

Combining (3.5)-(3.7) and (3.8), we have (3.3). O
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