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1 Introduction

This note is a survey of our paper [6]. We consider the initial value problem for the
incompressible magnetohydrodynamics (MHD) equations with the Coriolis force in a 3D
infinite layer D = R? x T:

(Ou — VAU + Qes Xu+(u-Vu—(B-V)B+Vp=0 t>0, (z,2) €D,
B—-AB+ (u-V)B—(B-V)u=20 t>0, (z,2) €D, )
V-u=V-B=0 t>0, (z,2) €D,

L w(0,2,2) = ug(x,2), B(0,,2)= By(z,2) (x,2) € D.

Here T = R/Z ~ [0, 1] represents the 1D torus. The point of D is denoted by (z, z) with
z = (r1,22) € R? and z € T. Let u = u(t,z,2) = (w1 (t, x, 2), us(t, 2, 2), uz(t, x,2)), B =
B(t,x,z) = (Bi(t,x, z), Bo(t, x, 2), Bs(t, z,2)) and p = p(t, x, z) be the unknown velocity
field, the unknown magnetic field and the unknown pressure of the fluids, respectively.
The vector fields uy = ug(x,2) = (uo1(x, 2),up2(x, 2),up3(x, 2)) and By = By(x,z) =
(Bo1(x,2), Boa(z, 2), Bos(x, 2)) denote the given initial velocity field and the given initial
magnetic field satisfying the divergence-free conditions V - ug = V - By = 0, respectively.
The constants 2 € R and v > 0 are the speed of rotation around the vertical unit vector
es = (0,0,1) and the viscosity coefficient, respectively.

Let us first review the known results for the rotating MHD equations (1) in R3. Ahn—
Kim-Lee [1] proved the unique existence of global solution to (1) for the initial data
uy € H*(R?) (3 < s < 3), By € (L*> N LYR?)) (¢ > 3), when the rotating speed Q|
is sufficiently large. Takada—Yoneda [8] showed that (1) has a unique global solution for
sufficiently large || when g, By € Hz(R3). It follows from the proof of [8] that the global
solution (u, B) converges to (0, e®By) as the size of rotating speed || tends to infinity.
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In the case B = 0, (1) corresponds to the Navier-Stokes equation with the Coriolis
force. We review the known results for the rotating Navier—Stokes equations in . We
decompose a function f as f = f + f, where the 2D part f(z) = Qf(z) := Jp f(z, 2)dz
and the 3D part f = (I — Q)f(z,2) := f — f. Gallay and Roussier-Michon [4] showed
that for the initial velocity ug € H.(D) satisfying @y € (I — Q)H'(D), 1oz € H*(R?),
Oilig o — Oaligy € (L' N L?)(R?), there exists a unique global solution for the sufficiently
large |Q2], and the solution converges to 2D Lamb-Oseen vortex in L'(R?) as t — oc.
The authors in [5] showed that there exists a unique global solution for the sufficiently
large Q] if ug = @y + Gy € L2(R2) + (I — Q)H2(D), and the solution converges to the
solution to 2D incompressible Navier—Stokes equations associated with the initial data
as |Q — oo.

We first introduce limit equations. The limit equations are represented as the coupled

system of the 2D incompressible MHD equations in R?:

(
at’aoo - VAhQ_LOO

+P[(@° - V3)a™ — (B - V3)B® — Q(B® - V)B*] =0 t>0, xR

0 B>® — ApB>® + (u° - V) B*® — (B - V)™ = 0 t>0,2eR: (2
Vi -0 =V, B =0 t>0,z€R?
1> (0,x) = Ug(z), B>(0,x) = By(x) reR?

\

and the induction equation in the 3D layer D:

0,B* — AB*® 4 (1 - V)B> — (B - V,)a®* =0 t>0, (z,2) €D,
B>(0,z,2) = By(x, 2) (x,z) € D.

Here Ay = 02 + 02, V), = (01,04), v, = (v1,v2), and P is the Helmholtz projection onto
the divergence free vector fields defined in (5).

In this manuscript, we prove the global well-posedness of (1) for (ug, By) € L*(R?) +
(I — Q)Hz2(D) when the rotating speed || is sufficiently large. Furthermore, we shall
consider the global solution (u, B) to (1) converges to that of the limit system (2) and (3)
as |Q — oo in the space-time norm L?(0, 00; LY(ID)) for 2 < p,q < 0o with 2 + 2 = 1.

The main results of [6] read as follows:

Theorem 1. Let (uo, By) = (tig, Bo) + (@i, By) € L*(R?) + (I — Q)Hz (D).

(I) There exists a constant w = w(v, Ty, i, By, By) > 0 such that for every Q € R with



Q| > w, (1) has a unique global solution (u, B) = (@, B) + (@i, B) in the class

a, B € C([0, 00); LA(R?)) N L*(0, 00; H'(R?)),
i, B € C([0,00); (I — Q) H2(D)) N L*(0, 00; H2 (D)).

(IT) Let 2 < p,q < oo satisfy % + % =1. Then,

lim |lu — ﬂoo||Lp(o7oo;Lq(D)) = lim ||B - BOOHLp(O,OO;Lq(D)) =0. (4)

Here, (@, B*) is the global solution to (2), (3) associated with the initial data
(tig, Bp) in the class

7>, B € C([0, 00); LA(R2)) N L(0, 00; H'(R?)),
B> € O([0, 00); (I — Q) H(D)) N L*(0, 00; H? (D).

Remark 2. Let 2 < p,q < oo satisfy 2/p + 2/q = 1. Then, by the Sobolev embedding
H'~?/1(R?) — L9(R?) and the interpolation inequality, it holds

L>=(0, 00; L*(R%)) N L2(0, 00; H'(R?)) «— LP(0, 00; L1(R?)).

Moreover, it follows from the Sobolev embedding H2~2/9)(D) — L4(D), and the Poincaré
inequality (6) that

L(0, 003 (I — Q)H 2 (D)) N L*(0, 00; H 2 (D))
— L=(0, 00; (I — Q)L*(D)) N L*(0, 00; H2 (D)) < LP(0, 00; (I — Q)L(D)).

Remark 3. In the proof of [8], it is shown that for 2 < ¢ < 6

lim |[(u, B) = (0,¢"*By)|

.1
Q] =00 L4(0,00;W 23 (R3))

=0.
On the other hand, our result yields

lim |[(u, B) — (@™, B%®)||zr(0,00:L9(m)) = 0.

|Q]—00

This manuscript is organized as follows. In Section 2, we introduce some notation and
prepare the some inequalities. In Section 3, we prove the global regularity to the limit
system (2) and (3). In Section 4, we consider the linear solution and state the space-

L and state

time estimate. In Section 5, we introduce the modified linear solution @
the global space-time estimates. In Section 6, we establish the energy estimates for the

perturbations. Finally in Section 7, we present the proof of Theorem 1.



2 Preliminaries

In this section, We follow the notation in [4], state several notation in . We define the
Fourier transforms in D as

1 ! .
fn(k) = 2—/ f(x, 2)e B2 gody K €R? neZ
T Jr2Jo

for f € L*(D)3. Then, the inverse Fourier transform is represented as

. i(k-x+2mnz) dk’ ERQ e T.
f(z, z) =5 /R2Zf , T , Z

Also, we introduce the inner-product of the homogeneous Sobolev space H (D) for s € R

as

Do / SR + dx202) £ () g ) d

nez

Then, we define the norm of f in H*(D) as
1f] ?Js(m) = (f, ) sy
Note that (I — Q)H*(D) is equivalent to (I — Q)H*(ID) in the sense of equivalent norms:
min{1, 22} fll ooy < 1 llars ) < max{1,22}| fll o o

for all f € (I — Q)H*(D) and s € R. Indeed for k € R? and n € Z \ {0}, there hold
fo(k) = 0 and

k| + 4m%n® < 1+ |k]? 4+ 4n*n® < 2(k|* + 47°n?).

Next, we define the Helmholtz projection P in the 3D layer D onto the divergence-free
vector fields by

(BF)a(k) = (f - &) fuh), (5)

|k|? + 4m2n?
where € = (k,2mn) € R? x 277 and k = (ky, ko) € R? with |k|? = k? + k2.
Finally, we state the following Poincaré inequality and the interpolation estimates in .

Lemma 4.
(i) Let —oo < 59 < §1 < 00. Then, it holds for f € (I — Q)H* (D)
1F Loy < @)~ | Fll oy oy (6)

(i) Let —00 < sp < s < 51 <00 and 0 < 0 < 1 satisfy s = 0sg+ (1 — 0)sy. Then, it
holds for f € H* (D) N H**(D)

1 ez < I F 11

oo | f 154 oy (7)



3 Limit System

In this section, we prove the result on the global existence and global energy estimate
for the limit system (2) and (3). Let U™ := (4, B*), and Uy := (1o, Bo).

Theorem 5. For Uy € L2(R2) with V), - (i) = Vi - (Bo)n = 0 and By € (I — Q)H?z (D)
with V - By = 0, (2), (3) has a unique global solutions >, B>, B> with

u™, B* € C([0,00); L*(R?))? mLz(O,oo;Hl(RQ))‘g,
B* € C([0,00); (I — Q)H?(D))* N L*(0, 00; H2 (D))",

Moreover, there exists a positive constant C' = C’(HUO ‘BOH i )) such that
H2(D

HLz(R2) ’ ‘

700 2 00 2 o 300 ?
stgg(HU Ol 2 + | B0 )+2mm{1 ”}/ 10 ey + |5 5,

< K. (8)

Proof. Taking the L?*(R?)-inner product of the first equation of (2) and @ (t), the L?(R?)-
inner product of the second equation of (2) and B*>(t), and the L?(ID)-inner product of

the equation of (3) and B*®(t), we have
33 (10l + B0 o + |50, )
+ min{1, v} (thﬂoo(t)HH(R% + ||VhBOO(t)||L2(R2) + ||Véoo(t)||%2(m>)>
< — (@7 - V)@, 0%) pagge) + (B - Vi) B, 0%) 1o o)
+{Q(B™ - v)B*,0™)
— (@i’ - Va)B*,B>)

. <(a°° : V>B°°,B°°>
=0,

L2(R?)
L2(R2) +< B Vh) ; _OO>L2(R2)

+ <(Bh -vh)um,BOO>

L2(DD) L?(D)

which follows from the integration by parts and the divergence-free condition.
Therefore we have (8) and this complete the proof of this lemma. 0

4 Linear Solution

In this section, we state the linear solution associated with (1) with B = 0.



Let {Tq(t)}+>0 denote the semigroup generated by the linear operator —vA + QPe3 x P
in D, which is given explicitly by

Tn(t)ﬁ(x 2)
- Z / Z —t(u|§|2+az§22\?\1) < (]{3>’ (U0>n(k>>cg (Ua>n(k>€fi(k-x+27mz) dk

oe{=x} YR nez\ o}

_ Z et(VA_mQW)ﬂa($,Z) (9)

oe{t}

for z € R2, z € T and the vector field @ with V - @ = 0, where

(@) (k) = (n (k) (0)n(k))es (V)nlk),  (0)n(k) :=

and
2’7Tk’1n + Zk’2|§|

27Tk2n F Zk’l |€|
—|k[?

1

W)=

Here, we remark that (@, (k), (v"),(k))es = 0 from the divergence-free condition of @. For
the derivation of the explicit form of (9), we refer to [4,5].
Next, let R > 0, and we define Py as

URCEN CSPAC! (10)

where x € C3°(R) satisfies 0 < xy <1,y =1in [-1,1] and x =0 in R\ [-2,2]. Then, we
recall the following space-time estimates for the semigroup Tq(?).

Lemma 6 ([3], Theorem 5.3, [4], Corollary 2.4). Let R > 0, let v > 0, and let 1 < p < oo
1
and 2 < q < oo satisfy Z_9+5 < 1. Then, there exists a positive constant Cr = C(v, R, p, q)
such that if tiy € (I —Q)L2(D) and f € L*(0,00; (I — Q)L*(D)) satisfy the divergence-free
condition and if v is the solution to the linear equation:
O — vAv + Qe X v+ Vp = Prf t>0, (z,z) €D,
V.-v=0 t>0, (z,2) €D, (11)
v(0,x, z) = Prig(z, z) (z,2) €D,
then it holds for Q € R\ {0}

HUHLP (0,00;L2(D)) < CrlQ” Z (HUOHL2 + HPRf‘

L1(0,00; L2(]D)))>
Here, Pg is defined in (10).



5 Modified Linear Equation

In this section, we follow the ideas in [2,7], and introduce the modified linear dispersive
solution @l for the velocity fields. We shall state that the space-time norm L?(0, oo; L4(ID))
of @l can be taken arbitrarily small when the rotating speed |Q| is sufficiently high.

We consider the linear equation generated by (1) with the external force Nfs:

Oyt — vATF + QP (e3 x a") = PrPN; t>0,(z,2) €D,
V.l =0 t>0, (z,2) €D, (12)
ﬂL(O,x,z) :PRZNLO(I7Z) (ZIZ’,Z) €D>

where Pg denotes (10), and N5 is defined by
N = (I - Q) (Boo.v) B*+ (B~ V) B~ + (B;;o.vh) B>.

Also, in order to establish the space-time estimates for %, we introduce the following
integral equations for (12), which follows from the Duhamel principle:

’lNLL(t) = TQ(t)PR'&Q + /Ot TQ(t — T)'PRIP./\/’{,(T)dT. (13)

Here, Tq(t) is defined in (9). Then, we shall state the global-in-time existence of the
solution %" to (12), the global a priori H %(]D)—estimates for 4”, and space-time estimates
for al:

Lemma 7. Let Gy € (I — Q)Hz(D) satisfy V - Gig = 0, and (B, B®) is a global-in-time
solution to the system (2) and (3). Then, the equation (12) with the initial data Prig
has a unique global solution @ in the class

@ € ([0, 00); (I = QH?(D))* N L*(0, o0; H2 (D))"
Moreover, the solution @* to (12) satisfies the following estimates:

(i) There exists a positive constant C = C(v) such that

Sup HaL@)HZ%(D) + V/o HVQL@)HZ%(D) dt < ||QOHE%(D) +CK?, (14)

t>0

where the positive constant K is defined in (8).

1 2
(ii) Let 1 < p < o0, 2 < q < oo satisfy —+ — < 1 and R > 0. Then, there exists a
P 4q
positive constant Cy = C(v,p,q, R) such that for any Q € R\ {0}, there holds

- _ 1 ~ 3 1
182 oy < Cal€2 ™ (HUOHLQ(D) K (K4 n 1)) . (15)
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6 Energy Estimate for the Perturbation terms

In this section, we establish the global a priori estimates for the perturbations (", B"),
and (4", B"), where @ := 41—, B" :== B— B>, i" := #.— 4" and B" := B — B*. First,
we have the time evolution equation for (u", B"):

(0,7 — vAWT + PN =0 t>0,z¢€R?
OB" — AyB"+N; =0 t>0, 2R

_ (16)
Vi -ty =V By =0 t>0,z€R?
a"(0,7) = B"(0,7) =0  x€R?
where Ny and N, are denoted as
I
j.ke{r,L}
+ > {@ v @ - (B Vi) B - (B V) B,
j,ke{r,oco}
(4,%)#(00,00)
Nem S (Vi) B - (B Vi) o)
j,ke{r,co}
(4:k)#(00,00)
Y ofw - (5 7)e),
k 7,00
respectively. Secondly, we state the time evolution equation for (u", B’”):
(9,7 — VAT + QP (e3 x @) + PNg — (I — PR)N] =0 ¢ >0, (z,2) €
OB — AB"+ Ny =0 t>0,(z,2) € (17)
V- =V-B =0 t>0, (z,2) €
@ (0,2,2) = (I = Pr)io(x,2), B(0,2,2)=0 (z,2) €D,




where N5, Ny and Ny are given by
Ny =(1-Q) (B~ V) B>+ (B* V) B+ (B v,) B,
No= > (1= @ -v)a"+ > {(@-Vy) "+ (" V)a}

j.ke{r,L} ]g::oLo
- Y {u-9(B-V) B+ (B Vi) B+ (B V) B}
il
M= 30 {(@ ) B = (B Vi) @)
jike{roo)
(j.k)#(0,00)
SN LRCRE
k roo

+ (@, Va) B* — (B*- V) @},

respectively.
Let U" := (@, B") and U" := (&, B"). Then, we establish the following energy estimates
for the perturbations U” and U":

Lemma 8. Let v > 0, and let U”, U”, @*, (@, B*®) and B® be solutions of (16), (17),
(12), (2) and (3), respectively.

(i) There exists a positive constant C = C(v) such that

d 7T T T
& (10 ey + [0, ) + im0t (107 e + 0

HI(D))

= (HUTHL2(R2) + HUT L2(]D>)) Fi(t) + Gi(t) + CI(I = Pr)N5 [y (18)
where
2
Fi(t) = {||UOOHH1(R2 <1+HBOOHH2(IDJ) i) }’
Gi(t) =C HaLHi"" { Z L2 HL2 (R?) o L2(D) * ||ULHL2 o H (D)}‘
j=r,00

(ii) There exists a positive constant C' = C(v) such that

~ 2
‘UT + min{1, v} HUT

2|
<cloo)

[ (D)

s T HU’“(t)

1
H2 (D)

oo,

2
For(t) + Foolt N, (1
H?(D)‘ i) 21(8) + Fao(t) + Go(t),  (19)



where

Fyn(t) - c[ S (14 0O ) 17O e

J=r,0

- 12 - 12
i HBOOHH%(D) HBOOHH% ™ ||uLHH2(]D)) HuL||H2 ]D))]

Faalt) = C{ (T = PR G2 2l

Sl L] o

3 (D)

~ 2 _
+ HBoo(t)HH%(D) HUT(t)HHl(RQ) }’

Ga(l) = C[“aLHiw(D) {1 + Z ”U ”Hl (R2) * HBT ‘ Hi(D)}
Jj=r,00

_ _ . ~7112 T 2
FNVE | ey 2o 101y + V3 ) <1+ HU (t)HH%m))]'

J=r,o0

7 Proof of Theorem 1
We present the proof of Theorem 1.

Proof of Theorem 1. Let T?2,, be the maximal existence time of the perturbation part of
the solution (@, B",@", B") to (16) and (17) with

@, BT e C(0,72,,); L*(R?))® N L*(0, T2 s H(R?))?,
@, B" e O([0,T2,,): (I — QHZ(D))* N L*(0,T2,,; H2(D))°.

Let 0 < & < 1 be determined later, and we define the positive time 77 as

ES max

T2::{0<T<T2

ay(T) < &%, Buo(T) < 6} :

L2(JD>))
. ! 7 |? i
+m1n{1,v}/0 (HU HH1<R2>+HU Hl(D)) .
2

2 1 =,
t)HH%(D) +§mln{1,y}/0 HU (t)

ay(T) := sup <||UT(15)H2L2(R2 +HUT ‘

0<t<T

/32 (T) =

0<t<T

Choosing a positive constant R; such that
. €
||(I - PRl)“OHH%(D) S 57
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we see that T2 is positive.
Assume that 0 < T? < T2, .. Integrating (18) on [0,7] and using (6), we have for

0<T<T?and R> R,
2

)
H' (D)

7 7 2 : g FTr T
07O g+ [0, + mm{l,u}/o <||U e + [0

4
T _ - 2
+ /0 <<||U’“(t)H§2(R2) + HU’”(t)HLQ(D) Fi(t) + Gy (t) + C||(T — PR)/\/})(t)HiI_%(D)) dt.
We see from (8) that

T T 2 2
700 || 2 200 \V/ 200
/O Fy(t)dt = C/O {thU HL2(1R2) T <1 * HB HH%(D)) H B HH%(D)} at

<CK(K+1) = K. (21)

It follows from (8), (14) and (15) that there exists a positive constant C} g such that

T T o 3
| Gwa-c | {Z 10y + O
j=r,00

<C [yt

2 L2 e
L2(]D>)+Hu ||L2(D)++HB HL2(]D>) dt

< Crp| 5. (22)
By the Gronwall lemma, combining (21) and (22) yields
! ) T ,
D) < ¢ (S Conll 40 [0 PN ). 29
0

1
Integrating (19) on [0, 7] and choosing an ¢ such that Cez < 5 min{1, v} yield

2

dt

2
i3 (D)

T
, —l—min{l,u}/ HVU’"
D) 0

H2(

|om)

<N~ Pr)iolLy

g rrr
+/0 {OHU (t)HH%(D)

et 1 e -
< —+—min{1,u}/ HVUT
172 ;

2 2

U (t)

H?2 (D)

H?2

9 T
]
H2 (D) 0

o) + HU’”(t) . Fo1(t) + Fool(t) + Gz(t)}dt

2

Ul | Feq(t)+ Foo(t) + Gg(t)} dt.

H32 (D)
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It follows from (8) and (14) that

[ o —c [ [ (L4100 ) 955 O

j=r,00

I]DJ)‘

< C{(l LK)+ (HﬂoHH%(D) + KQ) } = K». (24)

T vaum]dt

We have by (8)

T T 9
_ _ 2 Frr 2 200
| Pttt = [ {10 =Py Mol 4 10Ol e [VE= 0,
~ 2 _
By ) 1950 O e et

T

< C/ (I — PR)N5I|H b o) dt + CKe>. (25)
0

We see from (8) and (15) that there exists a positive constant Cy g such that

T T L2 _ ~ 2
/0 Gg(t)dt—O/O (/. {1+ S 1900 ey + || B (t)HH%(D)}

j=r,00

_ - Ji 2
V8 ey 22 10 oy + 1V (e (H o], )]dt

J=r,o0

<C [ ([ IV oy + 97 )

o ([ 1) { S [ 10

j=r,00

< Con (12174 +100 7). (26)

H—/
N|=

It follows from (24), (25), (26) and the Gronwall lemma that
Pa(T)
4 T
< el {— +C/ (I — Pr)N5|?
0

. 1245 @t + CKE*+ Cor (|Q|—z + |Q|‘s)}. (27)

Choosing an € > 0 such that
1 1 9y 1 1 1
e <min{ 3. ) e o TR |

12



we can take Ry = max{R;, Ry} satisfying

- 2
2 - < <
/0 1 — PRo)NE’”H—%(D) df < min { 8Cek1’ 12C ek } '

Thus, we can choose positive w such that

SCLROGKl 4 12027R06K2 8
w 2 max {1, (6—2 s f s

and we see from (23) and (27) that

as(T) <

Ba(T) < (28)

Do ™

€
2 9
for Q € R with |Q > w. This contradicts to the definition of 7?2, and we complete the
proof of the global well-posedness of (1).

It remains to prove (4). Let 2 < p,q < oo satisfy — + — = 1, and we can decompose
2

u—u®=u+4 +u", B-—B®=DB+5".

Then, we consider the estimates for the each term. We first establish the estimates for
(@", B"). It follows from the Sobolev embeddings H'~ (RQ) < L7(R?) and the interpola-
tion inequality that

[ Pr——el [ 18112 g2y VAT | o oy

2 < ’
oo H 4 (R?))

LP(0,00)
2 2
<C ||HT||ZO°(O,00;L2(R2)) IVha ”22(000 L2 (R2)) (#9)
) 2
HBTHLP(O,oo;Lq(RQ)) <C HBT||E°°(0,oo;L2(R2)) HVhBTHLQ(%@O;H(RQ)) ’ (30)

We next derive the estimates for (", B"). We see by (6), (7) and the Sobolev embedding
H20=9(D) — LI(D), that

2 12
I 20y IV

||ﬂTHLP(O,oo;Lq(D)) S C HarHLP 07oo;H%(1_%)(D)) S C’

2M) || £p(0,00)
-
<Cllu ”zm v Vet (31)
(0,00;H 2 (D)) L (07 % (D))
. _ -2
HB’” <c HB’” v HVB’“ o (32)
LP(0,00;L9(D) L>(0,00; H? L2(0,00;H 2 (D))
Finally, since i + % < % + % = 1, we have by (15) in Lemma 7 that
L 1
| ||LP(OooL‘1( oy S CIQ . (33)
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Combining (29)—(33) with (28) yields that there exist R > 0 and w > 0 such that for
Q> w

— 00 —T ~7T ~L
|u—a ||LP(0,oo;Lq(]DJ)) <|a ||Lp(0,oo;LQ(R2)) + ||la ||Lp(0,oo;LQ(IDJ)) + ||u HLp(opo;Lq(D))
<C(=+lw), (34)

1B — BOOHLP(O,OO;LQ(]D))) < ”Br < (Ce. (35)

+ HB’” <
) LP(0,00;L4(D))

HLP(O,OO;L‘I(]R2
Thus, we obtain (4) from (34) and (35), and this completes the proof of Theorem 1. [
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