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Abstract

We review our recent results concerning the non-uniqueness of weak solutions to viscous fluid dy-
namics, based on the technique of convex integration. Concerning the hyperdissipative incompressible
Navier-Stokes and MHD equations, we proved the sharp non-uniqueness of weak solutions in super-
critical regimes with respect to the Ladyzenskaja-Prodi-Serrin (LPS) criteria. For the hypo-viscous
compressible Naver-Stokes equations, we proved that there exist infinitely many weak solutions with
the same initial data, which provides the first non-uniqueness result of weak solutions to viscous
compressible fluid.

1 Background

We are concerned with the three-dimensional incompressible Navier-Stokes equations (INS for short)

1.1
divu = 0, (1.1)

{8tu —vAu+ (u-V)u+ VP =0,
where u = (uy,uz2,u3)" (t,z) € R® and P = P(t,z) € R represent the velocity field and pressure of the
fluid, respectively, v > 0 is the viscosity coefficient. In the groundbreaking paper [62], Leray demonstrated
the existence of weak solutions to INS in the space L{°L2 N L? H! which obey the energy inequality

t
[u(t)[Z2 + 21// [Vu(s)||72ds < |lu(to)]|7:- (1.2)
to

This solution is now referred to as Leray-Hopf solutions, also due to Hopf [51] in the case of bounded
domains. Since then, the uniqueness of Leray-Hopf solutions has remained an challenging open problem
in the theory of INS.

One criterion for the well-posedness/ill-posedness is the scaling exponent. It gives a useful classification
of subcritical, critical and supercritical spaces. A general philosophy is that equations are well-posed in
the subcritical spaces, while solutions may exhibit ill-posedness phenomena in the supercritical spaces.
For the INS, the equation is invariant under the scaling

u(t, ) = (N2, \z), P(t,x) = A2P(\*t, \x), (1.3)

and the critical scaling in the mixed Lebsgue space L] L? is the so-called Ladyzenskaja-Prodi-Serrin (LPS
for short) condition

S+-=1 (1.4)

with d being the underlying spatial dimension.

It is well-known that weak solutions in the (sub)critical spaces L L2 with 2/v+3/p < 1 are unique and
even are Leray-Hopf solutions. See [28, 40, 41] and references therein. See also [58, 59] for comprehensive
discussions of scaling exponents for general nonlinear PDEs.



In contrast, on the flexible side (super-critical regime), based on the convex integration scheme,
Buckmaster-Vicol [16] first proved the non-uniqueness of weak solutions to INS. The convex integration
approach was introduced to 3D Euler equations by De Lellis and Székelyhidi in the pioneering papers
[35, 36]. There have been significant progresses towards the non-uniqueness problem for various fluid
models based on convex integrations. One milestone is the resolution of the flexible part of Onsager’s
conjecture for incompressible Euler equations, developed in [10, 12, 13, 37, 38] and finally settled by Isett
[52] and Buckmaster-De Lellis-Székelyhidi-Vicol [14].

The main ingredient introduced by Buckmaster-Vicol [16] is the intermittent building blocks, which in
particular permit to control the strong viscosity in INS. The intermittent convex integration also has been
applied successfully to various other models. We refer, e.g., to [71] for hyperdissipative INS (1.1), [70]
for 2D hypoviscous INS, [73] for stationary INS, and [32, 39] for the non-uniqueness of Leray solutions to
hypodissipative INS. See also the surveys [17, 18] for other interesting applications. In particular, in the
recent works [15, 77], the intermittent convex integration enables to achieve the regularity close to 1/2,
beyond the Omnsager regularity 1/3, for non-conservative solutions of 3D Euler equations, and provides
a new proof of the flexible side of Onsager’s conjecture. See also [49, 50] for the proof of the strong
Onsager’s conjecture.

In the recent remarkable paper [28], Cheskidov-Luo proved the sharp non-uniqueness of weak solutions
in view of the LPS condition to INS in the spaces L} L for any 1 < v < 2. Moreover, in the 2D case,
they also proved the sharp non-uniqueness in L{°L?, where 1 < p < 2, which is another endpoint case
of the LPS condition. Very recently, for the 3D hyperdissipative INS with viscosity beyond the Lions
exponent 5/4, we proved the sharp non-uniqueness at two endpoints of the LPS condition [63].

We also refer to another programme by Jia and Sverdk [53, 54] towards the non-uniqueness of Leray-
Hopf solutions, under a certain assumption for the linearized Navier-Stokes operator. Recently, Albritton-
Brué-Colombo [1] constructed the non-uniqueness of Leray solutions to the forced incompressible INS.
See also [2] for the case of bounded domain and [3] for the case of forced hypo-viscous INS in dimension
two.

The compressible models is also one of the famed models of fluid dynamics and has been extensively
studied in literature. For the Euler equations of inviscid compressible fluid, although the uniqueness and
stability results have been well established in the 1D case with small BV initial data and mild assumptions
(see, e.g., [8, 69]), it was a long standing open problem in the multi-dimensional case until it was observed
by De Lellis-Székelyhidi [36], that non-unique bounded entropy solutions can be constructed for multi-
dimensional compressible Euler equations. Afterwards, several achievements have been obtained and we
refer to [9, 22, 29-31, 48, 60, 72, 74] and the references therein for the flexibility of compressible Euler
equations.

In contrast to the above extensive studies of compressible Euler equations and INS, the non-uniqueness
of weak solutions to compressible Navier-Stokes equations remains a challenging problem.

Besides the Navier-Stokes equations, non-uniqueness and related turbulence of MHD equations also
attract significant interests in literature. Faraco-Lindberg [42] first constructed non-vanishing smooth
strict subsolutions to 3D ideal MHD. Afterwards, Faraco-Lindberg-Székelyhidi [44, 45] constructed in-
finitly many bounded solutions with prescribed total energy and cross helicity. Based on the convex
integration via staircase laminates, they also solve the conjecture that L%)m is the threshold for magnetic
helicity conservation in [45]. Based on the intermittent convex integration scheme, Beekie-Buckmaster-
Vicol [6] gave the first example of weak solutions with non-conserved magnetic helicity. It was also proved
in [6] that Taylor’s conjecture fails for the ideal MHD equations.

Concerning the non-uniqueness problem for the viscous and resistive MHD, different from the case of
INS, the specific geometry of MHD restricts the choice of oscillation directions, and thus, in particular,
limits the spatial intermittency of building blocks in the convex integration scheme. So, the control
of viscosity and resistivity in (4.1) becomes significantly hard. In [66], we provided the first examples
of sharp non-uniqueness for MHD equations near one endpoint of the critical-scaling LPS condition.
This in particular extends the recent sharp non-uniqueness result in [28] in the context of Navier-Stokes
equations. Another interesting phenomena observed in [66] is that the scaling-invariant LPS condition



serves as the criterion to detect non-uniqueness: the uniqueness would fail even in the high viscous and
resistive regime beyond the Lions exponent, if the (sub)criticality of state space is violated. We also refer
to [34] for the case of Hall MHD equations, [65] for MHD equations with the viscosity and resistivity up
to the Lions exponent and [76] for the non-uniqueness in CyL? space. See also [24] and [25] for other
ill-posedness phenomena.

Organization of paper. In §2 we present our recent results on the sharp non-uniqueness of
weak solutions in view of the LPS criterion to hyperdissipative Navier-Stokes equations [63]. Then, §3 is
devoted to the results of the non-uniqueness of weak solutions to hypoviscous compressible Navier-Stokes
equations [64]. Finally, in §4 we review the results on the non-uniqueness of weak solutions to viscous
and resistive MHD equations [65, 66].

2 Incompressible Navier-Stokes equations

In this section, we review our recent result concerning the sharp non-uniqueness of weak solutions to the
following hyperdissipative Navier-Stokes equations [63] on the torus T? := [—7, 7]3:

(2.1)

Ou+v(—A)*u+ (u-V)u+ VP =0,
divu =0,

where u = (uy,u2,u3)" (t,z) € R® and P = P(t,z) € R represent the velocity field and pressure of
the fluid, respectively, v > 0 is the viscosity coefficient, o € [1,2) is the viscosity exponent, and the
hyperdissipation operator (—A)® is defined on the flat torus via the Fourier transform

F((=A)*u)(€) = [E**F(u)(€), €€’
To begin with, let us formulate precisely the definition of weak solutions to equation (2.1).

Definition 2.1. (Weak solutions) Given any weakly divergence-free initial datum ug € L*(T?), we say
that w € L2([0,T] x T3) is a weak solution for the hyperdissipative Navier-Stokes equations (2.1) if u is
divergence-free for a.e. t € [0,T], and

T
/uogp(O7 x)dx = _/0 /u(attp —v(—=A) %@+ (u- V)p)dedt (2.2)
T3

T3
for any divergence-free test function ¢ € C§°([0,T) x T3).

The uniqueness of weak solutions to (2.1) in the critical mixed Lebesgue space L] W3$? is contained
in Theorem 2.2 below.

Theorem 2.2 (Uniqueness of weak solutions in Ly W2?, [63]). Let u € Ly WP and (s,v,p) satisfy

2 3
—a+—:2a—1+s, (2.3)
Y p

1
p 2’
sense of Definition 2.1, then u is a unique Leray-Hopf solution.

1
witha>1,8>0,2<y<o00,1<p<0andd<-—=-< If u is a weak solution to (2.1) in the

[SLR VA

Main results. Our mains results include the sharp non-uniqueness at two LPS endpoints, the strong non-
uniqueness for the high dissipativity beyond the Lions exponent, the partial regularity of weak solutions,
and the vanishing viscosity limit.

(i) Sharp non-uniqueness at two LPS endpoints. We focus on the non-uniqueness of weak
solutions in the following two supercritical regimes, whose borderlines contain two endpoints of the
generalized LPS condition (2.3).



More precisely, in the case a € [5/4,2) we consider the supercritical regime A; given by

Ay = {(s,%p) €[0,3) x [1,00] x [1,00] : 0 < s < 4“7_5 + z +1- 2a}, (2.4)

and in the case a € [1,2) we consider supercritical regime A, given by

Ag = {(s,%p) €10,3) x [1,00] x [1,00] : 0 < s < 270[ + 2&p_2 +1 —Za}- (2.5)

The supercritical regimes A; and As in the case s = 0 can be seen in Figure 1 below.
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Figure 1: The supercritical regimes A; and Az (a € [2,2),s =0)

Concerning the case of @ = 1, Cheskidov-Luo [28] proved that for any v < 2, there exist non-
unique solutions in L} L% to INS in all dimensions d > 2, which is sharp at the endpoint case of
(s,7,p) = (0,2,00). The sharp non-uniqueness for the other endpoint case (s,v,p) = (0, 00,2) was also
achieved in [26] for the 2D INS.

When a > 1, the sharp non-ungiueness of hyperdissipative Navier-Stokes equations (2.1) is presented
in Theorem 2.3 below.

Theorem 2.3. (Sharp non-uniqueness, [63]) Let o € [5/4,2). Then, for any weak solution u to (2.1),
there exists a different weak solution v € L]W2P to (2.1) with the same initial data, where (s,7,p) €
Al U AQ.

In particular, when « = 5/4, Theorem 2.3 provides the non-uniqueness of weak solutions in CyL? to
(2.1) for any p < 2, which is sharp in view of Theorem 2.2.

Furthermore, from the viewpoint of the LPS criteria (2.3), Theorem 2.3 also provides the sharp non-
uniqueness for the hyperdissipative INS (2.1) at two endpoints, i.e., (3/p+ 1 — 2c, 00, p) for « € [5/4,2),
and (2a/v 41— 2a,7,00) for a € (1,2).

We would also expect the non-uniqueness in the supercritical regimes where « € [2,5/2) or near the
endpoint (3/p+1—2a, 00, p) when « € [1,5/4), which probably require a new convex integration scheme
different from the existing L7 ,-critical convex integration. The reason is that, in the present L7 -critical
scheme, the temporal intermittency has been explored to upgrade temporal integrability by allowing
~v > 2, but this in turn requires to reduce the spatial integrability with p < 2. However, in the endpoint



case (0,00,3/(2ac — 1)) where a < 5/4, both the temporal and spatial integrability exponents are larger
than two, which is thus beyond the present Lfﬁz scheme.

(ii) Strong non-uniqueness for the high dissipativity beyond the Lions exponent. Be-
sides the sharp non-uniqueness, the strong non-uniqueness of weak solutions to (2.1) also holds in the
hyperdissipative case where a € [5/4,2), which is formulated in Theorem 2.4 below.

Theorem 2.4. (Strong non-uniqueness, [63]) Let o € [5/4,2), for every divergence-free L2 initial data,
there exist infinitely many weak solutions in L7W2P to (2.1) which are smooth almost everywhere in
time.

It is folklore that one has global solvability in the high dissipative case when ae > 5/4. In fact, based on
the works [11, 68, 71], the critical threshold for the C;L2? well-posedness for (2.1) is precisely at o = 5/4.
This indicates that weak solutions in CyL2 to (2.1) are unique if « is greater than or equal to 5/4, but
they become non-unique if « is less than 5/4.

Theorem 2.4 shows that the non-unique weak solutions still exhibit in the high-dissipative regime
where o > 5/4. More specifically, it reveals that the uniqueness breaks down in the space L] WP, if the
exponents (s,7,p) lies in the supercritical regime A; U As, defined in (2.4) and (2.5), respectively.

(iii) Partial regularity of weak solutions. In the pioneering paper [62], Leray proves that the
Leray-Hopf solutions to INS are smooth outside a closed singular set of times, which has zero Hausdorff
H'/? measure. This provides an alternative approach to address the global existence problem. Following
the works of Scheffer [79, 80], Caffarelli-Kohn-Nirenberg [19] proved a space-time regularity version and
showed the existence of global Leray-Hopf solutions which have singular sets in Rt x R? of zero Hausdorff
H! measure. The simplified proofs were obtained by Lin [67] and Vasseur [83]. In [47], Giga established
partial regularity of solutions in mixed L{LP spaces. For hyperdissipative INS with a € (1,5/4], Katz-
Pavlovi¢ [57] proved that the Hausdorff dimension of singular set at the time of first blow-up is at most
5 — 4. More recently, Colombo-De Lellis-Massaccesi [33] proved a stronger version of the Katz-Pavlovié
result and establish the existence of Leray-Hopf solutions with singular space-time sets of zero Hausdorff
H5~4* measure, thus extending the Caffarelli-Kohn-Nirenberg theorem to hyper-dissipative INS.

Concerning the partial regularity of weak solutions to hyper-dissipative INS, in [63, Theorem 1.2] we
prove that, in the highly dissipative regime a € [5/4,2), for any 7, > 0, there exist weak solutions to (2.1)
in any small L] W $P-neighborhood of Leray-Hopf solutions, where (s, 7, p) € A; UAs. The weak solutions
coincide with Leray-Hopf solutions near ¢ = 0, and have singular temporal sets with zero Hausdorff H"*
measure.

(iv) Vanishing viscosity limit. Theorem 2.5 below contains the vanishing viscosity limit result,
which relates INS and Euler equations.

Theorem 2.5. (Strong vanishing viscosity limit) Let o € (1,2) and u € H'E([—2T7 2T x T3) (8 > 0) be
any mean-free weak solution to the Euler equation,

{Btu + (u-V)u+ VP =0, 26)

divu = 0.
Then, there exist 3 € (O,B) and a sequence of weak solutions u®») e Ht’B; to (2.1), where v, is the
wiscosity coefficient, such that as v, — 0,

u) = u strongly in Hf; (2.7)

Theorem 2.5 shows that, in the Htﬁ » topology, the set of accumulation points of weak solutions to

hyper-dissipative INS (2.1) contain all the weak solutions in Hf » to the Euler equations, where [? can be
any small positive constant. Thus, as in the INS context [16], being a strong limit of weak solutions to
the hyper-disspative INS cannot serve as a selection criteria for weak solutions to Euler equations.



3 Compressible Navier-Stokes equations

This section presents the results in [64] about the non-uniqueness of weak solutions to hypo-viscous com-
pressible Navier-Stokes equations. We consider the d-dimensional isentropic hypo-viscous compressible
Navier-Stokes equations (CNS for short) on the torus T¢ := [, 71]9,

O (pu) + p(=A)%u — (p + v)Vdivu + div(pu @ u) + VP(p) = 0.

where d > 2, p: [0,7] x T? = (0,00) and u : [0, 7] x T¢ — R9 are the mass density and velocity of fluid,
respectively. The pressure P(p) is C? with respect to p. The coefficients u and v are constants, yu is the
shear viscosity coefficient, v + % 1 is the bulk viscosity coefficient satisfying the physical assumptions

2
w>0, V—I—E/LZO. (3.2)

The hypo-viscosity (—=A)%, a € (0,1), is defined by the Fourier transform

F((=A)*u)(€) = [E* F(u)(©). €€z

We note that, (3.1) is the classical compressible Navier-Stokes equations when « = 1, and when the
viscosities vanish (@ = v = 0), (3.1) reduces to the compressible Euler equations

(3.3)

Op + div(pu) = 0,
O(pu) + div(pu ® u) + VP(p) = 0.

It would also be convenient to formulate (3.1) in terms of the density and momentum m := pu as follows

(3.4)

Otp + divim = 0,
Oym + pu(—=A)*(p~tm) — (u+ v)Vdiv(p tm) + div(p *m @ m) + VP(p) = 0.

The weak solutions to (3.4) is understood in the distributional sense.

Definition 3.1. (Weak solutions) Let 0 < T < co. Given any initial data py € L>(T%), pg > 0, and
up € L%(T%), we say that (p,m) € L>([0,T] x T¢) x L2((0,T) x T?) is a weak solution to (3.4) if

e p>0 a.e and

/po(w)w(oaw)d:v = /OT/pﬁthr(m'V)wdwdt
T

Td
for any test function ¢ € C°([0,T) x T4).

e m = 0 whenever p =0, and

T
1 1
/motp((),x)dx = —/ /m - Opp — ;m (=AY — (u + v)Vdivy) + (;m ®@m) : Vo + Pdivedxdt
0
Td Td

for any test function ¢ € C§°([0,T) x T?), where mq := poug -



Main results Our main results include the non-uniqueness of weak solutions, the sharp viscosity thresh-
old for L?C, well-posedness, and the vanishing viscosity limit.

(i) Non-uniqueness of weak solutions. The non-uniqueness of weak solutions to the hypo-viscous
CNS (3.4) is formulated in Theorem 3.2 below.

Theorem 3.2 (Non-uniqueness for hypo-viscous CNS). There exist pg € L=(T?), po > 0, and mq €
L?(T%), such that for any exponents (p,s) satisfying

ats— %‘“ <0, (ps)€1,2 x[0,1), (3.5)

there exist infinitely many weak solutions (p,m) € C;CL x LYCS to the hypo-viscous CNS (3.4) with the
same initial data (po, mo).

To the best of our knowledge, Theorem 3.2 provides the first result for the non-uniqueness of weak
solutions to the compressible fluid with viscosity. It also shows that, the hypo-vsicosity cannot rule out
the non-uniqueness mechanism, which, actually, coincides with the LadyzZenskaja-Prodi-Serrin criteria
(see also result (ii) below).

The proof of Theorem 3.2 in [64] also applies to the case of compressible Euler equations (3.3).

Theorem 3.3 (Non-uniqueness for compressible Euler equations, [64]). There exist pg € L>(T<) and
mo € L?(T9), such that for any exponents (p, s) satisfying (3.5) with any a € (0,1), there exist infinitely
many weak solutions (p,m) € CyCL x LYC? to the compressible Euler equations (3.3) with the initial data
(po,mo).

Theorem 3.3 provides new examples of anomalous dissipation in the class L1 CL~ for the compressible
Euler equations, by taking p = 1 and « close to 1. We note that a similar result for the incompressible
Euler equations was provided in [28] with a different convex integration scheme.

(ii) Sharp viscosity threshold for L?C, well-posedness. As in the proof of Theorem 3.2, we
also have the non-uniqueness result for hypo-viscous INS.

Theorem 3.4 (Non-uniqueness for hypo-viscous INS). Consider the incompressible Navier-Stokes equa-
tions
{atu+/,t(—A)au+div(u®u) +VP =0, (3.6)

divu =0,

where > 0, a € (0,1). Then, there exists ug € L*(T?) such that for any ewponents (p,s) satisfying
(3.5), there exist infinitely many weak solutions u € LYCS with the initial datum ug.

When (p, s) = (2,0), Theorem 3.4 provides the non-uniqueness of weak solutions in the space L?C,
for the hypo-viscous INS, which is sharp due to the well-posedness in L? L2°, in view of the LadyZenskaja-
Prodi-Serrin criteria.

Thus, Theorem 3.4 reveals that o = 1 is the sharp threshold viscosity for the L2C,. well-posedness for
the INS. It would serve as a counterpart of the recent results in [11, 71] regarding the sharp threshold of
the Lions exponent o = 5/4 for the C;L? well-posedness of the 3D INS. It is worth noting that, both the
spaces L?C,, and CyL2 are the endpoint spaces of the LadyZenskaja-Prodi-Serrin criteria.

This also complements the very recent work [3], where the non-uniqueness of Leray-Hopf solutions is
proved for the 2-D hypo-viscous INS with a force.

(iii) Vanishing viscosity limit. The following strong vanishing viscosity limit relates the hypo-
viscous CNS with compressible Euler equations.

Theorem 3.5 (Strong vanishing viscosity limit for hypo-viscous CNS). Let o € (0,1) and p,m € CEE,

5 > 0, be any weak solution to the compressible Fuler equations (3.3), such that ¢; < p < co for some



constants ci1,co > 0. Then, there exist ' € (O,g) and a sequence of weak solutions (p("),m(”)) €

Ciz % HtB/Cm to the hypo-viscous CNS (3.1) with viscous coefficients p = Kpfix and v = knVs, such that
as ky — 0,

o™ = p strongly in Ctzy and m™ —m  strongly in HE,CCE. (3.7)

Regarding the compressible case, the 1D case with artificial viscosity was solved by Bianchini-Bressan
[7]. But it is still open for the multi-dimensional case with general initial data. By virtue of Theorem
3.5, we see that in the vanishing viscosity limit, the set of accumulation points of weak solutions to
the hypo-viscous CNS (3.4) contains all the Hélder continuous weak solutions to the compressible Euler
equations (3.3).

In particular, the entropy solutions in the Holder spaces recently constructed in [48] may be obtained
as the strong vanishing viscosity limits of weak solutions to the hypo-viscous CNS (3.1) when d = 3.

4 Incompressible MHD equations

In this section, we review our recent results in [65, 66] concerning the non-uniqueness of weak solutions
to the following three-dimensional viscous and resistive magnetohydrodynamic (MHD for short) system
on the torus T? := [—7, 7]3:

Oy — 1 Au+ (u-V)u— (B-V)B+ VP =0,
B —1AB+ (u-V)B—(B-V)u=0, (4.1)
divu =0, divB =0,

where u = (u1,ug,u3) " (t,2) € R®, B = (B1, B, B3) " (t,x) € R® and P = P(t,z) € R correspond to the
velocity field, magnetic field and pressure of the fluid, respectively, and vi,v5 > 0 are the viscous and
resistive coefficients, respectively. In particular, in the case without magnetic fields, system (4.1) reduces
to the classical INS.

In order to formulate the main results more generally, we consider the MHD equations with hyper
viscosity and resistivity:

ou+v1(—A)*u+ (u-V)u— (B-V)B+ VP =0,
B+ v2(—A)*B+ (u-V)B—(B-V)u=0, (4.2)
divu =0, divB =0,

where o € [1,3/2). Note that, the viscosity and resistivity exponents can be larger than the Lions
exponent 5/4.
System (4.2) is invariant under the scaling

u(t, r) = N2 (N2, \x), B(t,z) — 2“1 B(\*°t, \x), (4.3)
and P(t,x) — M*"2P(\2%¢, \z). The critical exponent (s,,p) of the mixed Lebesgue spaces L] W32P
satisfies the generalized Ladyzenskaja-Prodi-Serrin condition

2 3
D _on 14 (4.4)
Y p

We show that the non-uniqueness of weak solutions also exhibit in the spaces Ly WP where the exponents
(s,7,p) lie in the following two supercritical regimes, with respect to the scaling (4.3):

2 200 — 2
S = {(S,’y,p) €1[0,3) x [1,00] x [1,00] : 0 < s < TQ-F “

+1- 2a}, (4.5)



and

4o —4 2
82::{(s,'y,p)e[o,?))x[l,oo]x[l,oo]:0§s< "‘7 —|—1—7—|—1—2a}. (4.6)

The weak solutions to (4.2) are taken similarly in the distributional sense.

Definition 4.1 (Weak solutions). Given any divergence free initial data (ug, By) € L?(T?), we say that
(u, B) € L?([0,T] x T3) is a weak solution to (4.2) if

e For allt € [0,T], (u(t,-),B(t,)) are divergence free in the sense of distributions and have zero
spatial mean.

o Equations (4.2) hold in the sense of distributions, i.e., for any divergence-free test functions ¢ €
C5o([0,T] x T?),

T
/u0<p(0, x)dx + / O -u—11(—A)%-u+Vy: (u®@u— B® B)dzdt =0,
o Jr3

T3

T
/Botp(Ow)d:v + / O B —1a(—A)*¢-B+Vy: (B®u—u® B)dzdt = 0.
o Jr3

T3

Concerning the weak solutions to (4.1) in the sense of Definition 4.1, we have the following sharp
non-uniqueness result.

Theorem 4.2 (Sharp non-uniqueness for MHD). Consider the viscous and resistive MHD (4.1). Then,
for any 1 <~ < 2, there exist infinitely many weak solutions in L] L with the same initial data.

Remark 4.3. One significant difference between the INS and MHD is the impact of the strong coupling
between velocity and magnetic fields in MHD, which limits the available choices for oscillating directions.
As a result, constructing spatial building blocks with strong spatial intermittency that align with the specific
geometric structure of MHD becomes quite challenging.

It should be mentioned that, the 1D spatial intermittency and intermittent flows were first constructed
in [6]. In [65, 66], the 2D intermittent flows were constructed. However, both intermittent flows are
not strong enough to control the viscosity —A. The novelty in [66] is to explore the additional temporal
intermittency.

Another distinction between INS and MHD can be seen in the construction of the amplitudes of velocity
and magnetic perturbations. This distinction arises from the anti-symmetry of magnetic nonlinearity,
which requires a second geometric lemma in a small neighbourhood of the null matrixz. This is different
from the geometric lemma used for velocity perturbations, which holds in the neighborhood of the identity
matriz. Additionally, when constructing velocity perturbations, a new matriz GB needs to be introduced,
which does not appear in the context of the Navier-Stokes equations. These differences lead to specific
algebraic identities for the nonlinear effects associated with magnetic and velocity perturbations.

Besides the non-uniqueness results, it also holds the following strong vanishing viscosity and resistivity
limits for the MHD equations (4.1). Its relationship to the Taylor’s conjecture will be discussed in Remark
4.5 below.

Theorem 4.4 (Strong vanishing viscosity and resistivity limit). Let a € [1,3/2) and § > 0. Let
(u,B) € Hfz X Htﬁm be any mean-free weak solution to the ideal MHD. Then, there exist 8 € (0, 3) and

a sequence of weak solutions (u(V»), B(n)) ¢ Htﬁ; X Htﬁ; to the hyper viscous and resistive MHD (4.2),
where vy, = (V1n, Vo) and vy, V2, are the viscosity and resistivity coefficients, respectively, such that
as vy, — 0,

(u), B¥)Y = (u, B)  strongly in Hf; X HtB; (4.7)



Remark 4.5. It would be interesting to see the relationship between the Taylor’s conjecture and the
vanishing viscosity and resistivity limit in Theorem 4.4.
The smooth solution to the ideal MHD has several global invariants:

1
e The total energy: E(t) = 5/ lu(t, z)|? + |B(t, z)|*dx;
T3
o The cross helicity: My p(t) = / u(t,z) - B(t,z)dz;
T3

o The magnetic helicity: Hp p(t) := / A(t,z) - B(t,z)dx.
T3

Here A is a mean-free periodic vector field satisfying curlA = B.

It is widely acknowledged in the field of plasma physics that magnetic helicity remains conserved as the
conductivity approaches infinity. This phenomenon is known as Taylor’s conjecture. It has been proved by
Faraco-Lindberg [43] that Taylor’s conjecture holds true when dealing with the weak limits of Leray-Hopf
solutions MHD in simply connected, magnetically closed domain. See also Faraco-Lindberg-MacTaggart-
Valli [46] in the case of multiply connected domains.

On the other hand, Beekie-Buckmaster-Vicol [6] demonstrated that Taylor’s conjecture does not holds
by constructing distributional solutions in Cy L2 breaking the magnetic helicity conservation. The delicate
point here is that the conservation of magnetic helicity demands a level of reqularity that is much milder

than that of total energy and cross helicity. Specifically, the weak solution in B with o > 1/3 or B;@N)

3,00
conserve the energy and cross helicity, while the magnetic helicity is conserved in the less regqular space
B§ ., with o> 0 or in the endpoint space L . See [4, 20, 42, 55].
Theorem 4.4 shows that, in contrast to weak ideal limits, even for the hyper viscous and resistive MHD
beyond the Lions exponent, there exists certain sequence of non-Leray-Hopf weak solutions such that the

Taylor’s conjecture fails in the limit along this sequence.
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