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ABSTRACT. To establish a well-posedness theory for weak solutions of quasilinear evolutionary partial differential
equations is a difficult task. There is little control over the time evolution of weak solutions constructed by com-
pactness methods. The purpose of the present article is to explain the construction procedures of weak solutions for
hyperbolic and viscous conservation laws. These procedures allow for the establishment of well-posedness theory.
For system of hyperbolic conservation laws, the weak solutions are constructed using the Riemann solutions as
building blocks. For the compressible Navier-Stokes equations, one uses the Green’s function approach to construct
the weak solutions by solving integral equations. Within these construction procedures, the traditional Hadamard
well-posedness criteria are satisfied, and the regularity and time-asymptotic behaviors of the weak solution can be
studied.

1. INTRODUCTION

The Hadamard well-posedness requirements for the initial value problem of an evolutionary partial differential
equations are: Existence, Uniqueness, and Continuous Dependence of the solutions on the initial values.

For linear equations, well-posedness analysis usually is based on the a priori estimates, from which a proper
function space is chosen. For the existence of solutions in the function space, one applies the functional analytic
theorems such as the Riesz representation and Lax-Milgram theorem. The uniqueness and continuous dependence
properties with respect to the function space result from the principle of linear superposition.

For nonlinear equations, the well-posedness theory for smooth solutions is less straightforward. For instance,
consider system of quasilinear hyperbolic equations

n
Ap(w)us + ZAZ(u)umz =g(u,z,), u(z,0) = up(x).

i=1
The theory for the well-posedness of smooth solutions is not done in one function space. Suppose that the the
initial value is in the Sobolev space ug(xz € H*(x), s > n/2+ 1. Then there exists classical solution locally in time
in the same space H*(z), s > n/2+ 1; but the continuous dependence is on the lower norm space H'(x). This is
the classical theory of Kato and Lax, c.f. Chapter 6 of [21]. After some finite time, solutions in general develop

shock waves and one needs to consider the weak solutions.

There is the well-known example of weak solutions for the incompressible Navier-Stokes equations by Leray [18]:

v+ Vg - v®@v+ Vgp = pAv,
Vv =0.

Another example is the construction of weak solutions for the Boltzmann equation by DiPerna-Lions, [7]:

0 (,,€) + & Vaf(@,1,€) = 1QIF, 12, 1,£).

There is no well-posedness theory for the weak solutions constructed in these two examples. In fact, substantial
progresses have been made on the non-uniqueness of weak solutions for fluid dynamics equations, e.g. [25], [6], [4].

A natural way to formulate the well-posedness theory is to establish a solution algorithm that yields sufficient
information on the structure of solutions so that it is possible to show that, within this construction, the solution
is unique and depends continuously on its initial data, and allows for the analysis of the behavior of the solutions.
This is the classical thinking before functional analytic approach became the normal way. Clearly, the classical
way has its limitations. On the other hand, when it works, the well-posedness theory would include the solution
behavior as a basic requirement. There are two well-posedness theories for weak solutions under this formulation
that we will focus on. The first is for system of hyperbolic conservation laws

(1.1) u+ f(u); =0, ue R", n>1.
1
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The existence theory was established by Glimm [9] using the Riemann solutions as building blocks. Subsequent
developments will be explained in the next section. Another one is for simplest viscous conservation laws in
physics, the compressible, isentropic Navier-Stokes equations done recently by Liu-Yu [22] using the Green’s function
approach:

vy — Uy =0,
ug + p(v)y = (/@%)

This will be explained in Section 3. In both cases, the well-posedness analysis is first to establish the boundedness
in BV norm and continuous dependence in Lj(z) norm.

(1.2)

o

2. HYPERBOLIC CONSERVATION LAWS

Consider the initial value problem for hyperbolic conservation laws (1.1):

(2.1) u+ flu), =0, u e R", n>1,
' u(z,0) = uo(z), z€R.

The system is assumed to be strictly hyperbolic

Ffl)ri(uw) = N(w)r;(u), \(u) < Aa(u) < - < A\, (u).

The existence theory to the general initial value problem (2.1) is done in the seminal paper Glimm (1965) [9]. The
Glimm scheme uses the Riemann solutions as the building blocks, see the figure below.

fe— Ax—>

T

The Riemann problem is a special problem with two constant states as initial data:

0
uo(z) = {ul, v

u,, z > 0.

Both the conservation laws and the Riemann initial data are invariant under the dilation (z,t) — (cz, ct) for any
constant ¢ > 0. Thus the solution is self-similar u(z,t) = ¢(&) for some function ¢ of one independent variable
¢ = z/t. Thus the Riemann problem is much easier to solve than the general initial value problem. On the other
hand, solving the Riemann problem yields the basic information of the identification of the entropy condition and
also the construction of elementary waves. The construction of elementary waves is explicit using differential and
algebraic equations. An i-th elementary wave takes value around the characteristic direction r;(u) and propagates
around the characteristic speed \;(u) see Lax (1956) [17], and Chapter 7 of [21] for general discussions. The Glimm
scheme therefore makes use of the essential, concrete information of the equations.

The Glimm scheme does not induce numerical diffusion. It uses a random sequence to move the elementary
waves. The approximate solutions consist of local interaction of two sets of Riemann wave pattern around each

grid point (iAzx, jAt), i =0,+1,£2,---; j=1,2,---, see figure below.
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The key to the Glimm theory is the study of wave interaction of these local interactions:

vi=a; + i + O(1)Dg + O(1)Dy;

Dy = Z | Bk |, interaction measure for distinct families;
i>k
D, = |a;8;](|ej| + |B85]), interaction measure for same family.

Geometrically, the above estimates are natural, as the interaction measures are zero if waves are not approaching
to each other. These local estimates naturally lead to a global nonlinear functional F'(J) across a space-like curve
J in (z,t) space:

F(J) = L(J) + KQa(J) + KQs(J),

L) = S{loul. o crossing J):

Qa(J) = > {lejBkl, a; and By crossing J and «; lies to the left of Bx, j > k};

Qs(J) = {|lojagl, a; and oy i-waves crossing J and one of them a shock, i =1,--- ,n}.

By the estimates, for the constant K sufficiently large, the functional is time decreasing. This implies that when
the initial datum wug(z) has small total variation T'V then the approximate solutions have also small total variation,
and strong compactness properties for BV space yields the existence theory.

Theorem 2.1. For the initial datum u(x,0) of small total variation TV, there exists a global weak solution to the
system of hyperbolic conservation laws us + f(u), = 0. Moreover, the total variation of u(-,t), t >0, is O(1)TV
and

/ (@, ta) — (e, 1) |de = O()TV|ts — 1], t1,ts > 0.

—0o0

Another consequence of the Glimm estimates is that the total amount of interaction measures is finite:

> (DY + DY) =011V
(1Ax,jAL)

The paper by Glimm-Lax (1970) [10] uses this global estimates to gain control of the time evolution of the solutions
and proves decay of periodic solutions for 2 x 2 systems. For this, the notion of generalized characteristics and
conservation of waves were introduced.

Another step toward better understanding of time evolution of solutions is the devise of wave splitting, see figure
below, so that the Glimm solutions can be traced in time. This is the done in Liu (1977), see Section 3 of Chapter
9 of [21].In the figure the shock wave (u;,u,,) is splitted into @1 and @)2 so that «; can be traced with a;, i = 1,2,
with an error of the order of the interaction measure. Another way of wave tracing is to approximate the solutions
by piecewise smooth functions, starting with the work of Dafermos (1970) [5].

» T

With the understanding of the time evolution of the Glimm weak solutions, two methodologies are introduced
for the proof of the continuous dependence on the initial data. One is the homotopy method of Bressan, [2], and
the other is the functional method of Liu-Yang, [20].

Theorem 2.2. Consider functions two solutions ui(z,0), ua(z,0) with small total variation and two corresponding
solutions w1 (z,t), uz(x,t) constructed by the Glimm scheme. Then there exists a constant independent of t such
that
oo oo
/ lui(z,t) — ua(z, t)|de < C/ |ui(z,0) — ua(z,0)|dz, t > 0.
—00

— 00
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The bound C above for the L;(z) continuous dependence on the initial data depends on the total variation
of the solutions. Thus it is bounded the BV space, and continuous dependence in the Lq(z) space. For general
weak solutions, such as those constructed using the theory of compensated compactness, there is no well-posedness
theorem.

The Glimm construction and subsequent analyses yield deep understanding of the evolution of the weak solutions.
Consequently it is possible to study the regularity and time-asymptotic behavior of the weak solutions. For
scalar conservation laws v € R, the nonlinearity of the flux f(u) implies that waves compress and expand. The
boundedness of total wave interaction measure allows for the study of these nonlinear properties for the systems
u € R™, n > 1. For details of the following regularity and time-asymptotic behavior of solutions, see Chapter 9 of

[21].

Theorem 2.3. There exist countable points of interaction, countable Lipschitz curves of shock waves, and the
solution is continuous outside of the points of interaction and shock curves.

Theorem 2.4. The solution tends to the Riemann solution (u;, u,), u; = uo(—00), u, = up(c0).

The uniqueness of weak solutions has been expressed within the Glimm algorithm. There are interesting results
on the uniqueness of solutions within some function spaces, e.g. [3].

The Glimm functional can be generalized to viscous conservation laws of the form u; + f(u), = Ktz to obtain,
in the zero dissipation limit k — 0+, the well-posedness of u;:+ f(u), = 0 by Bianchin-Bressan [1]. In place of using
the Riemann solutions as coordinates, [1] introduces the Center manifold coordinates. It shows that the Glimm
solution operator is robust and can be generalized to viscous conservation laws. It remains an open problem to
establish the zero dissipation limit for systems with physical viscosity such as compressible Navier-Stokes equations,
which are of the form

ur + fu)e = (Bu)u,) .

3. COMPRESSIBLE NAVIER-STOKES EQUATIONS

Vicous conservation laws in continuum physics are of the form
U+ Vg - Flu) =Vy - (G(u)Vzu), x € R™, m > 1.

Important examples include the compressible Navier-Stokes equations, magento-hydrodynamics, and visco-elasticity
equations. The simplest system is the isentropic compressible Navier-Stokes equations (1.2). The second equation in
(1.2) has viscosity; while the first equation does not contain dissipative term. This is typical for the physical systems,
which is not uniformly parabolic, but dissipative and hyperbolic-parabolic. This makes even the construction of
smooth solutions non-trivial. The compressible Navier-Stokes equations have been studied first, e.g. Kanel [13],
Itaya [12], and Matsumura-Nishida [15]. There is the general theory by Kawashima-Shizuta, [26], [14]. Since the
physical systems are not uniformly parabolic, non-smooth solutions exist. There are constructions of weak solutions
for the Navier-Stokes equations, see Lions [19], Hoff [11], Feireisl [8].

As expected, there are well-posedness theory for classical solutions, but not for weak solutions. There have
been substantial progresses in the establishment of non-uniqueness of weak solutions for fluid equations using the
methodology of convex integration, e.g. Scheffer [25], De Lellis-Szekelyhidi [6], Buckmaster-Vicol [4].

We now explain the well-posedness theory for weak solutions of the system (1.2):

vy — Uy = 0,
Ut +p(v)z = (’QUTI

The approach in Liu-Yu [22] is to use the Green’s function approach for the construction of weak solutions. To
gain control over the time evolution of weak solutions, we express the weak solutions in integral form in terms of
the Green’s functions. For this, the main steps is the explicit construction of these Green’s functions. There are
two types of Green’s function. The first one is the Green’s function G = G(z, t; o, 3) for linearized Navier-Stokes
equations:

o isentropic compressible Navier-Stokes in Lagrangian coordinates
z-

0 Ox
aG (/32(% az)§> G,
1 0
Gla0i0.0) =0(a) (g 7).
B =+/—p'(v9) sound speed, a = 7o viscosity.

The second Green’s function H is related to the second equation with viscosity for the study of the effect of
dissipation. Thus we consider the Green’s function H = H(x,t; 2, to; p) for linear heat equation with dissipation
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coefficient p(x,t):
OH — 9,p(x,t)0,H = 0,

H(z, to; 2, to; p) = d(z — 2).
For the construction of the weak solution for the initial value problem,
v — Uy = 0,
Ut +p(v)x = (H%)am
(U7 u)lt:(l = (1 +vg, US)
we use the iterations
V- v =0,
UP = B3Vy = kUL,
(VO,U°)(x,0) = (v5,up) (@),
‘/tk+1 - Ug]n€+1 = 07
UFF 4 p(1+ VR, = w(UEF/ (14 VE))
x
(Vk7Uk)('rvO) = (v§, up)(@), k= 1.
For the first step of the interation, we have the Integral representation using Green’s function G:
V- v =0,
UP = B3Vy = kU

X

(Vov UO)(xv 0) = (U87 US)(CC)7

(gg) (z,t) = /RG(:c —y,t) (Z?;) (y)dy.

For the subsequent steps of the iteration, we have the Integral representation in terms of the Green’s function H
with the heat conductivity coefficient /(1 + V*) depending on the function from the previous step:

‘/tk+1 _ Uk+1 =0
UFT 4 p(1+ V), = w(UEF/ (14 VE)) |
(VE,U)(,0) = (o5 up)(a), k> 1.

U“%széﬂum%mwu+vW%@My

-I—/O /RI:Iy(x,t; y, 76/ (1 + VE))p(1 + VE(y, 7))dydr.

t
VEH (0, 1) = 3 (2) + / UM (2, 7)dr.
0
We now describe the explicit construction of these Green’s functions. Consider the first Green’s function G

0 Oz
6tG(I7t;a7ﬂ) = (/32817 C¥82) G(I7t;a»ﬁ)7

G(z,0;a, ) = 3(x) (3 (1)> ,
B =+/—0'(v9) sound speed, a = o viscosity.

There are two parts of the Green’s function G = G* + G*. The regular part G* represents the large time behavior
and the singular part G* represents the small time behavior. The singular part G* = G*! 4+ G*? resolves the delta
initial datum in two ways: G*! focuses on the propagation of the delta function for the component of specific volume
v as a consequence of the absence of dissipation parameter in the first equation of the Navier-Stokes equation; while
G*2 resolves the delta function in the usual heat equation fashion due to the appearance of the viscosity in the
second equation:
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Theorem 3.1.

2 *
G*(z,t) = e*%td(a;) <(1) 8) +O(1)e 7 toolzl,
1 =2 (00 '
G*,2(Q}’t) = O(l)e—o—*t—ao|z| + \/Me dat (0 1) , 0<t <1,
0, t>1,
The regular part G¥ is the viscous version of the acoustic waves of Euler equations:

Theorem 3.2.
Gh(z,t) = O()te=l*l for 0 <t < 1;

_ (e+BD)? 7(12/3?2 % _2L
2ol -
(1) = (e + 0 ——) <_ﬁ f)
2 2

no
[V H\(a.l)_‘

PN N
(e rom=—r) (2 %)

(@462 1 0 RES-DL -1 0
+ﬁ(e Tal ) +&/(e Tat )
48 Ve2rat ), \0 —1 438 Vemat ), \ 0 1
_ (=+B0)? _(z—p1)2

+O(1)t_% (e Cat  + e C*t) ) 4 O(l)e—ao\oﬂ—a*t’
fort > 1.

The above explicit construction of the Green’s function G was first done by Zeng [28], with later improvements.
Fourier transform is used and the explicit inversion of the Fourier transform is calculated using the complex analysis.
For the study of solutions in Ls(z), as usually done in the construction of smooth solutions, there is no need to
invert the Fourier transform, as the transform is isometric in the Ly(z) norm and the analysis on the Fourier side
suffices.

Because of the hyperbolic-parabolic nature of the Navier-Stokes equations, an initial discontinuity propagates into
the solution at later time along the particle path. In the Lagrangian coordinates, this means that the discontinuity
propagates along x = constant. Thus we consider the second Green’s function H(z,t) with the discontinuity sets
the lines # = constant. There are two steps in the construction of H. The first step, the main one, is to consider
the case when the heat conductivity coeflicient p(z) is a BV function of z only. Thus let 4 = p(z) be of small
variation and discontinuity set D:

H, = (NHz)z7
(8-1) {H(LO) = d(z),

The second step is to use this to construct the heat kernel when the heat conductivity coefficient is of the general
form p = p(z,t):

(3.2) {:t( = (pHa),.

Again, the discontinuity set consists of lines = constant. H is constructed from H by iterations, using the
representation from Duhamel’s principle:

H($7t) = H(Iat - to;Z,[L)

t
[ (o) = ol 7)) Hyat = i () o all T >
to JR\D

Hr(xat) = HI(I,t - tO;Za[I‘)

t T
T / / / P (s 0V Moy (it — 73 )Py (g, 7)dodydr
to R\D T T

We now explain the construction of the heat kernel H of (3.1) using the Laplace transform L with respect to
the time variable ¢. Approximate u(x) by step functions. The main idea is to use the Laplace transform to express
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the solution as sum of integrals along the random paths. Each integral can be explicitly inverted as heat kernel for
constant coefficient. We start with the simple case when the heat conductivity coefficient is a constant kg:

Ut — KoUgx = 07
u(z,0) = (),

w(z,t) = ————e ot ,

This is the classical heat kernel

When the Laplace transform is applied, it becomes
e—w/S/Nox
Lu](z,s) = { 2v/8/ko

eV for g < 0, Laplace wave train towards the left.
24/8/kKo

for x > 0, Laplace wave train towards the right,

For the general conductivity coefficient p(z), we approximate it by a step function pg(z): pe(z) = K; for z; <z <
Zj+1. To construct the heat kernel H(z,t; y, p), with source zo < y < z1, and use the Laplace transform

(8t - 8xﬂk(x)am)H(x7tv ynuk) = 07
H(I, O;y,,uk) = 5(:C - y)7
H(z,t;y,0), p(z)0:H(z,t;y, px) : continous in x.
L[H](z, 1y, u*) =
VIR0, (g, 5) + e VoIS EE0S (g, 5), for j 0,
e~ Vs/rolz—yl

eVs/mol@=aDy, (y, ) 4 e~ V3R @RS, () ) 4
2/ /Ko

, for j =0.

SetAjzﬂ%.Forjg—lorjzl

e~ Vshjt Uj+1 + Sj = Uj + 6_\/gAij_1,
VEi(e VPR 10 = §5) = R (Uj — e VRIS ),

for j =1,
—/3A _ —/3A e~ Vs/ko (x1—v)
e 2Uy + 54 Ui +e ISO+—2\/S/_;<0 ,
_ _ —/5/r0o (21-v)
VRL(eVEUs = 81) = VR (Uy — ViR, — YT,
for j =0,
eViro Gomw) o~ sA — NN
2\/% "l_e ]U1+SO—UO+6 05_1,
eVe/ro (o—y)

V(e eV S) = (U VS ),

The weak formulation of the hear kernel implies the continuity of heat and heat flux, which implies the transition
and reflection coefficients as depicted in the following gifures.

- - S
NN LT N I TN
(14 L)V eVt 4 e
transmitted wave SOurce  reflected wave
Lj

Source on the right

—_— -— _—
—\/8/kj1z _ VEI“VEIL £ /s/kj _ VR VR —\/s/kjx
. ev= A (Chalveav=
source reflected wave transmitted wave
Ty

Source on the left
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This induces an iteration of a 3 points finite difference scheme
67‘/§Aj+1 Uj+1 + Sj = Uj =+ eiﬁAj Sj_l7
V(eI = S)) = R (U) — e TS )

which is solved by the random walks, see figure below:

DR S et
n=0 n=0

n+1 n n
(U%H) —e VSR, <lSJ£L_1> +eT VPRI L, <gfl+l> ;
S i-1 J+1

0 VEi—1—VFj 1 YE1—VE
rR= (" Ve ) g (' s
j 0 1- YaVE j LIV
VEi—1+VFj VEi—1+/F5

n

three rgversings

o revelsitfy

J

y
Top T-3 T @1 a0 Y 21 22 13

Some of random paths, for x_ o <x < x_1, g <y < x1.

The coefficients R; and L; are functions of s;_1,%;. We obtain factor e~V*2i+1/,/s which corresponds to
classical heat kernel. Sum up the contribution from each random path, we obtain explicit expression in terms of
classical heat kernels:

1 (f’? AT >)2
H(w by, 1) = —— (14 Ol gy e~ mor .
(aj Y, u ) \/W + ( )H,U/ ||BV € 0
The explicit construction yields the other estimates needed for the control of singularity of the differentials of the
hear kernel.

OH — 0,p(z,)0,H = 0,
H(x,tp) = d(z — 2)

Theorem 3.3.

(2—2)2
_ T Ck(t—tg)
[H(z,; 2, to; p)| < O(1)&— \/t_TO027
(z—2)
_ ~ Cu(t—tg)
o, 12,107 ) < O(1) =2
(z—2)

e Cx(t—tg)

H. (2, t; 2, t0; p)| < O(1) =55
— _lz—=|
t7(—)1 H$($Jt7z7t07p)dt < Cbe i ) ,

/T] Hows (2,1, 2, to; p)dt < C e W —lzel
x,l,2,l0;pP = b(— +e b )
o (11 —to)
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With the sharp estimates of G and H, we show that the iterations
Vi Uk =,
UF 4 p(1+ VR, = w(UEF/ (14 VE)) |
(VE,UR)(@,0) = (oG, ug)(@), k=1
converge in the following norms:
oo = suPe(o,e,) 1 (5 0)lloos

A1V = supge(o,z,) 1 (- o)l BV,
WAz = supse o,y ||f(w0)||£17
f('va) Y

[flllo=sup sup|——1,
o€ (0,ty) 2€D US()

z—

D : discontinuity points in the solution.

Theorem 3.4. Suppose that the initial data has small norm § < 1. Then there exists a weak solution (v,u) for
the Navier-Stokes equations local in time and satisfies

[o(-8) = Ul + oG, 0l By + Vi (-, )]0 < 2C45.

Let (u®,v?) and (u®,v®) be two solutions, then ¥ = v* — v?, @ = u® — u® satisfy
0y — Dyt = 0,
- . O 1 1
Oyt — K,dx;—a =0, (—p(vb) + p(v*) + ﬂ(ﬁ — v—a)axub>, or,

iz, t) = Jg H, ty, 0 1/v) (ug — uf)(y)dy
— fot _fR Hy(z,t;y, 755 /0%) (—p(vb) + p(v®) 4+ K(v—lb — v%)%ub) (y, 7)dydr.

Theorem 3.5. The solution depends continuously on the initial data in Li(x).

Global well-posedness and decay of the solutions are shown for polyatomic gases p(7) = A777, 1 <y <e:

Theorem 3.6. Suppose that the initial value is a small perturbation of a constant state (v,u) + (vo,0) and that
(v,u)(x,0) has small total variation and small Li(x) norm. Then there exists a weak solution (v,u)(z,t) global in
time and satisfies optimal time-asymptotic decay rate t~1/2 :

l(vo = D)D)y +IVE+ 1w = D)o + ([0 =D )l By
+[ul Oy + [VE+Tu(, )L
FIVEF Tua ()] [p + lJu( t)llsy < C6, t > 0.

The result is generalized to the whole Navier-Stokes equations by Wang-Yu-ZHang [27], including the energy
equation. The paper also introduces a function space for the uniqueness of solutions.
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