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In this manuscript, the author introduces some recent results (partially with his col-
laborators) on solutions to the non cut-off Boltzmann equation that are characterized by
integrability of their Fourier transform. He will explain the novelty of the result, difficulty
in the proof, and possible directions of future research in this topic.

We consider the Cauchy problem on the non-cutoff Boltzmann equation in the whole

space

OF +v-V,F =Q(F, F),

(1)
F(0,z,v) = Fy(z,v).

Here the unknown F' = F(t,z,v) > 0 denotes the density distribution function of gas
particles with position z €  and velocity v € R? at time ¢t > 0 and Fy(x,v) is the given
initial data. The bilinear collision operator () is defined as

Q(G, F)(v) = /}R3 /S2 B(v — vy, 0) [G(V))F (V') — G(v,) F(v)] dodus,,

where the velocity pairs (v, v,) and (v, v) satisfy

SR SO i A O U M

We assume that the collision kernel B takes the form

B(v—wu,0) = |v—u|"b(cosh), v € (-3,1],

V—Uu

cos ) = a, 8 € (0,7/2], (2)

o —ul
sinfb(cosf) ~ 617> as 6§ — 0, 0<s<l.

We note that ) has been symmetrized in a standard way such that B is supported in
0 < 6 <m/2, cf. [16]. In this manuscript, we are concerned with the hard and moderately
soft potential cases with a restriction

v > max{—3, —3/2 — 2s}, (3)



that is needed only in the use of a technical trilinear estimate (6), cf. [5, Theorem 1.2].

Let 11 = p(v) := (2r)~3/2¢71""/2 be a normalized global Maxwellian as a reference
equilibrium. We insert F(t,x,v) = u+ u'/2f(t,z,v) into (1) and derive the reformulated
Cauchy problem on f = f(t,z,v) as follows

f(O,I,U) = fO(I7U>v

where the linearized collision operator L and the nonlinear operator I' are respectively

(4)

given by

Lf = —p?[Q(u, 1 f) + Q(u* £, ),

U(f, ) =™ 2Qu" f, ' f).
It is well-known that ker L is spanned by the five functions p/2, v;u'/? (i = 1, 2, 3),
21*/2. P denotes the orthogonal projection from L? to ker L, which takes the form
Pf(v) =[a+b-v+c(jv]? = 3)]p?(w).

Since the works by AMUXY [2, 3, 1, 4] and Gressman-Strain [10, 11], a number of
studies on (4) has been carried out. In particular, existence results on the usual or

and |v

weighted L?-based Sobolev spaces are numerous, and method and technique developed in
such papers are now applied to the study of other kinetic equations, such as the Landau,
Vlasov-Poisson-Boltzmann, and Vlasov-Maxwell-Boltzmann equations. The key reason

of using such Sobolev spaces is the embedding
H3/2+E(R3> SN LOO(R?))’

where € > 0 is arbitrary small. Hence, for the physically relevant three dimensional case,
the index 3/2 is somehow a threshold by this method.

Let us define some norms to describe the main results on a solution to (4) that are
characterized by the behaviour of its Fourier transform. Let || - ||.» denote the usual
LP-norm. We also use a weighed L? space endowed with the norm

I = [ 00 P, (o) = VTP

for « € R. The Bochner spaces LyL{ are endowed with the norm |[|| - || ¢]l.», 1 < p,
q <oo. Let ||| 12, be the energy dissipation norm defined by [2], which takes the form

11, = [f[ Bue)(@) - fo)Pdudu.do
//Ang3X§2 Bf(v.)* (u(v')"? = p(v)'/?)dvdv.do.



L? denotes the space of functions whose Fourier transform is L7, i.e.,

(= {r e S®) | F e Ll ®), Ifly = [ 17mPdr < oo},

where f is the Fourier transform of f.

Since a solution to (4) depends on (¢, x,v), we will use the following mixed norms:
A P %
agase = ([ (s 170k lie) )
R3 \O<t<T

ogazoz = ([, (] ks ) e’

for any 7> 0 and 1 < p < oo, with the standard modification of the L¥-norm if p = occ.
Here, " acts only on the spatial variable; f(t, k,v) = F,[f(, -, v)](k). We also use Fourier
multipliers |V, | and (V) whose symbols are |k| and /1 + [k[2, respectively.

Recently, the author and his collaborators initiated the analysis of the Cauchy problem
on non-L? based spaces. We introduce the notion

ZkeZS |f(k:)|, (Q = Tg)
Jos | f(R)|dEk (2 =R?)
Theorem 1 ([7]). Let Q =T3. Let a weight function w, be defined as

£z =

1 (v+2s>0),
wy(v) = q
exp (Z<U>)’ ¢>0  (v+2s<0, v>max{—3,—3/2—2s}).

Assume that fo(x,v) satisfies the conservation laws of mass, momentum, and energy,
namely,

/ o(v) folx,v)dvdr =0 (5)
T3 JR3
for ¢(v) = 1, v, [v|2. Then there is eg > 0 such that if Fy(z,v) = p+ p2 fo(z,v) > 0 and

lwqfollzrrz < o,
then there exists a unique global solution f(t,z,v), t >0, x € T?, v € R?® to the Cauchy
problem (4), satisfying that F(t,z,v) = pu+ p2 f(t,z,v) >0 and
lwa fllLizeers + qufHL}cL%LgD S llwgfollzr e
for any T > 0. Moreover, let
1 (v+2s>0),

K = 1
—_— +2s <0 ’y>max—3—32—2
1 h/ 2S| (7 S ) { ) / 3})7



then there is X > 0 such that the solution also enjoys the time decay estimate

lwgf D)2z S € Nwefolly ez
for any t > 0.

When Q = T3, the space
AT = {f € S'(T°) [ If sy = Y I (k)] < o0}
kez3

is called the Wiener space [9]. This space is a Banach algebra because

1fgllzy = ZI k) < ZZIf (k= OllgO] < I fllzgllglizy

where * stands for the convolution. By this property, which we cannot have for L?, we
may consider A(T?) is somehow close to L>®. Actually, for 1/2 < § <1 it holds

CY(T3) c A(T®), CMV/2(T?) ¢ A(T?).

Here, C™P(T?) is the set of C"-functions on T? whose all the a-th derivative with || =n
is S-Holder continuous.

The significance of [7] would be in the fact that A(T?®) is a very easy-to-use space in the
analysis. Indeed, not only the Boltzmann equation on T3, we also studied

e initial-boundary value problems on [—1,1] x T? with specular reflection and diffuse
conditions,

e Landau equation (both on T? and on [—1,1] x T? with boundary conditions),

where the unified strategy is applicable. In particular, the study of a Cauchy problem of
the non cut-off Boltzmann and Landau equations with boundary conditions was unprece-
dented, even for simple conditions like above.

The basic strategy of the proof of Theorem 1 is twofold: First, for the estimate of the
non-linear part, we combine the trilinear estimate by AMUXY [4] and analysis on the
Fourier side to have

(T, ) k), hk)

)| <€ [ 15— 0lallaOlzz Nz =0 (6)

Here ) is equal to Z3 if Q@ = T3 and R? if Q@ = R3, and dY¥ is the counting measure on Z?
if O = T2 and the Lebesgue measure if 2 = R3?. Thus this estimate is useful for the both
cases. Second, if (5) is assumed, then the Fourier zero mode is 0, hence

Y_KIPf(R)= > IKIP(k)]

kez3 keZ3\{0}



and we can divide the right hand side with & before taking summation. On the phase
space, this corresponds to using the Poincaré inequality, and the macroscopic part exhibits
dissipation effect. Contrary to the first remark, this cannot be expected for the case
) = R3. These strategy are applicable to the Landau equation because of the same
structure of the linear and non-linear terms (cf. [12]), and to initial-boundary value
problems by employing appropriate energy functional taking into account the effect from
the boundary.

If 2 = R3, the above-mentioned method to capture dissipation from the macroscopic
part does not work. In this case, using the L?-norm as an auxiliary norm, we have the
following existence result:

Theorem 2 ([8], Hard potentials). Assume (2) and (3). Let Q@ = R3, v+ 2s > 0,
3/2 <p< oo and
1
o=3(1-—) -2
p

with € > 0 arbitrary small. There is €1 > 0 such that if Fo(z,v) = p +,u%f0(:c, v) >0 and

[ follzrrz + Wl follozrz < e,
then the Cauchy problem (4) admits a unique global mild solution f(t,x,v), t >0, x € R3,
v € R3, which satisfies F(t,z,v) = ,u+,u%f(t, x,v) > 0 as well as the following estimates:
(1 + t>%f||LiL§9L% + (1 +1)5(I— P)fllzez 212
2 |Va|

+ H (1+1)2 ) (a, b, C)‘ L < Cllfolleirz + Clifollzgzz (7)
and
Fligozrs + 0= P ligagn, + | @bl < Cllilzp

for any T > 0. Here C 1is independent of T'.

For the soft potential case, we need the following weight function:

(v)fh+2sl ¢>0, ¢g=0 (polynomial weight),
wyq(v) = { e?W)/4 (=0, ¢ >0 (exponential weight), (8)
(v)th+2slea/d ¢ >0, ¢ >0 (mixed weight).

Theorem 3 ([8], Soft potentials). Assume (2) and (3). Let Q = R3, v+ 2s < 0,
3/2<p< o0 and

1
a:3<1——>—25
P



with € > 0 arbitrary small. Also let £ > 0, ¢ > 0, wy, be any of the weights in (8), and
suppose

g ag
> — /\<:0:>€>—), 9
(J 27") q 2r ()
where
! 1 1
0<r< pe , —+—=1
3+p p VP

Then there is €3 > 0 such that if Fo(z,v) = p+ pz fo(z,v) > 0 and

[werjqfollryrz + l[werjqfollzrz < e,

then the Cauchy problem (4) admits a unique global mild solution f(t,z,v), v € R3,
v € R3, which satisfies F(t,z,v) = ,u+,u%f(t, x,v) > 0 as well as the following estimates:

(1 + t>a/2w€,qf||L;L39Lg + [[(1+ 1) Pwe (T — P)fHL}cLQTLg,D
Va]
(Va)

+H (1+t)”/2(a,b,c)‘L

1 S Cllwesiafollig + Cllwessafoll gz (10)
kT

and

Vsl
lweg f Lz rsors + llweq (T — P)f”LzL?TLgD + H <Vz) (a, b, C)‘ e < Cllwetjgfoll ez

for any T > 0. Here C is independent of T

Note (7) and (10) give decay rate of the solutions to (4) in the hard and soft potential

cases, respectively. The rate (1+4¢)77/?

is the same. This decay rate is almost optimal, in
the sense that it coincides with that of a solution to the linearized problem, disregarding
arbitrary small € > 0.

We also remark that, if 3/2 < p < 2, a local solution to (4) is not yet constructed
in (L' N LP);, because the space does not provide enough regularity of functions in the
argument. In particular, since we could not find an appropriate Hilbert space that contain
(L' N L), the known method to construct an approximate family of solutions via the
Hahn-Banach theorem does not apply. In these cases, we assume that first we construct
a local solution in (L' N L?);, where we can construct one, and then assume initial datum
is small in (L' N LP);. The above-mentioned theorems (and the following ones too, since
they are consequences of the above) should be understood in this way.

The key ideas to the proof of Theorems 2 and 3 are following: First, since dissipation
effect from Pf (whose L p-norm is equivalent to (a,b,c) above) because of the symbol
|k|/(k), we have introduced the ansatz that

1 lleingere + 1L+ )P fll i poers <6, (11)



where 0 > 0 is a small constant that will be chosen later. This means The energy term
and the time-weighted energy of the macroscopic part are assumed to be small. The
first component is to make the argument concise, so not an essential assumption, but the
smallness of ||(1+t)2Pf|| Lirserz is essential. By assuming this, we have

T 1
IPfllgez, < CIPFluyuga < O5( [ (L+0)vdt)” <5 (12
’ 0

which gives the control of macroscopic dissipation. Estimates of the energy and micro-
scopic dissipation terms can be shown by usual energy method, hence combining these
estimates we get the lowest order a priori estimate. We remark that by this ansatz we
need to assume p > 3/2, which guarantees the uniform boundedness of the time integral
with respect to upper bound 7. This is the only part where we need p > 3/2, hence if we
can introduce a new idea for energy method, we may remove this restriction.

Second, in order to verify (11) so that we can close all the estimates, we carry out
time-weighted energy estimates with the help of L? estimates. These are employed to
control the low-frequency terms. Not like the case on the torus, the conservation laws do
not guarantee that there are no low-frequency terms, because all we can say is

e f(k)dk = /0<|k|§1 f(k)dk

even if f (0) = 0, which can be assured for solutions to the Boltzmann equation around
Maxwellian by the conservation laws. In the hard cases, we have the remainder term

/RS (/OT(1 + t)”‘1||f||%gdt)l/2dkx (13)

To control the low-frequency part of this integral (i.e. integration over {|k| < 1}), we use
the interpolation

(1 + t)a—l — (1 + t)a(1—6)|k|2(1—6') . (1 + t)(_1_€)9|]€|_2(1_9)
< (L7 RP + O (1) R (14)

where § = (6+1+4¢)~! € (0,1). The reason why we need |k|? is that, since the macroscopic
part is applied the operator |V,|/(V.), whose symbol |k|/(k). This behaves like |k| on
{|k| < 1}, hence we need |k|* (that will be square rooted). Substituting (14) into (13),
we will estimate the remainder as follows:

' —1—e.|-252 1 7112 1/2 _1-6 2
([ Qe =55 f3gdt) “ak < C R fllrad
lkl<1 NJo lk|<1

11-6 1/p
< Ol ([ 1777 k)

< Cllfollp e 2



because one can compute

1-6
P = —3+pe> -3 (15)

Notice this calculation clearly demonstrates we need LY, p > 1 to control the low-frequency
term. Also note that arbitrary small € > 0 is needed here for the boundedness of

/ (1+1t)1=dt.
0

This loss of € seems to come from the use of interpolation technique. It would be an
interesting problem to remove this, which gives optimal decay rate.

Rather recently, the author has proved the following generalization of Theorems 2 and
3 and faster decay of the microscopic part in Lj:

Theorem 4 ([13], Hard potentials). In addition to the assumptions as in Theorem 2,

assume

€o,0 = |[follrzz + 1 follrzz + [Vl follizz < &

for some o > 0. Then, taking e, > 0 smaller if necessary, the solution obtained in
Theorem 2 satisfies

ota o ota o
I+ = Vel fllorrgre + 1A +0) > Vo "X =P) fllirz2e2
ova |V, [0
+ [+ p b ) sy < Cova (16)
for any T > 0. Moreover, if €pqy1 < €1 1S further assumed, then it holds
(L+T) 75 IV " T =P) (D) 12z < Ceoan (17)

for a.e. T'> 0. Here C in (16) and (17) are independent of T

Theorem 5 ([13], Soft potentials). In addition to the assumptions as in Theorem 3,

assume

0.0 = llweqfollizz + llwerjafollprz + wersal Val® foll Lz < o

for some o > 0. Also, the conditions (9) on the exponent of the weight functions are
replaced with

(j>a+a)/\<qzoz>€>o+a>’
2r 2r
where
! 1 1
O<r< pe -+—=1

3+ (a+1)p" p P



Then, taking eo > 0 smaller if necessary, the solution obtained in Theorem 3 satisfies

1L+ )3 Vel *weg f g g + 1L+ 02 Vel *weg 0= P) fllprzez

+ H(l el c)‘ < Cev (18)
(Vo) 77 g = 70
Jor any T'> 0. Moreover, if €, < € is further assumed, it holds
ota+l a w
(L+T) = Vo[ "X =P) f(T) 1122 < CeGara (19)

for a.e. T > 0. Here C (18) and (19) are independent of T'.

The main statement of these theorems are (17) and (19). These inequalities show that
the microscopic part of the solutions always decay faster than the solution itself with the
rate (1 +t)~Y/2 for any order of differentiation a > 0. In order to do that, we first need
to deduce (16) and (18) for each case.

The strategy of the proof of (16) and (18) are rather similar to those of (7) and (10).
Indeed, when we need to apply the multiplication of |k|* to the non-linear terms (the
linear terms can be dealt with pretty much the same way), we use

[k* < C([k = £ + 1€]7).

As we can observe form the convolution, in the product of functions on the Fourier side,
we apply this multiplier to one of them and the other is of zeroth order. Since such terms
are already proved to be small, we can apply similar energy method.

We remark that the interpolation technique works uniform in o > 0. Indeed, for general
a > 0 we have to estimate

o ! ota—11 £112 1/2
/R3|k| (/0 (1+1) ||fHLgdt> dk.

For this term we use the interpolation
(1 + t>a+a—1 — (1 + t)(a+a)(1—6)|k|2(1—9) . (1 + t)(—1—5)9|k|—2(1—9)
< P14 87O+ C2(1+ ) 0 k2 (20)

where § = (0 + a+1+¢)7! € (0,1). (20) generalizes (14). Then the remainder on
{|k| < 1} is bounded by

r 11— _9l=06 12 1/2 _1-0,, 2
[ ([ o b ) Tk < € [ e e
k|<1 0 Ik|<1

, _ 1/p’
< C||f||LpLooL2(/ k[P (a_Al—ge)dk;>
PN k<

< Cllfollp Lz



because, as in (15), one can compute
1—-40
p/(Oé — T) =-3 +p/€ > —3.

Note this exponent of |k| is uniform in «, even though 6 is not.
To prove faster decay (17) and (19), we employ the strategy from [15], where we deduce
a priori estimates for (I — P)f. In the hard potential case one can deduce

(T =P)f(T) 122

_Ap T A(T—t) A 9 1/2
< O AN~ P)follgay +C [ ([ TIPSR, )k
3 0 v,

vo [ ([ ([ it ol i ) @)

by applying (I — P) to (4) then carrying out the usual energy estimate. Substituting
the decay estimates of the solution (16), one can calculate that the decay rates of the
_o+1

second and third terms are (1 +¢)" 2z and (14 ¢)7?. Since we assume p > 3/2, it holds
o > (0 +1)/2. Therefore we have (1 + t)~'/2-faster decay.

Open problems

Here we catalogue some open possible problems related with the above-mentioned the-
orems.

First, concerned with the problem on T3, we may consider whether we can weaken
the condition f € A(T®). Although this space is not contained in C*, it contains C*
(1/2 < B < 1), so somehow we are taking smooth data. It would be interesting to find a
solution in wider classes that just contained in C' but does not exhibit differentiability.

Second, concerned with the problem on [—1,1] x T?, generalizing the boundary condi-
tions is an interesting problem. Since what were dealt with are very basic ones, still there
a lot to be done in this direction. Also, considering the problem on [—1,1] x R? would
be a problem too. Since the domain is bounded in one direction, a solution in this case
behaves like that on [—1, 1] x T? (if exists), but such properties are not yet fully revealed.

Third, concerned with the solution in (L' N L), there are some possibilities:

e Can we construct a local (and hence a global, given we have already proved a priori
estimates) solution if 3/2 < p < 2?7 The author guesses that this may require the
analysis of the equation on Sobolev or Besov spaces of negative order. Analysis in
[14] would be helpful, but not yet sure.

10



e Can we remove the restriction 3/2 < p < oo, which came from the use of (11) and
(12)7 So far this seems difficult, because P f lacks dissipativity on R3. Thoroughly
new method would be required for this problem.

e Related with the second item, can we remove € > 0 and recover optimal decay of the
solution? ¢ is needed for (14). One possibility would be the use of more localized
spaces, such as the locally uniform L? or Fourier-Besov spaces, instead of L} as an
auxiliary space.

e Can we use some spaces other than Lj as a base space (in view of decay rate)? The
difficulty of replacing L} with others lies in inequality

1fglley < N lzallgller

with 1/p =1/q+1/r—1, i.e., L} estimates are of convolution type. If we want either
q or 7 is equal to p, then the possible choice is to take at least one of them 1. Some

finer estimates would be required.

Finally, for possible problems on smoothing effects of (4), consult [6].
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