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Abstract

This paper is the survey of [4], which proved the ill-posedness of the two-dimensional
stationary Navier—Stokes equations in the scaling critical Besov spaces.

1 Introduction
We consider the incompressible stationary Navier—Stokes equations on R™ with n > 2:
—AU +Pdiv(U@U) =PF, divU =0, x e R, (1.1)

where P := I + Vdiv(-A)~' = {6;; +8zj8zk(—A)’1}l<j)kgn is the Helmholtz projection
onto the divergence-free vector fields. Here U = U(z) : R™ — R™ represents the unknown
velocity fields and P = P(z) : R®™ — R denotes the unknown pressure of the fluid, while
F = F(z) : R® — R" is the external force which is a given function. The equation (1.1)
possesses the invariant scaling transform; if (F,U) satisfies (1.1), then the scaled functions

Fy(z) := N3 F(\x), Ux(z) := AU(\x)

also solve (1.1) for all A > 0. We call that the data space D and the solution space S are scaling
critical if

[Exllp = [[Fllp,  [[Uslls = [Ulls (1.2)

for all A > 0. As the homogeneous Besov spaces D = B,?,Q_S(R”) and § = ng_l(]R”) (1<
p,q < 00) satisfy (1.2) for all dyadic numbers A > 0, we regard them as the scaling critical
Besov spaces for (1.1).

The aim of this paper is to survey of the result in [4] that considers (1.1) with the two-
dimensional case n = 2 and proves that (2.1) is ill-posed in the scaling critical Besov spaces

D = B;l_g(RQ) and S = F € B;II(RQ) with 1 < p < 2, which is the completely different
phenomenon for the high dimensional case n > 3 stated in [8].

Before stating the main result of [4] precisely, we shall recall known results related to our
study. In the higher-dimensional cases R™ with n > 3, Leray [12], Ladyzhenskaya [11], and
Fujita [5] proved the existence of solutions to (1.1). For the scaling critical framework, Chen
[2] proved the well-posedness of (1.1) from F = divF with F € L5(R") to U € L"(R").
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Kaneko—Kozono—Shimizu [8] proved that (1.1) is well-posed from By, 3(R”) to Blg 1(]R”) for
all (p,q) € [1,n) x [1, cc], whereas Tsurumi [14, 16] showed the ill-posedness for (p,q) € ({n} x
(2,00]) U ((n, 0] x [1,00]). Li-Yu—Zhu [13] considered the remaining case (p,q) € {n} x [1,2].
For other related results, see Tsurumi [15] for the well-posedness and ill-posedness in the scaling
critical Besov spaces on the periodic box T™ (n > 3). Yamazaki [18] made use of some symmetric
structures and constructed small solution. In [18], he considered (2.1) in the whole plane case
and proved that for given external force F = VG = (0,,G, —0,,G), where G decays like
|G(z)| < 8(1+ |x|)~2 with some 0 < § < 1 and possesses the following symmetric conditions:

G(—l‘l,xg) = G(le, —1‘2) = G($2,$1) = G(—l‘271’1) = —G($17.’L’2)7 (13)

there exists a unique small solution to (1.1) in the L?°°(R?)-framework with the vorticity
rot U satisfying the same condition as for G. Guillod—Korobkov—Ren [7] constructed a unique
solution to (1.1) for compact supported external forces that do not necessarily have any spatial
symmetric structure.

Despite of numerous studies on the two-dimensional stationary Navier—Stokes equations, it
was a long-standing open problem whether the two-dimensional Navier—Stokes equations on the
whole plane R? possesses a unique small solution for a given small external force F in general
settings without any symmetric condition. In particular, unlike the higher-dimensional cases,
the well-posedness and ill-posedness of stationary Navier—Stokes equations on the whole plane
case in the scaling critical framework were completely unsolved. In the paper [4], the author
solved the aforementioned open problem in the challenging case R? and proved the ill-posedness.
The main result of [4] now reads as follows.

.2
Theorem 1.1 (Ill-posedness of (1.1)). For any 1 < p < 2, (1.1) is ill-posed from B, 3(11%2)

.2
to B, (R?) in the sense that the solution map is discontinuous. More precisely, for any
1 < p < 2, there exist a positive constant 69 = do(p), a positive integer Ng = Ny(p), and a

.2_3
sequence {Fnfnen C B) (R?) satisfying

li F =0
Jm IEw s s

p,1

such that if each Fy with N = Ny generates a solution Uy € B]il_l(RZ) of (1.1), then it holds

inf > do.
ngNo HUN”BP%II - 50

Remark 1.2. We provide some remarks on Theorem 1.1.

1. Theorem 1.1 can be compared with the result of Yamazaki [18]|, where he constructed
a unique small solution to (1.1) in the scaling critical space L?>°(R?), which is a wider

Ja2_
framework than ours, that is B}, 1(11%2) — L?°°(R?) (1 < p<2). In [18], it is assumed
that the small external force has the form F = VG with some function G satisfying the

symmetric condition (1.3), while our sequence of external forces in Theorem 1.1 is given
by an anisotropic form as follows:

Fy(x) := —%VJ‘A(\P@) cos(Mz1)),

for some constants 0 < § < 1, M > 1, and some real valued radial symmetric function
U € . (R?) with supp ¥ compact. Therefore, it is revealed that the symmetric condition
(1.3) is a crucial assumption for the solvability of (1.1).



2. In the higher-dimensional whole space R™ and periodic box T"™ cases with n > 3, it was
shown in [8,15] that (1.1) is well-posed in the scaling critical Besov spaces based on L?(R™)
for 1 < p < n. Tsurumi [17] revealed that similar results hold for the two-dimensional
stationary Navier—Stokes equations on the periodic box T2. In [17], he showed the well-
posed in the nearly scaling critical Besov spaces based on LPT¢(T?) for 1 < p < 2 with
small € > 0. By comparing these results and Theorem 1.1, we see that, unlike the higher-
dimensional cases, the solvability is different in the two-dimensional case when the domain
is the periodic box T? and the whole plane R2. This implies that in the two-dimensional
case, information at the spatial infinity of (1.1) affects the solvability of (1.1), which may
be attributed to the fact that the fundamental solution of the two-dimensional Stokes
equations increases logarithmically.

We elaborate upon the difficulty that we meet when we prove Theorem 1.1. Following
the standard ill-posedness argument as proposed in [1,14,19]|, we may construct a sequence

{Fn}Nen C BE);P’(RQ) of the external force satisfying

. . (1)
dm vl s =0 Jim o)

. 2
R . =0, hmlnfHU](\,)HBP%Q,l > 0,

B,,%, « N—o0
where U J(\} ) and UJ(\? ) are the first and second iterations, respectively, defined as
Uy = (-A) PRy, U = —(-A)"Pdiv(Uy @ UY).
We formally decompose the corresponding solution Uy of (1.1) with the external force Fy as

Uy =UY + U + Wy,

where the perturbation Wy is a solution to

~ AWy + Pdiv (U}V” U@ +UP Ul +UP e UP
1 2 1 2 (1.4)
+UY @ Wy + U @ Wy + Wy @ UG + Wy @ UP + Wy @ Wy ) =0.

However, in the whole plane case R?, it seems hard to find a function space X C .%/(R?) in
which the following nonlinear estimate holds:

|(-8)"Bdiv(U & V)| < CIUIx[V]x. (15)
In particular, the author [3] implied that (1.5) fails for all scaling critical Besov spaces X =

2
Bl, 1(R2) (1 € p,qg < 00). Thus, it seems difficult to construct a function Wy obeying (1.4)
and establish its suitable estimate. Consequently it is hard to prove the desired ill-posedness
by the standard argument.

Let us mention the idea to overcome the aforementioned difficulties and prove Theorem
1.1. Inspired by the general observation that the stationary solutions should be the large time
behavior of nonstationary solutions, we consider the nonstationary Navier—Stokes equations.
Then, in contrast to the stationary problem, which possesses difficulties in the singularity of
(—A)~! at the origin in the frequency side, we see that, for the nonstationary Navier—-Stokes
equations, the heat kernel {e?*};~¢ relaxes the singularity on the low-frequency part, and we
may obtain the nonlinear estimate

—_— 2 2
with X = L7(0, T} BE;H? (R?)) for some p,q,r and all 0 < T < co. Motivated by these facts,
we suppose to contrary that (1.1) is well-posed and consider the nonstationary Navier—Stokes
equations with the stationary external forces. Then, we may show that a contradiction appears
from the behavior of the nonstationary solutions in large times.

t
/e“‘TdeiV(u(T)@v(T))dT < Cllullxlvllx

0

X



2 Nonstationary analysis

Let us consider the nonstationary incompressible Navier—Stokes equations with the stationary
external force:

Oru — Au + Pdiv(u @ u) = PF, t> 0,z € R?,
divu =0, >0,z € R?, (2.1)
u(0,2) =0, z € R2

Here, u = u(t,z) : (0,00) x R? — R? denote the unknown nonstationary velocity of the fluid,
and F = F(z) : R? — R? is the given stationary external force. By the Duhamel principle and

t
/ "IAPFdr = (—A)7H (1 - ') PF,
0

(2.1) is formally equivalent to
u(t) = (=A)7' (1 — ") PF + Dlu, u|(t), (2.2)

where the nonlinear Duhamel term D[, -] is defined by
¢
Dlu, v|(t) := —/ eDAP div(u(r) ® v(7))dr.
0
We say that u is a mild solution to (2.1) if u satisfies (2.2).

2.1 Global ill-posedness

Since the external force in (2.1) does not depends on time, it is excepted that the solution to
(2.1) does not decay in time. However, it is difficult to close the nonlinear estimates in the

— .2 1
scaling critical spaces that include functions non-decaying in time such as L>°(0, 00; Bj 4 (R?)).
Thus, it is hard to construct a bounded-in-time global solution to (2.1). In this subsection,
we justify the above consideration in the sense that for every 1 < p < 2, the solution map

. 2_3 ~ .2 1

By, (R*) 5 FueC([0,00); By, (R?))is discontinuous even if it exists. More precisely we
.2_3

show that there exist two sequences {Fy}nen C B}, (R?) of external forces and {Tx } ven C

(0,00) of times satisfying

i ||FNHB§1_3 =0, lim Ty = oo,

~ L2
such that (2.1) with the external force Fiy admits a solution uy € C([0,Tn]; B, ; 1(]R2)) satis-
fying

liminf |uny(Tn)|| . 2_, > 0.

N—oo B:1
In this paper, we call this phenomenon as the global ill-posedness. The aim of this subsection
is to prove the following theorem.

Theorem 2.1 ([4, Theorem 3.1]). Let 1 < p < 2. Then, there exist two positive constants
01 = d1(p) and Ky = K1(p) such that for any 0 < § < &y, there exists a sequence {F5 n}nen C

.2_3
By (R%) of external forces such that the following two statements are true:

(i) For any N € N, it holds

s S

1
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B
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(ii) Let Ty := 22N. Then, for each mteger N > 3, (2.1) with the external force Fs n admits
a mild solution us n € C([0, Tn]; 37 1(R )) satisfying
52

0
liminf |jus v (Tn)|| . 2_, > —, limsup [lus, NHN L, < K62 (2.3)
N—o0 BP, K, N—o0 ~(0,Tn Bp] )

Remark 2.2. For the nonstationary Navier—Stokes equations in R™ with n > 3, it is possible to
construct a small global-in-time unique solution for small external force that is bounded-in-time
but does not decay as t — oo. We refer to [6,9] and references therein for the time periodic
setting. Thus, the assertion of Theorem 2.1 is one of phenomena inherent to two-dimensional
flows.

We shall sketch the outline of the proof of Theorem 2.1. We first follow the standard ill-
posedness argument used in studies such as [1,19] and formally decompose the solution us n
as

UsN = ’U,((;lj)v (2) +wb N

(1

where u; ])V and u((f])v denote the first and second iterations, respectively, which are defined by

1 - 2 1 1
) = (-A) (1= B PRy, () =D [ulluih] @)
and ws, v is the perturbation solving

atng’N — Awg’N + Pdiv (w&N Rws N + ugll)v ® u((SQJ)V + u<(321)\7 & ugll)vv ((SQJ)V ® u((SQJ)V

+uz(51)\/®w5N+uz(5])v®w5N+w5N®u¢(h)\/+w5N®u((51)V> =0,

divws ny =0,
ws,N(0,z) = 0.

.2_3
Then, choosing a suitable sequence {Fs5 v} nen C B,y (R?), we may see that

1 1) )
Fsnll 2 5 < C—e, ‘ ( H 2, <C—, 2.4
1Faillyz =< 0% Foeel, ) S VN 24
whereas the second iteration satisfies
i H ’ ‘ A H ’
U2 (Tw)| 2, > e, <Cs 2.5
’ () BF, L(0,Tn; B”l b (23)

for sufficiently large N. It is relatively easy to obtain (2.4) and (2.5), while the most difficult
part of the proof is how to construct and control the perturbation ws . To this end, we
consider the estimate of ws, y in

-1+%

G0, Tw B2y (R2) 0 LN (0, Tw: B2, (R2)).

Here, the choice of the auxiliary space LN (0,Tn; B ” S (R?)) is the most crucial idea of the
proof. Indeed, choosing the Lebesgue exponent of the time integral as NN, we see that the
LY (0, Ty)-norm of functions are bounded by the L (0, Ty)-norm with the constant indepen-
dent of N. More precisely, it holds

Nl o0,y < TN Il fllzo 0.7n) = 4l fll Lo 0,7)



for all f € L*(0,Ty). On the other hand, choosing the interpolation index as ¢ = 2 in the

auxiliary Chemin—Lerner space LN (0, Tn; B ’J S (R?)), we may use a pair of estimates
Dlu,olll _ 2y <ONfull__ 2, %, lloll g
L= (01587, Y LN(0,T;B7, LN(OTBP ) (2.6)
+COllull _ 2, HU|| 2,
L®0,1:B7, )  L=0T;BF, )
<
HD[U7U]HZ\K]/(O,T,B;;]+N) = CWHUHE‘I—V/( T z;”rN LN(O T Bp H’%) (27)

proved in [4, Lemma 2.5] above. Then, keeping these facts in mind and making use of the
iterative argument via (2.6) and (2.7), we may obtain the existence of the perturbation ws n
and the estimate

w < 083, w <C— 2.8
N oMl g iy SO 29)

for sufficiently small 6. Collecting (2.4), (2.5), and (2.8), we obtain the solution us y satisfying
the desired estimate (2.3).

2.2 Global solutions around the stationary flow

In contrast to the previous subsection, if we assume that the stationary problem (1.1) possesses
a solution U for some external force F' and then consider the nonstationary Navier—Stokes
equations (2.1) with the same external force F' as for U. Under this assumption, we may prove
that (2.1) admits a bounded-in-time global solution.

Theorem 2.3 ([4, Theorem 3.3]). Let 1 < p <4 and 1 < g < co. Then, there exist a positive
constant d2 = d2(p,q) and an absolute positive constant Ko such that if a given external force
.2_3 .21
F € B4 (R?) generates a solution U € B4 (R?) to (1.1) satisfying
HUH 2 1 K d2,
BPq

then (2.1) with the same external force F admits a global mild solution u in the class

~ .21
u€ C([0,00) By (RY)),  lull _ y S KU 2

Assuming the existence of the stationary solution, we consider the perturbation v = u — U,
which should solve

v —Av+PdiviU Q@ v+vQU +vQwv) =0, t> 0,z cR?
dive =0, t>0,z €R?, (2.9)
v(0,2) = —=U(x), x € R2,

then (2.9) possesses no external force that does not decay as t — oo, which implies that the

solution v of (2.9) is expected to decay as t — oo and belong to some time integrable function
spaces. Since the nonlinear estimate is closed in

~ .2 — L2142
C((0,00); Big (R*) N L7(0,00; By " (RY)) (2.10)

for some 2 < r < oo (see [4, Lemma 2.4]), we may establish the global solution v to (2.9) in the
class (2.10). We then obtain the desired solution by u := v + U.



3 Proof of Theorem 1.1

Now, we are in a position to present the proof of our main result.

Proof of Theorem 1.1. Let §; and d2 be the positive constants appearing in Theorems 2.1 and
2.3, respectively. Let K be the positive constant satisfying
sup [Pl o]0l 2 < Kollull__ 1 sup (@)

2 2
St >~ (0,T; 51 By,

2 -1 (31)

Bf o ) 0<t< oo
~ L2 L2

for all T > 0, u € C([0,T]; B, 1(RQ)), and v € C([O,T];Bﬁool(RQ)). See [4, Lemma 2.4] for

the proof of (3.1). Let K; and K» be the positive constants appearing in Theorem 2.1 and

Theorem 2.3, respectively. We define
8o = mi {5 5y, 28 } 83 = mi {5 . }
= min , 03, (= 1min s :
0 T OK K, 3 VKo (K, + Ka)

We consider the sequence Fi := Fjs, v, which is defined in Theorem 2.1 with ¢ replaced by ds.
Note that Theorem 2.1 yields

Kl(;S
F 2 -2
” NH 5] \/N

Let us consider the nonstationary Navier—Stokes equations

—0 as N — oo.

Oru — Au + Pdiv(u ® u) = PFy, t>0,2¢R?,
divu =0, t>0,2€R?, (3.2)
u(0,2) =0, r € R2.

By Theorem 2.1, there exists a Ny = Ny(p) € N such that for each N € N with N > Ny, (3.2)
possesses a solution uy = us, x € C([0, Tn]; B” (Rz)) satisfying

2
> % 2, < K. (3.3)

un (T 2 b
lun (TNl 5 1 K17 I NHL“&(O,TN;B;’,] )

Here, we have set T := 22N,

Assume to contrary that there exist an integer N’ > Ny and a solution Uy € B . 1 (]RQ)
(1.1) with the external force Fi/ satisfying

HUN’H 2, < do. (34)

p 1

~ L2
Then, by (3.4) and Theorem 2.3, Fiy- generates a global-in-time solution un+ € C([0, 00); By 1(]R2))
to the nonstationary Navier—Stokes equations (3.2) satisfying

HUN/H 2 <K2HUN/|| 2_4 <K263. (35)
L2 (0,008 ) By

Next, we show that these two solutions uxs and uy coincides on [0,Tn/]. Since un’ — upn-
enjoys ﬂN/ —UN’' = D [ﬂN/,ﬂN/ — UN/] +D [17]\]/ — UN/,UN/] we see by (31) that

sup  [lune(t) —un/ ()| 2,
0<t< Ty B} o
< Kol[(unr, un)|| 2., sup  |Jan () —un(8)] 2
L>=(0,Tn;BY | ) 0<t<Ty B} o
< Ko (Kq + K2)d3  sup ||UN’(t)—UN’(t)||.L]
0<t< Ty B oo
1 ~
5 sup i () —uw ()] 3 s
0<t< Ty By oo



which implies @y (t) = un(t) for all 0 < ¢t < Tnv. Hence, it follows from (3.3) and (3.5) that

1

Un'|| 2., > —llan|| _ 2
00 2 gl e
> Ll L s (Tl 51 > =5 > 29
— U N 7 2_, = —|lun/ 7 2 _ 5
= K2 N N B:l 1 K2 N N B:1 1 = K1K2 = 0
which contradicts (3.4). Thus, we complete the proof. O
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