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1 Introduction

This report is an announcement of [32].

Let BMO(RY), H'(R?) and CZ,,,(R?) be the set of all functions of bounded mean
oscillation, the Hardy space and the set of all infinitely differentiable functions with
compact support on the Euclidean space R?, respectively. Then the following duality
assertions are known:

(WEMO(Rd))* — H'(RY), (H'(RY)" = BMO(RY), (1.1)

comp

- d
where C'9 (Rd)BMO(R :

comp

is the closure of %5, (R?) with respect to BMO(R?). For
the duality assertions in (1.1), see [7, 8] and [5, 9], respectively. See also [6, 10].

The second duality in (1.1) was extended to generalized Campanato spaces
L, 4(R?) with variable growth condition by [15], where p € [1,00) and ¢ : R¢ x
(0,00) — (0,00). If p =1 and ¢ = 1, then £, 4(R?Y) = BMO(R"). The func-
tion space £, 4(R?) was introduced in [19] to characterize pointwise multipliers on
BMO(R?) and studied in [12, 14, 16], etc. Moreover, it has been proved that £, ,(R?)
is the dual space of the Hardy space HP()(R?) with variable exponent in [18]. That
is, H")(R?) is a predual of £,4(R?). In general the predual is not unique. It
was proven in [15] that an atomic Hardy-type space H!*4(R?) is also a predual of
£p7¢<Rd)-
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In this report we extend the first duality in (1.1) to

= Los®IN* 6.0l mod
(Ccomp< ) ) - H[ 9 (R )7 (12)
which is an extension of the result in [29]. In this report we treat a wider class of ¢
than [29]. We also extend the characterization of C2 (Rd)BMO by Uchiyama [28]

comp

L, 5(RY
to Cosmp(RY) Erl ), which is also an extension of [2]. Moreover, using this charac-

terization, we prove the boundedness of singular and fractional integral operators
£, (R
on C2 (R?) o@D A corollaries, for a € (0,1) and p € (1,00), we have the

comp

J— d
boundedness of the fractional integral operator I, from LP(RY) to Cp R )BMO(R )
if —d/p+a =0, and from LP(R%) to Comp (RD) ™ if —d/p+a = § € (0,1).

Lipg (R

In recent years, function spaces C2  (R%) ) and related function spaces

comp
have attracted more and more attention related to the compactness of commuta-
tors. For instance, Nogayama and Sawano [21] studied the compactness of com-
Lipg (R) and 1,
is the fractional integral operator. This result is extended to generalized Morrey
and Orlicz-Morrey spaces using m Crp® by [1, 2, 31]. In addition, Guo
et al. [11] studied the compactness of iterated commutators on weighted Lebesgue
spaces. Torres and Xue [27] and Tao et al. [25] studied By (Rd)BMO(Rd)
mutators of bilinear operators on Lebesgue and weighted Lebesgue spaces, respec-
tively, where By (R?) is the set of all b € C*(R?) N BMO(RY) with D7b(z) — 0
as |z| — oo for any v € (NU {0})?\ {0}. Recently, Tao et al. [26] extended these
results to Bo, (]Rd) Lipg (R)
r()ﬁp o (RY)

comp

mutators [b, I,] on Morrey spaces, where b is a function in Cg5,, (RY)

and com-

. In this report we study properties on the function space

and the boundedness of operators on this function space.
In this report we denote by B(x,r) the open ball centered at € R? and of
radius r. For a function f € L (R?) and a ball B, let

fo=1 1= 1 s =gz [ rwan

where |B| is the Lebesgue measure of B.
For a function ¢ : R? x (0,00) — (0,00) and a ball B = B(x,r) we write
#(B) = ¢(z,7). The function space L, 4(R?) is defined as follows:

Definition 1.1. For p € [1,00) and ¢ : R? x (0,00) — (0,00), let £, 4(R?) be the

set of all functions f such that the following functional is finite:

1 » 1/p
1£le,. =00 55 (o 170 = sl )

where the supremum is taken over all balls B in R,
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Then | f|z,, is a norm modulo constant functions and thereby L£,4(R?) is a
Banach space. If p = 1 and ¢ = 1, then £, 4(RY) = BMO(R?). If p = 1 and
¢z, r) =1 (0 < a < 1), then £, 4(R?) coincides with Lip, (R?). If ¢(x,r) = r
(—d/p < X < 0), then £, 4(R?) is the same as the Morrey space modulo constant
functions. In particular, if A = —d/p, then it is the Lebesgue space LP(R?). The
results in [2, 29] are only the case that ¢ is almost increasing. Our results cover the
case that ¢ is almost increasing on one area, is a constant on another area and is
almost decreasing on the other area.

We denote by MO(f, B) the mean oscillation of f € L{_(R?) on the ball B, i.e.,

MO(f, B) = 7@ ) — faldy = |—;l /B () — fuldy.

Then Uchiyama proved the following characterization:

BMO(R?

Theorem 1.1 ([28]). Let f € BMO(RY). Then f € C,,,(RY) : if and only

if [ satisfies the following three conditions:

(i) lim sup MO(f, B(z,r)) = 0.

r—+0 reRd

(ii) lim sup MO(f, B(z,r)) = 0.

r—00 xERd

(iii) lim MO(f, B(z +vy,7)) =0 for each ball B(z,r).

ly|—o0

The above characterization was first mentioned by Neri [20, Remark 2.6] without
proof, in which the above three conditions were referred to as CMO, continuous mean
oscillation. By [2] Theorem 1.1 was extended to £, ,(R?) in the case that ¢ is almost
increasing. We entend it to a wider class of ¢.

The organization of this report is as follows. In Section 2 we state the definitions
and known properties on £, 4,(R?) and H*%(R?). Then we state the main results

— d
in Section 3, that is, the duality (1.2) and the characterization of C'% (R‘Z)Lp’d)(]R !

comp
As applications of the characterization we prove the boundedness of singular and
fractional integral operators on mﬁp’d’md) in Sections 4 and 5, respectively.
At the end of this section, we make some conventions. Throughout this report,
we always use C to denote a positive constant that is independent of the main
parameters involved but whose value may differ from line to line. Constants with
subscripts, such as (), is dependent on the subscripts. If f < Cg, we then write

f<Sgorg 2 fyand if f < g < f, we then write f ~ g.



2 Definitions and known properties

In this section we state the definitions and known properties on L, 4(RY) and
HI$a(RY).

For a ball B = B(z,r) and a positive constant k& we denote B(z, kr) by kB. For
a measurable set G C R?, we denote by |G| and x¢ the Lebesgue measure of G and
the characteristic function of G, respectively.

We say that a function 6 : R? x (0, 00) — (0, 00) satisfies the doubling condition
(resp. mnearness condition) if there exists a positive constant C' such that, for all
z,y € R and r, s € (0,00),

1 O(z,r) 1 r
< < - < -<
C = O(x,s) — ¢, if 2= s~ 2, (DC)
1 O(x,r) .
=< < — < .
(resp C S S C, if |z —y| < r) (NC)

We say that 0 is almost increasing (resp. almost decreasing) if there exists a positive
constant C' such that, for all z € R? and r,s € (0, c0),

O(z,r) < CO(z,s), ifr<s (AI)
(resp. CO(x,r) > 0(x,s), ifr <s). (AD)

For two functions 0, x : R? x (0,00) — (0,00), we write  ~ & if there exists a

positive constant C such that, for all x € R? and r € (0, 0o),
1

16
C = k(z,r

>

<c. (2.1)

~—

Let 1 < p < oo and ¢,¢ : R? x (0,00) — (0,00). If ¢ ~ ¢, then £, 4(R%) =
L, ;(R?) with equivalent norms.

In this report we consider the following class of ¢:

Definition 2.1. (i) For p € [1,00), let G, be the set of all functions ¢ : R? x
(0,00) — (0,00) such that 7 +— r%P¢(x,r) is almost increasing and that
r +— ¢(x,r)/r is almost decreasing. That is, there exists a positive constant
C such that, for all z € R? and 7, s € (0, 00),

riPy(z,r) < CsPp(x,s), Co(x,r)/r > ¢(x,8)/s, ifr<s.

(ii) Let G be the set of all functions ¢ : R? x (0,00) — (0,00) such that ¢ is

almost increasing and that r — ¢(z,7)/r is almost decreasing.
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Remark 2.1. If ¢ € G, or ¢ € G, then ¢ satisfies the doubling condition (DC).
If1<p<q<oo, then G™ C G, S G, & Gi. Actually, letting ¢,(x,7) = r,
we have ¢_q/y € Gy \ G™, ¢_asp € G, \ G, and ¢_4 € G, \ Gi. We also note that

Lys_,,(RY) = {constant functions}, since, if f € Ly4_, (R?), then

/B(O ) lf — fBon] < ||f||£q,¢_d/p|B(077’)|d/q¢_d/p(:1777’) —0 asr — oo,
Ne

and lim,_,, fp(0, exists, see [14, Lemma 3.2].

Remark 2.2. 1t is known that, if ¢ is in g™ and satisfies (NC), then £, 4(R?) =
L1 4(R?) with equivalent norms for each p € (1, 00), see [15, Theorem 3.1].

Let
d(w,r) =

re@ 0 <r <1,
o, 1<r <oo,

where a(-) : R? — (—00, c0) and a, € (—00,00). Let

ay = inf a(z), a_- = sup a(z).
rER zeRd

If —d/p<a_<ay<land —d/p<a,<1,then¢isinG, If0<a_<a; <1
and 0 < a, < 1, then ¢ is in G"™°. If —c0 < a_ < a; < co and af+) is log-Holder

continuous, that is, there exists a positive constant C' such that, for all z,y € R,

< C

— log(e/lx —yl)

then ¢ satisfies (NC), see [16, Proposition 3.3].
Moreover, for a(-) : R — [0,00) and a, € [0,00), let Lipgz‘.)(Rd) be the set of

all functions f such that the following functional is finite:

2|f(x) = f(y)] " If(l’)—f(y)l}7

a(z) — aly)] if 0<[z—yl <1,

Qlx

f i o :max{ sup
H ||L1pa(') 0<lr—yl<1 |£L’ _ yla(x) + |CL’ — yla(y) ’ oy >1 |27 -y

see [16, Definition 2.2]. If 0 < a- < ay < 1,0 < a, < 1, and «f(-) is log-Holder
continuous, then

Ly o(R?) = L1,4(R?) = Lipj?, (R) (2.3)

with equivalent norms, see [16, Corollary 3.5].
Next we state the definition of H®d(R?).

Definition 2.2 ([¢, ¢]-atom). Let ¢ : R? x (0,00) — (0,00) and 1 < ¢ < co. A

function @ on R? is called a [¢, ¢]-atom if there exists a ball B such that



(i) suppa C B,

N —

| BV $(B)’
(i) /R ae)dr =0,

where ||al|zq is the L? norm of a and 1/g +1/¢' = 1. We denote by A[¢, q] the set
of all [¢, ¢]-atoms.

If a is a [¢, g]-atom and a ball B satisfies (i)—(iii), then

/Rd a(x)g(x) dx

/B o) (g(x) — g5) di

) 1/q
< ||a||Lq( / 9(x) — gu" da:)

That is, the mapping g — [ag is a bounded linear functional on L, 4(RY) with
norm not exceeding 1.

Definition 2.3 (H*9(R?)). Let ¢ : R? x (0,00) — (0,00), 1 < ¢ < oo and
1/q+1/¢ = 1. Assume that L, 4(R?) # {0}. We define the space H%4(RY) C
(Ly.6(RY))* as follows:

f € HP9(RY) if and only if there exist sequences {a;} C Ao, q] and
positive numbers {\;} such that

= Njajin (Lys(RY))* and ) "\, < oo. (2.4)
J J
In general, the expression (2.4) is not unique. We define

Il = int {Z A]} |
J

where the infimum is taken over all expressions as in (2.4). Then || f|| gts.q is @& norm
and H?4(R?) is a Banach space.

Remark 2.3. If ¢ is in G, and satisfies (NC), then C, (R?) C L, 4(R?), see [29,

comp

Proposition 6.4].



Remark 2.4. If ¢ = 1 and ¢ = oo, then H*9(R?) is the usual Hardy space H'(R?).
If ¢ is in G™° and satisfies (NC), then H¢4(R?) = HI**I(R9) with equivalent norms
for each ¢ € (1,00), see [15, Theorem 3.3].

At the end of this section we state the known duality.

Definition 2.4. Denote by HO[‘M (R%) the space of all finite linear combinations of
[0, q]-atoms and fix b € L 4(R?). We define a linear functional

Lo) = [ o) de, g€ HPRY 25
as an absolutely convergent integral.
Theorem 2.1 ([15]). Assume that ¢, q satisfy the conditions in Definition 2.3. Then
(HHR))" = Ly o(RY).

More precisely, given b € Ly 4»(R?), the linear functional Ly defined by Definition 2.4
can be extended on the entire H*9(R?). Conversely, for every bounded linear func-
tional L on H*U(RY) there exists b € Ly 5(RY) such that for all f € H([fs’q} (RY) we
have L(f) = Ly(f). The norm || Le|| g0y~ is equivalent to [[b]c, .

If $ =1 and ¢ = oo, then the above duality means (H'(R?))" = BMO(R?).
Zorko [?] considered the above duality in the case that ¢ : (0,00) — (0,00) is

decreasing.

3 Main results

To state the main results we need the following conditions:

¢(x,7)

lim  inf = oo for each M > 0, (3.1)
r—+02eB(0,M) r
lim r%7¢(0,7) = co. (3.2)
T—00

By the condition (NC) on ¢, the condition (3.2) is equivalent to

lim r%P¢(x,r) = 0o for each = € R
T—00

Then our first result is the following:
Theorem 3.1. Let p € [1,00), ¢ € (1,00] and 1/p+1/q = 1, and let ¢ be in G,
and satisfy (NC), (3.1) and (3.2). Then

comp

(Comp®) )" = HlaR), (33)
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More precisely, for f € H®U(RY), the linear functional

(f,v)y = g f(z)v(z)dx, ve€ C’fg’mp(Rd) (3.4)

[ — ‘Rd
can be extended on C,,,(RY) n&, Conversely, each bounded linear functional on

— d
c (Rd)ﬁp’d’(R " has the form (3.4), for some f € H®U(R?). The linear functional

comp

norm is equivalent to || f|| g -

If p=1,g=o00and ¢ =1, then the above duality means

(Cotun®

Let ¢ be defined by (2.2) with —d/p < a_ < a, < 1and —d/p < a,. < 1. If a(-)
is log-Holder continuous also, then ¢ is in G, and satisfies (NC), (3.1) and (3.2).

In this case we have the duality (3.3) as a corollary of Theorem 3.1. Moreover, if

PO = ),

a_ >0 and a, > 0, then

QU

(Cop D)0 EN) " = grocel ()

comp

For a measurable function f and a ball B, we denote by MO,(f, B) the p-th

mean oscillation of f on B, that is,

1/p
MO, (f, B) = ( f |f(y) — fsl” cly) . (3.5)
B
Then our second result is the following:

Theorem 3.2. Let p € [1,00), and let ¢ be in G, and satisfy (NC), (3.1) and (3.2).
- @ d

Let f € L, 4,(RY). Then f € ng’mp(Rd)ﬁp’d’(]R ) if and only if f satisfies the following

three conditions:

MO, (f, B(x,r))

0 J, sy ST o
(ii) lim sup MO,(/, Bl r)) =0.

rocera G, T)
(i) lim MO Bla,r))

elsoe P, 1)
Remark 3.1. We do not need (3.1) and (3.2) to prove that, if f satisfies (i)—(iii),
then f € mﬁp’é(w). Conversely, if ¢(z,r) = r which does not satisfy (3.1),
then £, 4(R?) = Lip,(R?) and (i) of Theorem 3.2 fails for f € Cg, (R) such that
f(x) = z near the origin, since [7 f = 0 and r*(f |f|p)1/p ~ 1lasr — +0,

=0 for eachr > 0.
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see [11, An example on page 39]. Also, if ¢(z,7) = r~%? which does not satisfy

3.2), then £, 4(R%) = L?(R?) modulo constant functions and (ii) of Theorem 3.2
(]

fails for any odd function f # 0 in LP(R) = Oggmp(R)L (R), since [T f =0 and

(ST )Y = £l as 7 — oo,

If p=1and ¢ = 1, then Theorem 3.2 is the same as Theorem 1.1. If ¢(z,r) = r°,

R — 1 d
a > 0, then we have the characterization of f € C,,, (Rd)L PolF) a5 a corollary of
Theorem 3.2, which was proven by [21].

As another corollary, we consider the case of (2.2) (see (2.3) also).

Corollary 3.3. Let p € [1,00). Let ¢ : R x (0,00) — (0,00) be defined by (2.2).
Assume that —d/p < a_ < ayp < 1, —d/p < o < 1 and that o) is log-Hélder
continuous. Let f € L, s(RY). Then f € mﬁw(w) if and only if f satisfies
the following three conditions:

MO, (f, B(x,r))

O L = e =0
MO, (f, B(a,r
(ii) lim sup Oplf, Bl 1)) =0.

«
7—>00 z€RA e

(iii) lim MO,(f, B(z,7)) =0 for each r > 0.

|z|—00

—————Lip® (R
Moreover, if a_ > 0 and o, > 0, then f € O, (R?) Pa

satisfies the above three conditions.

d
) if and only if f

Under the assumptions that ¢ € G, p = 1 and that

lim inf r?p(z,r) = oo, (3.6)

r—00 l’ERd

Theorems 3.1 and 3.2 were proven in [29] and [2], respectively. In this report we base
on the same methods to prove Theorems 3.1 and 3.2. However, since G ; G, (see
Remark 2.1) and the condition (3.2) is weaker than (3.6) (see Remark 3.3 below),
we need to check precisely whether the methods in [29] and [2] are adaptable or
not to our cases. Actually, several parts are not adaptable and we need to modify
them. Therefore, we state precisely the proofs of Theorems 3.1 and 3.2 in the
following sections. Moreover, we will show the following two propositions to prove
Theorem 3.2. Proposition 3.5 is useful to prove the boundedness of operators on

Wﬁp,qs (R%) '

comp

Proposition 3.4. Let p € [1,00), and let ¢ be in G, and satisfy (NC), (3.1) and

- d
(3.2). If f € C’ggmp(Rd)Ep’d’(R ), then f satisfies (i)—(iii) in Theorem 3.2.

9



Proposition 3.5. Let p € [1,00), and let ¢ be in G, and satisfy (NC). Let f €
L, 4(RY). Assume that, for some constant A € [0,00), f satisfies the following three

conditions:

(A-1) limsup sup MO,(/, B, 7)) < A.

r—+0 zcRd ¢($, T) N
. MOp(f,B(l’,T))
A2y s o =y =
: Mop(f,B(:E7’I“))
(A3) s == r)
Then

< A for each r > 0.

inf ||f ~ glc,, < CA. (37)

9ECESmp (RY)

where the constant C' is independent of f and A.

Remark 3.2. From Proposition 3.5 we see that

Mop(f> B(:U T’))

A, O (R SC(limsu “
( p( ) H+opm@5 o(x,7)
MO, (f, B(x,r MO.(f. Blw.r
+ lim sup sup Ol (L”))%—suplimsup Ol (177)))7
r—oo  geRd gb(:v,r) >0 |z|—00 qb(il?,’l“)

where d(f, C3,,(RY)) is the distance between f and Cg5,, (RY).

comp
Remark 3.3. Let ¢(z,7) =r%/(r + |2])?,0 < § < 1. Then ¢ is in G and satisfies
(NC), (3.1) and (3.2). However ¢ does not satisfy (3.6).

4 Singular integral operators

In this section we prove the boundedness of the singular integral operators. We
denote by L2, (R?) the set of all f € LP(R?) with compact support. Let 0 < x < 1.

comp

We shall consider a singular integral operator 7" with measurable kernel K on R% x R¢

satisfying the following properties:

C

K(z,y)| < 7——F for z#y, 4.1
|K(z,y)| P—" (4.1)

K (z.y) — K 9)| + K 2) — Ky, 2) < —2 ('“"Z')H
’ ’ ’ B e TN (42)

for |z —y| > 2|z — 2|,

K(:Lny)dy:/ K(y,r)dy =0

/'r§|a:—y<R r<le—y|<R (43)

for 0 <7 < R < oo and = € R,

10



where C'is a positive constant independent of z,y, z € R%. For n > 0, let

1w = [ Ko s

Then T, f(x) is well defined for f € L2 (R%), 1 < p < co. We assume that, for all

comp

1 < p < o0, there exists positive constant C), independently 1 > 0 such that,

ITof e < Collflle for [ € Lipyy(RY),

comp

and T, f converges to T'f in LP(R?) as  — +0. By this assumption, the operator
T can be extended as a continuous linear operator on LP(RY). We shall say the
operator 1" satisfying the above conditions is a singular integral operator of type .
For example, Riesz transforms are singular integral operators of type 1.

Now, to define T for functions f € £, 4(R?), we first define the modified version
of T, by

i@ = [ SO - KO0 - xson@)]d (4

Then we can show that the integral in the definition above converges absolutely for
cach = and that T}, f converges in L?(B) as i — +0 for each ball B (see the proof
of [16, Theorem 4.1]). We denote the limit by Tf. If [ is the constant function 1,
then 71 = 0. Actually,

e = [ Ky )] b
s R () = KO0 oo @)] dy
RANB(2,n)
- /B KO X))y >0 as om0

since

[ K Gmen ] d = [ K (r,y)dy =0,
R\ B(,1)

B(2,1)\B(x.1)
and
/d [K(2,9)(1 = XB@n () — K(0,9)(1 = x50.1)(y))] dy = 0.
R

Therefore, T is well defined on L, 4(R%) which is a space modulo constant functions.
Further, if both T'f and T'f are well defined, then Tf — T'f is a constant function.
Then it is enough to consider only T'f instead of Tf for f € Cé’;’mp(Rd).

The following theorem is known:

11



Theorem 4.1 ([16]). Let T be a singular integral operator of type k € (0,1}, p €
[1,00) and ¢ satisfy (DC). Assume that there exists a positive constant A such that,
for all z € R and r > 0,

AN)

t1+n

dt < Ag(x,r). (4.5)
Then T is bounded on L, 4(R%) for p € (1,00). Moreover, if ¢ is almost increasing
and satisfies the nearness condition (NC), then T is bounded on Ly 4(R?).

We have the following theorem:

Theorem 4.2. Let T' be a singular integral operator of type k € (0,1]. Let p €
[1,00), and let ¢ be in G, and satisfy (NC) and (4.5). If p = 1, then assume that
¢ € G also. Assume that

inf ¢(x,1) > 0. (4.6)

z€R4

- , d
Then T is bounded on C° (]R{d)l:p"p(]R ),

comp

In a similar way to [29, 30] we can apply Theorem 4.2 to the dual and bidual
operators of 1. In general, if a linear operator 1" is bounded from a normed linear
space X to a normed linear space Y, then the dual operator 7% is bounded from
Y* to X*, where X* and Y* are the dual spaces of X and Y, respectively, see [33,
Theorem 2’ (p. 195)]. This idea was used by [22, 23, 24] for Morrey spaces.

Theorem 4.3. Let p € [1,00), and let ¢ be in G, and satisfy (NC), (4.5) and (4.6).
If p =1, then assume that ¢ € G™ also. Let the kernel K satisfy (4.1)—~(4.3), and
let K'(z,y) = K(y,z). Assume that T and T" are singular integral operators with
kernel K and K* of type k € (0,1], respectively.

(1) The dual operator T* of T coincides with T* on HI®PI(R?). Consequently,
singular integral operators of type r € (0,1] are bounded on H®P1(RY).

(ii) The bidual operator T** of T' coincides with T on L, (RY). Consequently, T

is a bounded linear operator on L, 4,(R?).

The boundedness of the singular integral operators on £, 4(R?) and its predual,
see [16] and [17], respectively. See also [3] for Campanato-type spaces based on

so-called ball Banach function spaces.
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5 Fractional integral operators

Let I, be the fractional integral operator of order o > 0, that is,

Iaf(a:):/R &dy, z € R

a |z —yld=e

It is well known as the Hardy-Littlewood-Sobolev theorem that I, is bounded from
LP(RY) to LI(RY) if a € (0,d), p,q € (1,00) and —d/p + o = —d/q.

To define the fractional integral operator I, on the generalized Campanato space
L, (R?), we define the modified version of I, by

- B 1 1 —xB0,)(¥)
bt = [ 10 (s~ ) o

If o € (0,1), then the integral above converges for each f € L, 4(R?). Moreover, if

f is the constant function 1, then I,1 is a constant function, since

1 1
[z =yl [z =yl

is integrable on R? as a function of v, for every choice of z and z, and

[ (e s =
- Yy =y,
re \|Z =yl |z —yli

see [13, Lemma 4,2] or [30, Lemma 4.1], for example. Therefore, I, is well defined

on L, s(R%) which is a space modulo constant functions, see [16] for details. Further,
if both I,,f and I, f are well defined, then I,f — I, f is a constant function. Then
it is enough to consider only I, f instead of I, f for f € C’fgmp(Rd).

The following theorem is known:

Theorem 5.1 ([16])‘ Let o € (07 1)7 b, q € [1700)7 and let ¢ and w SCLtiSfy (DC)

Assume that there exists a positive constant A such that, for all x € R and r €

(07 m)’
/OO Pot) gy < A—w(‘r” r. (5.1)

12 7
Ifp=1land1 <qg<d/(d—a),ifl <p<d/aand1l < q < dp/(d— ap), orif
d/a <p< oo and 1< q< oo, then I, is bounded from L, 4(R?) to L,,(R?).

We have the following theorem:

Theorem 5.2. Let o € (0,1) and p,q € [1,00), let ¢ € G, and b € G,, and let ¢
and v satisfy (NC) and (4.5) with k = 1. If p =1, then assume also that ¢ € G,

13



for some py € (1,00). Assume (4.6) and (5.1). Ifp=1and 1 < g <d/(d— «), if
l<p<d/aandl <qg< dp/(d—()/p) orifd/a <p<ooandl < q< oo, then I, is
o d .
bounded from CS5, (R?) Crio (B9 to Cg5,p(R )EW(R ), Moreover, if ¢,1 € G, then,
L, (R

for any p,q € [1,00), I, is bounded from CS, (R%) Ero () to C5,,(RY) ™

comp

Corollary 5.3. Let o € (0,1) and

@ 0<r<1 @ 0<r<l
.T7T == ’ ’ ‘r7r = ’ 7 52
é(z,7) {7‘/3*, 1<r < oo, Ylar) 7, 1<r <oo, (5:2)

where B(+),7(-) : R? — (=00, 00) and Bs, v« € (—00,00). Assume that 5(-) and ~(-)
are log-Hélder continuous. Let p,q € [1,00), and let 5_, ., € [—d/p,1 — ). If
p = 1, then we assume also that _, B4, P € [—al/po7 1 — «) for some py € (1,00).
Assume that B(x) +a = vy(z) and that B +a =v. Ifp=1and1 <g<d/(d—a),
ifl<p<d/aandl <q<dp/(d— ap) orzfd/a§p<oo and 1 < g < oo, then
I, is bounded from C.(R7) Cro (RS " to m q’w(Rd). Moreover, if y_,v, > 0,

comp

—_  Lip
then I, is bounded from C (R%) £ro(®Y to O, (R )L a0y,

comp

Corollary 5.4. Let v € (0,1), B € [0,1), p € (1,00) and —d/p + o = 5. Then
J— d

I, is bounded from LP(RY) to O, (R )BMO(R) if B =0, and from LP(R?) to

F

Comp®D) " if 5 € (0.1).

comp

Theorem 5.5. Let a € (0,1) and p,q € [1,00), let ¢ € G, and ¢ € G,, and let ¢
and v satisfy (NC) and (4.5) with k = 1. If p =1, then assume also that ¢ € G,
for some py € (1,00). Assume (4.6) and (5.1). Letp=1and 1 < q < d/(d — «),
let 1l <p<d/aandl <q<dp/(d—ap), orletd/a<p<oocandl <q< .

(1) The dual operator (1,)* of 1, coincides with I, from HW4I(R™) to HIPI(R™).
Consequently, I, is a bounded linear operator from HW41(R™) to H®P1(R™).

(ii) The bidual opemtor (I)** of I, coincides with I, from L, s(R™) to L, ,(R™).
Consequently, 1, is a bounded linear operator from L, »(R™) to L, ,(R™).

The boundedness of the fractional integral operators on £, ,(R?) and its predual,
see [16] and [17], respectively. See also [4] for Campanato-type spaces based on so-

called ball Banach function spaces.
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