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1 /1>rO80>3>

AFE Tl Delay Differential Equation (A& L T DDE % %\ DDEs ¥ &Rid 3 %) % LP-context TH X
5. Thhbb X ZNFoNZER f2LP 75 A0 E L, RD Abstract Delay Differential Equation
Z LP ZEH EoYAEREE LTEX 2. 2o LP ZH EowiEREE 7z 2 2 RO HFER % D&
DDEp & .

u(t) = —u(t) + Pu,, forz >0,
u(0)=xeX, (DDEp)

uo(s) = f(s), a.e. forr<s<0

A 2 8Tl (DDEp) &% 35. 1<0,71<0c <0tLl, (o) =u(t+o)&55. he
WP ([7,0], X) I LT @ IE Dh = h(s) for v < s < 0 25 B h OBAEREBEE n 1233 2
Stieltjes f857 @ (h) := fTO dn(o)h(o) R L, Z D operator ® % Delay operator & FER, Bk UCH
3 HilC BT distributed delay DHIZ point delays 2% 5. Z DHEE @ 1F 712 delay point s ZfAAT %
WS EKRTHWA. 2 EiTiE (DDEp) iZ2Xf3 % well-posedness IZ22WT, (DDEp) % [FIfH 7% Abstract
Cauchy Problem IZ{& Z#X Titim 3 % .

55 3 #ilC B\ T perturbation theorem %% X 5. (DDEp) (d—Rff#Z 5 TH 553, LP-context T
EZB%E Oh = h(t) LOOIRABBEEZ 2L & D(®) X LP([1,0],X) LN WLP([1,0], X) 12
o X 2 %150, EHEICWZIED(P) % LP([1,0], X) 12§ 5 L ®IZ LP([1,0], X) IFEFWERAZE L 72
D, BFHEHZED perturbation HEGMEZ 72 785, 2D X5 &M X % perturbation Hlim e LT
fEfHH 5. —Dld Desch-Schappacher @ perturbation ¥ [10], % 5 —273 Miyadera @ perturbation ¥z
T®H 5. AFTIX Miyadera perturbation Hii [24, 25, 31] D Z# X 5. delay operator ® %3 Miyadera
(Miyadera-Voigt) perturbation theorem DEMAZHFZTHE T 5 Z L 2RI 5.

AR Tl operator splitting DGR 21T 5. 4 HITIE, operator splitting method % EF L,
Z DFED Trotter product TRILTE 5 Z & Z/RS. operator splitting method IZEUEMEHT & L Tl finite
difference method D—77TH D, ZDIRMADAFEITHT 2 HHMER [20] FERENTWS. L
L DDE IZ5EH U 72li&4 72\, operator splitting method & 3477 7 FE5X % =(A+Bu %z 2 ODMW
HiE, % =Auy & % = Buy XHRL, RAEWRMNIEICBWN T2 HEREZE S, BEVWOHH
EZZHL 72055 2SOV TERENTWL [2,3,4,5,8,9,12, 13, 19] FEETH D, perturbation
ZEUCWMDABRERNOEAIERORETH S, Z DEEHODENT I Lee-Trotter-Kato[21, 30] D FE i
WKHESBDTHE., ZOTFICHTELEE LTAYHTY =L —TDRIXBEIU[19]1 03D 5.

%5 5 HiTlX operator splitting % DDE (238 L 7z £ & D E{KAY7 delay semigroup %€ L, splitting
scheme DFFMZFAR T 5. 28 6 HiTIl splitting scheme % [9, 19] IZIEVWEUEMEM 21T 5. ¥ 72 splitting
solution @ exact solution IZXf T ZREFE DTS, FTHBIUVESHTREBIUE LD ZIT.

AREEFEARRIC(1,3,6,7,9,11,13,18,26,271 5, NV H V=7 —TFD7 7a—FIZHE- Tioid
LT D3ER AN i b 5 I3 5. FEREEARINCS | HFRYX B & S Z DH D reference ZFFlDE 2

L2 O BEE e M A B D M e R —tHTE 3720 1 LW REDERDORALTFEINS. £/ 0 2RO TE
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NTWBDTEKRT 3.

2 Abstract Cauchy Problem & Abstract Delay Differential Equation

2.1 Abstract Cauchy Problem

Definition 2.1 (Abstract Cauchy Problem). [6, Definition 1.17] X 3 F w28l L, A: D(A) Cc X —» X
IUERZE L T 5.

d
Eu(t) = Au(t) for >0, (ACP)
u(0) =x

u 23 D(A) L DHERG T P BE/L BRI T (ACP) Z{ii7z 3 & X u: R, — X % (ACP) D classical solution &
WS, ZZTRIF OV EOEHEEKRT .

Definition 2.2 (well-posedness). [6, Def.1.21] (ACP) IZBWT A : D(A) ¢ X — X 2% well-posed T %
IED(A) c X XX IZB W Tdense THH, D(A) ITBIFZTRNTD x I LT, (ACP) D—EHI%
classical solution u, (t) ’FEL, X HIZ1liM,ex, =022 T TRTD (x,)ns0 € D(A) I LT,
a2 %7 X [0,T] DFTRTD X L T—HRIZ im0 iy, () = 0 DIRDILDE T2 S,

Theorem 2.3 (Abstract Cauchy Problem 7% well-posed T & % 7z 8 O A E A3 5&1F). [6, Theorem 1.22] FA
YEFIZR A : D(A) € X — X IZX} L Abstract Cauchy Problem 73 well-posed “C 3 % 728 DB+ 5H1%
(A, D(A)) 28 X 1T Cy-semigroup ZHERT B TH 5.

2.2 Delay Semigroup

Definition 2.4 (history function). [6] X ZNF v NZEr T3, r<0& L, Bflu: [r,0) > X &&
5. TRTDr>01THL, B

u; : [1,0] 30— u(t+o)eX (1)
% t>01ZBH3 3 history segment £S5 . F 7z
hy:t—u, on R, )
TEX % BE% u D history function £\ 9.
Hypothesis 2.5. ZFEDOLLFIZEWTRDREZ B K.
(HO) D7z r=-1 3 5.
(HI) X 1% NF v NZEfH].

(H2) Ao : D(Ag) € X = X 1Z X IZBWT dense ICEFRSINT-HIERAET X ICEFICEDAZTATY
3: D(Ay) <5 X.



(H3) 1< p < oo, feLP([-1,0],X).
(H4) ® : WP ([-1,0], X) — X & delay operator £ 3 5.
(H5) state space E, % &, = X x LP([-1,0],X) TEFKT 5.

(H6) (A,D(A)) & &, LOMEIEHETHD,

(AO ‘ )

A = d

0 —
do

Z D domain % D(A) = {(x, f)T € D(Ag) x Wh-P([-1,0], X) : f(0) = x}.
INSDRED D & TROPIMAERE % Abstract Delay Differential Equation (DDEp) &£\ 5.

Definition 2.6 (Abstract Delay Differential Equation (DDEp)).

db;(tt) = Aou(t) + Du,, for t > 0,
u(0) = x, (DDEp)
u(o) = f(o), a.e., for o < 0.

(DDEp) D classical solution lZRD X S ITERI N 5.

Definition 2.7 (classical solution to (DDEp)). u : [—1,00) — X 73 (DDEp) @ classical solution T % &
WBRD 35MaTeEr 0Ny,

(1) u(t) € C(|-1, ), X) N C'([0, o), X).
(2) TRTDt >0 u(t) € D(Ag), u, € WhP([-1,0], X).
(3) TXTDt >0 L u(t) 1% (DDEp) i3

Theorem 2.8 (mapping from (DDEp) to (ACPp), and vice versa). [6, Corollary 3.5] u : [-1,0) — X %
(DDEp) @ classical solution ¥ 3 %. ZDELER, 226 &, "D

u(r)

U

(L{:t|—>( €&p 3)

EGIE D FTRETH D, Z DM

%(LI(I) = AU(1), t>0



(AO (I))
A= d | @)
O o
D(A) = {(x, /)T € X x WP ([=1,0], X) : f(0) = x}. )

L7235 TEXTD (DDEp) D classical solution \ZLL T TEF X 415 Abstract Cauchy Problem (ACPp)
D classical solution TH 5.

(ACPp)

d
Ew(t) = AU(1), t>0
UWO) = (v, )T €&,

ZDEM2.812KD, (DDEp) D classical solution (&3 X T (ACPp) D classical solution TH 5 Z &
Wb b, T, (ACPp) D classical solution (& U(t) 13 XT (DDEp) D classical solution TH 5 Z &
DBHh 5. (ACPp) DI XTD classical solution U (1) IZ¥f LT

(6)

[(nl o U)(1), if t >0,
t—u(t) =
f(), if t € [-1,0).

ZXIGEE S Z I XD u(r) 13 (DDEp) @ classical solution £722% Z b 5. 22T & &, H
b X NDIEFHIERRZRT. m: 8, - LP([-1,0],X) Z (moU)(t) =u,, (120) LEFETSZ
¥ickb E, DX & LP([-1,0],X) NODEMDELE5.

Lemma 2.9 (A, D(A)) & &, IZHBWT closed dense). [6, Lemma 3.6] Hypotheses(HI)—(H6) DD &
LTI EHZER (A, D(A)) 13 &, ITBWT closed T dense TH 5.

Z D Lemma 2> 5 RDEHZF 3.

Theorem 2.10 (well-posedness). [6, Corollary 3.7] (A, D(A)) i X % &, LD (DDEp) 3 well-posed T
H25ZLE (A DA)) D E, LD Cy-semigroup (T (t))i>0 D generator TH 2L LRBET I TH 5.

Lemma 2.9 ¥ Theorem 2.10 7> 5 (DDEp) & (ACPp) 23 —Xf—X{ib$ 2 Z 22302 H (DDEp) D
well-posedness 7 (ACPp) @ well-posedness 7> 5~ 415. %7z (ACPp) D well-posedness (& (ACPp) 23
Co-semigroup Z4E T 5 Z & L FMETH D, L7zH3-> T (DDEp) 2 well-posed TH 5 Z & IIXTIHT %
(ACPp) 5% Co-semigroup 4T 5 Z L L[AETH 5 Z L H/RE A7z, Bdtkai, Andrds and Piazzera,
Susanna[6], Petra Csomdsa and Gregor Nickel [9], Petra Csomésa and Gregor Nickel[9], Lahcen Maniar and
Jiirgen Voigt[24], Morten Bjgrhus|8], Klaus-Jochen Engel and Rainer Nagel[11] %% SR, X 572 2S5
1213 Batkai, Andrés and Piazzera, Susanna[6] DHTDL 7 7 L v A& S8,



3 Perturbation of Semigroups

31 (A ,D(A) HE, LD Cyp-semigroup D generator (C%4 3 =D D+53 514

Abstract Delay Differential Equation (DDEp)A = Ay + B ZRXD X 5 ITHfRT 5.

(AO O)
Ao = d |, B =
0 —

do

Problem 3.1. & ZTXRD & 5 REMMBFEET 5. Ay: D(Ay) C &, > &, & Co-semigroup (75(1)):>0
D generator £ L, BZ B:D(B) &, > Ep LWIEHRL TS, ZOLE (A=A +B,D(A) =
D(Ap) N D(B)) B3 &, LD Cy-semigroup (U(1));>0 D generator 127625 DM, £/ Z DD+ 75
HEeLTEDIIRDBDBEZLNZ WD BENBEL .

0 @
0 0

Remark 3.2. fRIZD(B) = D(E,) &5 5. $hbb Be L(E)) IEOIFHTHEMZR L LTD perturbation
theorem ZFl\W5 Z e TE 5.

LHL, D(B)=XxW'P([-1,0],X) € XX LP([-1,0],X) =&, DHE, BIEE, LTIEARLD
728, BFRVERZE L LT perturbation theorem 2\ 5 Z £ I3 TERW,

3.2 FEERERAEAZER D perturbation IR
B FAREAER A D perturbation FEEmIZ

Theorem 3.3 (Regular Bounded Perturbation[29]). (Ap, D(Ay)) % &, LDRDFERZi7=F Co-
semigroup (95(1)):>0 D generator £ 3%. (weR, M >1)

170(H)|| < Me®" forallt >0

BeL(E) TH2EHIX
A=Ag+B with D(A) := D(Ay)

13 Co-semigroup (T (1))i=0 BEMR L, ROFERZW 2.
N7 < Me“ MBIt for all t > 0.

EWSEHDIRTED TH 20, ARRD XS B E, LOFBEFRMUERAZOH ST ZDE
HIZ@EATE RV, 2 2 CIFFFRBIEERR 81X LT perturbation 21T 5 7= DI DI ED
BB, —OWRED(B)IRE, L LEEET, BHEFMHERRL 2 X5% 6, XD RERZEME,,
YWHEMEERL, Be L(Ep,E 1) L, A% Ay LIIRL D(Ay) =&, L TE, T A
2B % perturtb TALWHIHETHD, I —DFA) ZXZDEFICLTBWT B DERBREHIFRL
D(B) LT BPEFIMIEERZ IR E X2ICLTHLD A I B % perturb T2 LW HIETH S, Hi
HEHDFEIT & % perturbation % —f%H1Z Desch-Schappacher perturbation [10] & FECN, 2E D HIEIC &
% perturbation % Miyadera, Miyadera-Voigt perturbation [25, 31] £ FEXR. Z D X 5 2 5iE%Z —fREVIC



extrapolation ¥ §\, HWZ dual REARICH 5 Z & 23 54T 3 [11, Chapter 1T Section V]2, —fi%
fJ1Z Desch-Schappacher 1N — R & 72 % ZE[H] X ZHRRT 2083 H 2 D TH L WRTDH D, RKFET
IFAN—R ¥ 72 %25 X IR S % Miyadera perturbation % £2F L 7=.

3.3 Miyadera-Voigt Perturbation Theorem

Miyadera perturbation theorem DRE Z {ifi7z L T\ B EPRNTA S, RE Ziifi7z L TWOiUuX Miyadera,
Miyadera-Voigt[25, 31] 2M#H 2. %3. ZDEHEDENIEROPDLETH 5.

Preparation 3.4. Ay % Cy-semigroup (V(1));>o D generator £ 5 5. V,: X — LP([-1,0],X)) %

Vit+o)x if —t<o <0,
(Vi) (o) i= | %
0 if —1<o<-1.

TERINTMEHZE T3, T2, (To(1))iso & LP([-1,0], X) _EICEFE X L7z nilpotent left shift semi-
group £ L,
To()f = f(-+1). 3)

35, ZOLE AZE, LD Cy-semigroup To(t) LML,

To(r) = (V(t) 0 )

Vi TO(I)
£ 72% [9, Theorem 3.25].

Definition 3.5 (Ap-bounded operator[25, 31]). A : D(Ay) — E, Z LT B: D(B) — &, IMEIEMAHR
55, BM Ag-bounded ¥ 1%, a>0,8>007FEL,
B X X
f

f 7 (;)

ZIRTD (x, )T e D(Ag) N D(B) I L THILT 3.

<«

+p

2[28]1& (Ag, D(Ag)) % (Ag", D(AF") WO fEMSCHRR L, Bifisett 2 B 2 W THRRGEAMEA” L. B3 X Lo
FEHFRRUAEMRTH 205, X 05 XO* NOHFHPEAEHR L(X, XO*) £%. 2OXILTHDE AJ* & B & D Desch-
Schappacher % 4 7' perturbation 217> 7%, AJ*+B D X ~NOHlRZ L 2. ZLIT&D X ED Ag D perturbation Ag+ B 23
AIREE 2 5. X©* 1X X D second dual DEFFIZEHETH D sun star L FFENZZEMTH 5. WODT A 7 14 7IERMIHERD
BiF 4% Abstract Cauchy Problem O HIZHELD AN D & 2 12H - - RSN % (EFI#E B %5 T Abstract Cauchy Problem
DOHIZZDEEFWMH ANL S 325 BIIFEFEAE L 72D bounded perturbation 23T X R W, Z T TIEHE Ag ZHERL
X®* ET B % perturb L. variation of constants formula % W T X IZR T & W5 FEZH o 7. [28] 1 Desch-Schappacher
@ perturbation g% BRI R EHWTRELZBWIITHS. 2D &5 #%2%E X 5135 Tk control theory THHENCfH
D, Desch-Schappacher & A 7% Miyadera % { 7"%>® perturbation 17> T\ 3 [14, 15, 16, 17, 18, 32, 33, 34, 35, 36] etc..

3Miyadera-Voigt & 1%, HEFEOIHLDIH 5D TR WA, Voigt 23 [31] 1IZ & D Miyadera D EE D#FH S&M42 R D F VP
T L7, Ehi3 perturbation theorem 2B WX\ 729, Miyadera-Voigt & — NIV bAT W 3.



Theorem 3.6 (Miyadera-Voigt Perturbation Theorem[25, 31]). B % Ay-bounded & L, (Ay, D(Ay)) &\
F v N2 &, ED Co-semigroup (T5(1))is0 &L, B € LUID(A, |- lla,).Ep) €T 5. BZ, H5

ty, 0< g <1PFEEL
1o X X
I (f) (f)

PIRTD (x, HT WML THDIZLDET S, ZDOEE (A + B,D(A)) \& &, LT Co-semigroup
(T ()20 ZHEMT 2. ZLTITRTD (x, /)T € &, K LT, Variation of Constants Formula -

T (1) (;) = T5(1) (;)+ /0 To(1 — $)BT (5) (;) ds

ds <gq (M-condition)

iz 3.
Z DEBDIRE % delay semigroup IZXf L TEWHRZ 5 &,

Theorem 3.7 (Miyadera-Voigt Perturbation Theorem for delay semigroups[6]). (A, D(Ag)) & X LD Co-
semigroup (V(1));so D generator ¥ 3 %. %72, ®: WHP([-1,0],X) = X (1 < p < o) % delay operator
35, 10>0, 0<qg<1DBFEL
. (M-V)
f

DPIRTD (x, /)T € D(A) TN LTHDIDOET S, ZDLE A= Ay+B1F &, LIT Cy-semigroup
ZHENT 5.

COEHOREMHIFEEICRT Z A TE 5. (M-condition) 25 (M-V) LRI % Z & ZREid

/O B (Vex + To(1) )llds < g

B,
Phoble-cl 3o 00k -
_ /0 " (Sx + To(s) f)llds (10)

ChHEHLMBbID.

3.4 Delay operator ®©
Assumption 3.8. EL{&f| & U T delay operator ® % point delays & distributed delay DY5ETHEZ 5 [19].

1. : Point delays .
fe WP([-1,0L,R) £ F 3 & WP ([-1,01.R) ‘5" C([=1,0,R) TH 225 ||fll =
sup, e || < NIfllp. TDZERDH O(f) = f(-1) IFEHKZHRD. ZOXSIILTO(f) =

SK Bif(h), (hi € [-1,0], B; € L(X)) IZE%KZHED.

8



2. : Distributed delays
n:[-1,0] - £(X) % [-1,0) LoFREL#HEK T2, £ WP ([-1,01,R) - X %
O(f) = [ dn(o) f(0) D& 5 1CEHT 3.

Remark 3.9. point delays (31 := $* | Bixin.0) LEET B LITED, Of) = /_01 dn(o)f(o) & LT
ELZeNTES. ZDZ e oAREBNZIZ point delays VX distributed delay D — A /&I 5.

ORR

Proposition 3.10. $XTD (x, f)T € D(A))ND(B) IR LT Bl& Ay bounded TH%. Thbba >0,

B>0DTFEL
X X
A 11
(f) |(f)H .
NI RYASR
Proof. BRI Z RS, ||®(f)lx = |f(=1)| DIFE, KZEDOE LT
X

3 (x) (/)
f f

0
FHHS . TROBa=0,=K &L TBIXAybounded TH 5 Z &H3DOh 5.
o(f) = [ dn(0) f(1) D&

X

f

B +8

H =N < o

0 @
0 0

H = 12N llx = /(DI < K(llxllx + I f1l1.p) (12)

0
1(f)lx = H / i) (7) (13)
0
< Iflle-1,01%) /1 dinl =l fllcq-1,0.xnllravi-1,00 < K I fll1,p (14)
< K(llxllx +1f11.p) (15)
MDD, TBE6ba=0,=K L ThhizoZehbhrb. O

INT BIE Ag-bounded TH B Z ebhotz. Dl (M-V) FHENAEZINDE Z L E2RERX
BW., ZOrBHIx (6,24 2SO . #5R Y LT Theorem 3.7 B3 D LH, T H B RXRDOEHE
B3,

Theorem 3.11. [9, Theorem 3.29] ® I Assumption 3.8 DIREZ /=T DD E T 5. DY X Miyadera-
Voigt perturbation theorem 23D LD, ZLTIDE & (Ay + B,D(Ay)) \& &, LT Cy-semigroup
(T ()0 ZEKL, TXRTD (x, )T € &, W LRD Variation of Constants Formula % 7z 3.

(1) (;.):75<r> (’f‘)+ /0 To(t — )BT (s) ’;) ds

= T5(1) (;)Jr /0 T(t = 5)BT5(s) (;) ds

9




4 Operator splitting

TR FFERIT BV TIA < B & 1T = 7 Operator splitting DF{£E% DDE IZHH T % &\ 5 ikAD
NYAV =T —THRLIED SN TE(2,3,9].
41 HBREDECICR

Definition 4.1 (classical solution). [9] X % NF v NZERIE L, G:D(G) c X —» X % X LD dense 72
T TER S NIHUHIERZR £ 3 5. Abstract Cauchy Problem

du(t)
T Gu(t), t >0, (16)
u(0)=xeX.

EZS. BBu: Ry —» X DHER (16) D classical solution TH % LIIRDSEEZRTE-T L EEZ WS,
1. u € CY(R*,X)

2. u(t) € D(G) &

u(t+h) —u(r)
h

lim

- Gu(t
lim u(r)

=0, a7

Tz
3. u(0)=x
Definition 4.2 (Convergence). [9] BIRZERDED t € [0,19] IZB VT convergent TH % EIIMEED t L IE
EDxeXIiTxtL,
hl-imo |1F(hi)"x —u(t)]| = 0. (18)
Dili7zEN5HZ %20, TIZT (my)ien FIEEFITDD (hy)ien & mih; =1 27z LIED S 0 1ZIUR
TARFN T 5.

Remark 4.3. Definition.4.2 TIZERITIED 7R ¢ 12003 2IRET D 223, FEId compact intervals
B2 —HRIREZ S > TV B ZEHHIHN TS [5][23, 34.3].

Definition 4.4 (Consistency). [9] BIRZ= 775D consistent TH 5 E1ZTRTD x € D(G) & Z UG
3% Abstract Cauchy Problem (16) D u \ICOWTRBR DD L EE -

F(h)u(t) — u(t + h)
h

Definition 4.5 (Stability). [9] BIRZ 731203 stable T % ¥ &

lim
h—0

E

{F(h)™ : h € (0,¢0],mh < ty,m € N}
M—RRER, $hbbM>0IIHLT

IF(h)™|| < M,  formh < to, h e (0,1].

10



DD DZELHEED.

Theorem 4.6 (Lax Equivalence Theorem). Abstract Cauchy Problem (16) 73 well-posed £ 3 %. ZD¥ X
BIRZ DA ¥ — L convergent ThH 5 Z &L stable TH B Z & L[FUETH 5. [23, 34.3 Theorem 8].

4.2 Splitting procedures

Assumption 4.7. X: % NFuNZERIE L, A, B % closed dense 7% linear operator ¥ L, TN ZFh
Co-semigroups T = (T(1))i0, S = (S(2))i»0 DERIEHRE T 2. T HIT A+ B D closure A+ B &
D(A) N D(B) c D(A + B) DR %7z L Co-semigroup U = (U(1));s0 DERT 2T 5.

du(t)
-— =(A+Bu@), 120, (ACPO)
u(t) =xeX

Abstract Cauchy Problem (ACP0) @ sequential splitting procedure (3XD X S ICEFE XS, 11 splitting
time step & XI1XN 3.

(k)
WO _ 0, e e, 19
i (k= D7) = uw9((k = Do),

(k)

u$O (k= 1)) =l (k), (20)
uM(kt) = uék)(k‘r).

ZIThkeNEL, u(0)=x2¥%. ul(kt) = T(0)uwd((k- 1)) THD ul® (k) = S(r)u'® (k1) =
S(O)T(t)u*d((k — 1)t) TH 3. ZD¥ = sequential splitting solution u*(k7) &

W(kt) = [S(D)T(1)]*x  for keN, xeX. (1)

LEINDL. tZEEL, Ti=t/n EERTDIE, RIIRDEIITELZILENTES. IRTDneN,

t>0, xe XITHL,
Wi = [s (i) T(i)]"x (22)

n) \n
&7 3. L7h3 5T sequential splitting i finite difference method TH D, h € (0, ho] 12X L

F*(h) = S(h)T (h) (23)

L5,

11



Definition 4.8 (splitting convergence). [9] split solution u®d(kt) 73 convergent T 5 &%, IXTDx € X
WLkt -t 27z LD k>0, To02 LI E

klim u*(kt) = u(r) (24)
compact R Lt ICBALT—RINRT 52 TH 5.

sequential splitting DUXH i Chernoff DEHIC K 5.

Theorem 4.9 (Chernoff). [9, Theorem 2.2] F : R* — L(X)(Z 2T L(X) 13 X LOBEFRBEIERETH
5. )1FM>1, weRIZHLT

FO) =1 (25)
MFG”"SAMM, fort>0, neN (26)
n
T, X512’
Gx = 1imM 27)
110 t

EITARTDx e D Cc XIZOWTHDIDETSH. ZZTDE (g-G)DIE, 5 1y > wlIiTXL
TX Tdense 2 3%. 2D X, (G,D(G)) D closure G & Cy-semigroup (U(1));»0 ZHERT 5. FD
Co-semigroup &

v = fim [F (Z)]" @

LELZENTE, IRTDxe XITHL e, IHL—FRICINERET 2. X512 (U(1))s0 1
|U®)|| < Me®',  forallt > 0. (29)

R

Remark 4.10. Strang splitting, weighted splitting 75 ¥ D splitting & 3 2 AR TIZEIE T 5.

Lemma 4.11. /9, Lemma 2.3] IEDE M DFEL, TRXTDt>0, ne NIZHLT

I[S/mT(t/m)]"|| < Me®" (30)
DD LD, ZDE ERDEDILD.

(i) w € RDIFELEL
I[S(t/n)T(t/n)]" 7| < Me“V! 31)

MIRTDt>0, ne NIZHLTHEDIZLD.

12



(i) EFA M, > 1, w, e RBEFEEL
I[T(¢/n)S(t/n)]"|| < Mae®! (32)
MIRTDt >0, ne NIZHLTHEDILD.

Theorem 4.12 (Trotter Product Formula). [9, Theorem 2.4],[29, Theorem 4.4] (T(t));>0 & (S(t));>0 Z 2\
F o NZER X _ED Cy-semigroups & L, %D generator % ZNZ4L (A, D(A)), (B,D(B)) & L, stability
M (30) BT DD TS, D:=DANDMB) LTA+B%E2EZ, 5 1) > wZXNLTD &
(lo—(A+B))DZ X Tdense £ §%. ZDL X G :=A+ BlE Cy-semigroup (U(1));»0 ZEL L, Trotter

product formula:

U(t)x = Mn[S(%)T(%ﬂnx, (x € X). 33)

n—oo

CELILHTES., ZOEICRIFZ L T—HTH 5.

5 Operator splitting ® DDE A®D /i

5.1 DDE H'5 Abstract Cauchy Problem N

Operator splitting DFEIFFHE L LT WX S IERAREZ 2R LBIEFECEMT 2D TH 25, AT
F[2,9] I ZBWTHWHNTWRFEZID LiF 5. 1ERZEDITHIZ 7 L Z DIERZEITH% generator
¥ 3 % semigroup 1751% Taylor #EXCIED, Variation of Constants Formula % W CZEIGELLL TV <

EZNTHE. 35 —D2D0FEIB, DBV THWHLNTWEFETHD, ZHMEHARITINS
resolvent & it 5 L % @ % % Trotter #8722 FIFH LBIEET R $ % DT, semigroup Dt 2 k1) THEEER
HEFAETZ 2DV T V. Ldio CIEBRM D HIEICIELR C EHTZ 2. fBEORBER EAR
FTIEEIET 5.

Lu(t) = —u(t) + ®u;, fort >0,

u(0) = x, (34)

uo = f € LP([-1,0], X).
OIEFATCERLIZEDIC2D0D7 —RTEZ 5.

(CASE 1): point delay operator ®h = h(—1)
(CASE 2): distributed delay ®u, = [~ h(o)u;doe T ZTe> 0T/ WEREL,
heL>([-1,0],R) ¥ § 5.

13



%u(l‘) =—u(t) +u(t-1), t >0,

[CASE 11{4(0) = 1, (DDEI)
u(t)=1-t te[-1,0],

%u(t) =—u(t) + f__le h(o)u(t+o)do, e>0,1>0,

[CASE 2] {4(0) = 1, (DDE2)

u(t)y=1-t te[-1,0],

Z 5D (DDE1), (DDE2) % Abstract Cauchy Problem (35) & L T# X 5.

d [u(®)) [Ao @ \[u(r)
— = d R t>0,
dt Uy 0 —/\ u;
do (35)
( 1(0) 1
= , t<0,

us (o) -0

Assumption 5.1. e (Ag, D(Ap)) 1& X LT Co-semigroup (V(1));s0 ZEM L, —REEKS 2k
< (V(1))r=0 & contraction semigroup TH 5 &3 5. :ie., ||[V@)| < 1.

s delay operator ® : WP ([-1,0],X) —» X 3ER L T 5. (LP([-1,0],X) 2R THERTH 2 bIIT
\372\0DY Miyadera, Miyadera-Voigt @ perturbation theorem 3EH T X 5.)

Ay @
A= 0 d | B A=A +B Df#$%. ZIT,

do
ﬂ() = d B =
=
35, F, Ay & BlIZFNFR Cy-semigroups (T5(1))i>0 & (S(2))is0 ZHEMT 2 ERET 5.
(T0(1))ez0, (S(1))e20 (&

0 o
0 0

I t®

0 7

V(i) O

_ tB _
v nm) S0

To(t) =

THzoNE., ZZTI, 1'&, Zhz20LP([-1,0],X), X _EO identity operator R TdD & F 5.
Z Z T Ty(t) i left translation semigroup TH D,

(To(0) f) (o) = [f(t+0') %f oe[-1,-1],
0 if o € [-1,0),

&35, £V E
V(t+o0)x, if o € [-1,0),

(Vix) (o) := {

0, if o e [-1,-1].

14



35, PIEME (x, £)T € &, % H D delay equation D sequential split solution {
U, (1) = [St/m)T (t/m)]" (x. )T

DEHITHEL Z D TE 3 [6, Proposition 3.32].

5.2 Abstract Cauchy Problem @ split solution

[9, p.2240] sequential splitting(5.1) Z#H 3 % &, Abstract Cauchy Problem(ACP) @ splitting solution /3,

timestep k, k=1,...,K (% k e N) ITBWVWTLTFDKIITKE S :
U (k) = M(0)* (x. /)T
Z Z T splitting time step 7 (& 1/7 e N & 725 X HIT ¥ 5.

V(t) + 1@V, 170TH(7)

M(t) =8S(0)T (1) = v T (o)

FIERE (x, £)T € &, ITR L, BWAID time step 12F1F 3 split solution &

U (T) —

V(O)x +1®(Vex + To(1) f)
Vex +To(1) f '

DEIICEL ZENTES. k-th time step # D 3R L 721& D split solution 1

w9 (kr) = 7| =
(k) (f)

fork=1,....,K, 2TZTxp:=x, fo:=f. ZOHEDERLIZED x; and f; 1T

V(T)xk—1 + TP [k
Vexe—1 +To(7) fr-1

Jie = Vexp—1 + To(7) fr—1 = Vexi—1 + To(7) (Vexg—2 + To(7) fr-2)
k-2

= Vexio1 +To(0)* f + ) To(2)" (To(1)Vaxk-a-n).
n=0

DESWCETS. oea,0]iTXfL:

(To ()" f) (o) = {f(nr +o0) ifo e la,—n7]
else
(To(t)Vix) (o) = {V(I +s5+0) ifoe[=(t+s),—1)
else

15
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(38)

(39)

(40)

(41)

(42)

(43)



Ifkr<1DE X

(To(T)Vixg—o—p)(nt+0), if o€ [-1,—n7]
To(r)" (To(1)Vrxkean) () = { v (44)
else
B VQRt+nt+0)xk—2-pn, if o€ [-1,—-nt], nt+0o €[-21,-7) 4s)
0 else
_ VRt +nt+0)xp—2-pn, ifoe[-(n+2)t—(n+1)7) 46)
0, else
L7z Tx ld
k*-2
X = V(O xp—1 + 70| V(T + 0)xp1 + fkT+0) + Z V((n+2)T+0)xp-2-n] . 47)
n=0

rink.
s W AEHDE1IHE o X [-1,0] KBET 5.
e (4N BELE 2 o 13 [-1, max (=1, —k7)] W/ T 5.

o (47) A% 3T o 1 [max(—(n+2)7,—1), max(—(n+ 1)7,-1)) BT 5.

k, ifk<1/7,
o k= fork=1,...,K.
/7, ifk>1/t,
6 FEREM

6.1 Exact Solution D&z

DDE 7% exact solution ZHi DA TH - TH Z4L% explicit \ICRILT 5 Z L IETEX R, exact solution
PRUEREM e L TKRD B Z LIERJEETH 5. exact solution (X Variation of Constants Formula % i 7=
3" mild solution T# %75, Variation of Constants Formula % f# - CELEIE T2 Z 212k 5.

6.1.1 FIE

(CASE 1): Point Delay System

time step Z 7 = 0.01 {2 & % & 100 steps & EZBADED 5. Ag WERT % semigroup % (V(1))r»0 &
5. O &Etre[r,r+1], r=0,1,...,NiZxtL

u(r+1)(t) — V(I _ r)u(r)(r) N /r V([ _ s)l/t(r)(s — l)dS (48)

r

u@@) = f(r=1) (49)
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. 1
P EMTICEEIZ 1<k < - WL
k

u (1) = V(e = ryu” (r) + Z V(tr —t)u (1, - D, for j=1,2,---,k,  (50)
j=1

w® () = f(t; - 1), for j=1,2,....1/7.  (51)

STEEENX [r,r+ 1] 1I2BWT
1 (410017

1+2+...+ > (52)
T
steps DETH B, Lo Tu(t)for0<t<rZRKDBIITBLZ
1.1
(1+-)= 1
— T T x—xr (53)
2 T
steps DFTEDINBEL 72 5.
(CASE 2): Distributed Delay System
e>0% /N s, r2BBE LTXHZ [re,r+ Del, r=1,... 2 0x51cr 3.
t —€
u™ V@) =Vt -ru" (re) +/ V(t - s)/ w()u™ (s + o)dods. (54)
re -1

6.2 Splitting Solution DEUEFTEH
6.2.1 Splitting Solution-F|IE & 55

(Case 1): Point Delay System

splitting time step % 7 = 0.01 12 L 7235 & 13 Figurel D@D TH 5. FE TR X RUIEBRICEHEICHED
N2V(E), fOOIRIZEAERLIEF T sparse THZ Z BT HHN 5.

o« W) AEHDE 1IEDIERDOFIEZOV(t+0)=V(r-1) THE3251-1 <0 DFEIF V() IZTAR
Truaths.

s W AELDE2IEZ Of(kt+0) = f(kt=1) THY, kr <1 DFEXRWROEE DD, ZOMD
LERFETHS. 1=001 2520UT0<k <100 FTRERTRWVERZFEFO2d LKLY
k>101 0 Z2i3¥naThs.

e N ATEDEZEIV((n+2)7 -1 IE (n+2)t > 1ITHR L TOAY 1 THRWEMEZ B3 Al HEM:
BHs5. LrLrt=001 520U VQ2r-1)=V@Br-1)=---= V((% -Dr)=0ThH%. O
D V() 2B TROWEIEDS A ZRHEMEDNH 57213 TH 5.
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Splitting Method 12 & % 5 EAER X time step 7 = 0.01 D & = Figure 1 D X 5127 5. %7z time step
7=0.1 D% X Figure2 DX D124 5. ZOFRIZ[9) DR —HT 5.

AN of

1250 \/\J_—'/—’F 150

1.2045 14

115F 18

1.105E 12

1.05%E 11

1.00+ . . . . . 1.0 ) ) ) ) )

200 400 600 800 1000 20 40 60 80 100

Figure 1: DDE Split Solution 7 = 0.01 Figure 2: DDE Split Solution 7 = 0.1

(Case 2): Distibuted Delay System

=001 DL ZDFHEFERIX Figure3 DBHTH 3. 5EIEZ k=100 =1/t DRIETE D S0 Z i
(CASE 1) OBEALFEBETH 2. ZOMEIZ[9) DFERY —8T 3.

1.08}-
1.06|- ,.-"
.:
1.04F ¢
1.02} &
1.00}
50 100 150 200

Figure 3: Case2 DDE Split Solution 7 = 0.01

6.3 HEXIERE
Splitting scheme @ exact solution (2015 2 HMFREZRD X 5 ITERT 5.

lluspi (k) — uex (K|
lluexc (K) ||

(CASE 1) 122\ T, Figure4 X7 =0.01 D ¥ ¥ D exact solution & DFIFEEZE (55)1%0.0012. 7=0.1
128 % EFEEIETED Figure SD X 5127 5.

Error(k) :=

(55)
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0.0012} 025

0.0010 | ¢ \/'\—— 0.20

0.0008

h 015}
0.0006 [
0.0004 |2 -

0.0002 f: 0.05- Py

L L L L L L L L L L
200 400 600 800 1000 20 40 60 80 100

Figure 4: Relative Error DDE Split 7 = 0.01 Figure 5: Relative Error DDE Split 7 = 0.1

7 SHRORE
7.1 Population dynamics model A\ @ Operator splitting O i Fl

autonomous /< DDE % # 2 % & RAINZIRM D HFERADEH2E 2 540 5. [19]1ZLL N D population
dynamics model Zfiil & L TZEFTW 5.

%u(r,x) =V .- (DVu(t,x)) +g(u(t —1,x)) (56)

ZDETNVAELDDHE 1 HIFE RSB 2BFO 0 EKR L, #2 HIZHECERT 2R EL
WET 5. delay D58t — VAR OFEERIIMZ R L, ¢ ZIADEEIINT 2 NOBEZRHEH
Dt 3. g I EF—RIIEREEB e ZE X o 5. delay ITKTF L KR 4 9 2 7 2D FEMLIFZRIE
[2212H 5.
delay % D Lotka-Sharpe equation(57) {Z (56) Z Hifl{b L7z—2DETFTILTH 5. KA Z DIFM
DHERDERIDGETH 5.
Owu(t,a) + 0,u(t,a) = —pu(a)u(t,a) + g(u(t —1,a)), t>0, aeR,,
u(t,0) = [ B(a)u(t,a)da, t>0, (57)
u(t,a) = (1, a) (t.a) € [=1,0] X R,,
AR TIXEEMTIIERE S, $IERPEDEL L TERZ. 61 u(a) =1, gu(t-1,a)) = ®(u,)
L, BFREMN ug = f, #IHAZM u(0) = x @ Cauchy B L TE 2 7.

7.2 Non-autonomous DDE D&
AfrlE Ag DIRFFNITHRAE L 720 autonomous DI E Z o 7203% < DBk D 2 B Ay DI

3 % non-autonomous £SO,

w(t) = Aog(H)u(t) + g(du,), forr >0,
u(0) =x € X, (NDDEp-0)
up(s) = f(s), ae.forr<s<0; felLP([r,0],X), forl < p < oo.

WZDWT, Ao(t) BEERZIGEITOWTRRZIA L £ OEnLZEE 2 #6720,
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8 Hhim

AR TIE Z DAERIZ linear, autonomous Delay Differential Equations (DDEs) @ well-posedness & split
solution DEHIZDOWT [3,5,6,7,9, 11,13, 18,26, 27] iICHEDIEH —~ 1 L. BMAHERIKD,
B 2 TR D RN DFEH Il 72 22 5 722 autonomous 72 R T EARANDBEHIIEZ TH %
[3, 19]. @ BEEDHEME735E, Variation of Constants Formula % Fi\W T ® exact solution Z5IE T 5 Z &
E B TUEIR WD resolvent & FW T split solution ZH 3 Z EIFAFHTHS. LA L, non-autonomous
1272 % ¥ X AN UIER ICH S DDE I29W T 3 Z D split solution Z i § DREZ T3 Ww. &
AU evolution semigroup Z EARHNICHE T 2 Z e DBEZTIERVWE WS T ZEKT 5. SROFHE
L.

DEHEBPD LT, KRXAEROBREZEATIREED, $EARMIXBIUEE T 0T J 41250
TTERZLE 2 - ARG ARX Y M K EE o kEERREREHZTTHERIEIITR R 20%
WG L BT 2 e i, EHEOHEMICT B THRE £ E o A HBERERFEGZTTBEERI AT
Fert ZHBEY] BERCEHHA L LT £ 3. ERAMRRERICRLBMEICLD T Lk, RALREMR
LRSI FERT BEEHE 7L — 7 P LR BIBOCREEHH L BT £ 7.
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