A NOTE ON UNIFORM ULTRAFILTERS IN A
CHOICELESS CONTEXT

TOSHIMICHI USUBA

ABSTRACT. In [4], Hayut and Karagila asked some questions about uni-
form ultrafilters in a choiceless context. We provide several answers to
their questions.

1. INTRODUCTION

A proper ultrafilter U over an infinite cardinal k is said to be uniform
if every element of U has cardinality k. Let U be the class of all infinite
cardinals k which carries a uniform ultrafilter. In ZFC, U/ has a trivial
structure: It is just the class of all cardinals. However it is not the case if
the Axiom of Choice fails.

Theorem 1.1 (Hayut-Kagagila [4]). Relative to a certain large cardinal
assumption, it is consistent that ZF+ “No, N, € U but N,,11 ¢ U for every
n < w”. Oppositely, it is also consistent that ZF+ “V,, ¢ U but V11 € U
for everyn < w?”.

Furthermore, Hayut and Karagila demonstrated that the behavior of U
at the successors of regular cardinals can be manipulated as you like. With
these results, they asked the following questions for singular cardinals and
its successors.

Question 1.2 ([4]). (1) Is it consistent for 8,1 to be the least element
of U? More generally, what behavior is consistent at successors of
singular cardinals?

(2) Is it consistent for a singular cardinal, and specifically X, to be the
least cardinal not in U?

(3) Assume there is a uniform ultrafilter on R, , does that imply there is
a uniform ultrafilter on N,,? Or more generally, if A > cf()) carries a
uniform ultrafilter, does that imply that any other singular cardinal
with the same cofinality carries a uniform ultrafilter?

In this paper, we provide several answers to these questions by proving
the following theorems:

Theorem 1.3. Relative to a certain large cardinal assumption, it is consis-
tent that ZF+ “V,,11 is the least element of U”.

Theorem 1.4. It is consistent that ZF+ “XN,, is the least cardinal not in U ”.
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Theorem 1.5. Relative to a certain large cardinal assumption, it is consis-
tent that ZF+ “R,, is the least cardinal not in U7+ “every singular cardinal
> W, with countable cofinality is in U”.

In [4], they also asked the following:

Question 1.6 ([4]). Is it consistent that x does not carry a uniform ultra-
filter, k™ does, but xT is not measurable, and is this possible without using
large cardinals? In particular, is it consistent that ¥, is the only measurable
cardinal, while 8y ¢ U/ and Ny € U?

While we do not have a full answer to this question, we prove that such
a situation has a large cardinal strength.

Theorem 1.7 (In ZF). If there are cardinals k < \ with k ¢ U but A € U,
then there is an inner model of a measurable cardinal.

This theorem also shows that large cardinal assumptions in Theorems 1.3
and 1.5 cannot be eliminated.

2. PRELIMINARIES

Throughout this paper, we always suppose that every successor cardinal is
regular. First we prove basic lemmas which will be used later. The following
lemmas follow from the standard arguments, but here we present choiceless
proofs for the completeness. Let IP be a poset with maximum element 1.
For a set z, let & be a canonical name for z, namely, & = {(7,1) | y € z}.

Lemma 2.1 (In ZF). Let P be a countable poset. Then P preserves all
cofinalities and cardinals.

Proof. For cofinality, it is enough to show that if k is regular uncountable,
then I-“% is regular”. To verify this, take p € P, a < k, and a name f such
that p I f : & — &. For each § < a, let Ag = {f | 3¢ < p(q I+ f(B) = &)}
We know p IF f(ﬁ) € Ag, and since IP is countable, we have that Ag is
countable. Let v = sup{sup Ag [ 8 < a}. Since  is regular uncountable,
we have v < k and p I+ féa C ~. Hence f is not forced to be a cofinal map.

For preserving cardinals, take cardinals k < A, p € P, and a name f for
a function from k to A. Define F : P x k — A as follows: If ¢ I- f(&) = 3
for some B < A, set F'(q,) = 3, here note that such g is unique for ¢ and
a. Otherwise, let F'(¢,) = 0. Since PP is countable, we have |P x k| = k.
Hence F' cannot be a sujection and we can take v < A with v ¢ range(F).
Then we have p IF %5 ¢ range(f), SO f is forced to be non-surjective. U

For a cardinal k, an ultrafilter U is k-complete if for every a < k and
f:a— U, wehave (| f“ae€U. U is o-complete if it is wi-complete.

Lemma 2.2 (In ZF). If there is a non-principal non-o-complete ultrafilter
U over a set S, then w carries a non-principal ultrafilter.

Proof. Since U is not o-complete, we can find a function f : w — U such

that () f“n € U for every n < w but (| f“w = 0. Define g : S — w as

follows: For s € S, let g(s) be the least n < w with s ¢ () f“n. Then the

family g.(U) = {X C w | ¢71(X) € U} is a non-principal ultrafilter over

w. (]
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Lemma 2.3 (In ZF). Suppose the Countable Choice holds. Let P be a
countable poset, r a cardinal, and U a name such that I+ “U is a o-complete
uniform ultrafilter over £”. Then there is p € P such that the following hold:
(1) For every X C &, either pl- X € U orplF &\ X el.
(2) The set {X C k| plF X € U} is a o-complete uniform ultrafilter
over K.

Proof. (2) is immediate from (1). For (1), suppose not. By the Countable
Choice, we can find {X, | p € P} such that X, C x, p If X, € U, and
p I &\ X, € U. Take a name Y such that

FY =({X, | peP, X, cUyn[ i\ X, [peP i\ X, €U}

Since PP is countable, we have IF Y € U. We also know I-“Y C X,, or
Y NX,=0" for every p € P.

ForpeP,letY,={a<r|plFacY}. WehavelFY =J{Y,|pc G}
where G is a canonical name for a generic filter. Again, since P is countable
and U is forced to be o-complete, we can find p,q € P such that ¢ I+ p €
G A Y;, eU. By extending ¢, we may assume ¢ < p. Then Y, O Y}, so
qIFY, € U. Because ¢ IF Y, CY,if Y,NX, # 0 then ¢ IF X, € U, this
contradicts the choice of X,. Hence Y, N X, = 0, but then ¢ IF &\ X, € U,
this is also a contradiction. ([

We will use symmetric extensions. Here we review it, and see Jech [5]
for details. We emphasize that we do not need AC for taking symmetric
extensions and establishing basic results about it.

Every automorphism 7 on P induces the isomorphism 7 on the P-names,
namely, 7(z) = {(n(9), 7(p)) | (y,p) € &} for a P-name &.

Fact 2.4. Let p € P, ¢ be a formula of set theory, and g, ..., T, P-names.
Let 7 be an automorphism on P. Then p I+ o(&o,...,%,) if and only if

m(p) Ik o(m (o), ..., 7(Zn)).

Let G be a subgroup of the automorphism group on P. A non-empty
family F of subgroups of G is a normal filter on G if the following hold:

(1) If H € F and H' is a subgroup of G with H C H', then H' € F.

(2) For H,H' € F, we have HNH' € F.

(3) Forevery H € F and 7 € G, theset 7 'Hn = {7 looon |0 € H}

isin F.
A triple (P, G, F) is called a symmetric system.
For a P-name %, let sym(&) = {w € G | n(&) = @}, which is a subgroup of

G. A name # is symmetric if sym(z&) € F, and hereditarily symmetric if & is
symmetric and for every (y,p) € &, ¥ is hereditarily symmetric.

Fact 2.5. If @ is a hereditarily symmetric name and © € G, then 7(&) is
also hereditarily symmetric.

Let HS be the class of all hereditarily symmetric names. For a (V,P)-
generic G, let HS® be the class of all interpretations of hereditarily symmet-
ric names by G. HSY is a transitive model of ZF with V € HSY C V[G].

HS is called a symmetric extension of V.
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3. Ny,41 CAN BE THE LEAST ELEMET OF U

We give a proof of Theorem 1.3. For this sake, we use the following Apter
and Madigor’s theorem. Recall that an uncountable cardinal & is measurable
if k carries a k-complete non-principal ultrafilter. In ZF, every measurable
cardinal is regular.

Theorem 3.1 (Apter [1], Apter-Magidor [2]). Suppose V satisfies GCH+ “k <
A are such that k is supercompact and A is the least measurable cardinal above

k”. Then there is a symmetric extension N such that the following hold in

N:

(1) DCy, holds in N.
(2) A =R,41 is measurable in N.
(8) The cardinal and cofinality structure > X is the same as in V.

We start from this Apter and Magidor’s model, that is, we work in a
model V' of ZF + DCy,+ “N,41 is measurable”+ “every successor cardinal
is regular”.

Lemma 3.2. Forn < w, there is no o-complete uniform ultrafilter over X,,.

Proof. Suppose not, and take the least n < w such that N,, carries a o-
complete uniform ultrafilter U. Clearly n > 0. First we show that U is not
R,,-complete. By DCy,, we can take a 1-1 sequence (rq | & < X,,) of subsets
of 8,,_1. For B < N,,_1, define Ag € U as follows: If {a <N, | B er,} €U,
then put Ag = {a < N, | B € rq}. Otherwise, that is, if {& <N, | § ¢
ro} € U, then Ag = {a < N, | B ¢ ro}. If U is N,-complete, we have
Npen, , Ap € U. Pick a,a’ € Ny, , Ap With a < o/. By the choice of
the Ag’s, we have r, = . This is a contradiction.

Now we know U is not N,-complete. Take the largest m < n such that
U is W,,-complete. Then we can find f : W, — U such that (| f“a € U
for every a < N, but () f“N,, = 0. Define g : 8, — N, as that g(3) is
the least a < N, with 8 ¢ [ f“a. Consider the ultrafilter g.(U) = {X C
N, | ¢71(X) € U}. By the choice of g, one can check that g.(U) is a
uniform ultrafilter over N,,, moreover it is o-complete. This contradicts to
the minimality of n. O

For a set X, let Fn(X,2) be the poset of all finite partial functions from
X to 2 with the reverse inclusion. We define a symmetric system (P, G, F),
which is Feferman’s one.

Let P be the poset Fn(w x w,2). For a set A C w X w, let w4 be the
automorphism 74 on PP defined as follows: For p € P, dom(74(p)) = dom(p),
and

1—p(m,n) if (m,n) € A,

ma(p)(m,n) = {p(m,n) if (m,n) ¢ A.

Let G be the set {74 | A C w X w}. G is a subgroup of the automorphism
group of P. For m < w, let fix(m) = {mra € G| AN (m x w) =0}, fix(m) is
a subgroup of G. Let F = {H C G | H is a subgroup of G, fix(m) C H for
some m < w}. It is routine to check that F is a normal filter on G.
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Take a (V,P)-generic G. Notice that P is countable, hence P preserves all
cofinalities and cardinals. In particular every successor cardinal is regular
in V[G]. Consider a symmetric extension HS®.

The following Lemmas 3.3-3.6 are known (see [4]), but we present proofs
for the completeness. Again, we do not need AC for proving these lemmas.

For p € P and m < w, let p | m be the condition p | (m x w), it is in
Fn(m X w,2).

Lemma 3.3. Let o(vy,...,v,) be a formula of set theory and g, .. .4y, be
P-names. Let m < w, and suppose fix(m) C sym(&;) for every i < n. If
plF@(Zo,..., &), then p | m - @o(Zo,...,&p).

Proof. Suppose not, and take ¢ < p [ m such that ¢ IF —p(zo,...,&,). Let
A = {(n,1) € dom(q) Ndom(p) | ¢(n,i) # p(n,i)}. We know AN (m X w) =
0, and so w4 € fix(m) and wa(2g) = @k for k < n. Moreover m4(q) is
compatible with p, but m4(q) IF —p(&1,...,Z,). This is a contradiction. [

For m < w, let z,, = {n < w | Ip € G(p(m,n) = 1)}, and &, be the
name {(rn,p) | p(m,n) = 1}. &,, is a canonical hereditarily symmetric name
for x,,, so we have z,, € HSC.

Lemma 3.4. In HSC, there is no non-principal ultrafilter over w.

Proof. Suppose there is a non-principal ultrafilter U over w. Fix a hered-
itarily symmetric name U for U. Fix m < w with fix(m) C sym(U). We
prove that both z,, and w \ z,, are not in U, this is a contradiction.
Suppose z,, € U. Take p € G such that p IF &,, € U. Fix a large ng < w
such that dom(p) N ({m} x w) C {m} X ng, and let A = {m} X [ng,w). One
can check that w4(p) = p, and I+ w4 (&) N Ty, C Rg. Since p I &y, € U, we
have p Ik m4(2,,) € WA(U) = U, hence p IF Gy, N wA(Zm) C g € U. This is
a contradiction. The case w \ z,, € U follows from a similar argument. [

Since every uniform ultrafilter over R, is not og-complete, we also have:
Lemma 3.5. In HSC, there is no uniform ultrafilter over R,,.

Proof. Otherwise, we can take a non-principal ultrafilter over w by Lemma
2.2, this contradicts to Lemma 3.4. ]

Since N, 11 is measurable in V', we can fix an R, 1-complete non-principal
ultarfilter U € V over N,11, which is a uniform ultrafilter. Since P is
countable and U is o-complete in V', one can check that:

Lemma 3.6. In V|G|, the set {X C Ry |IY € U(Y C X)} is a uniform
ultrafiler over Ry 1. In particular, in HSC, U generates a uniform ultrafilter
over Ny41.

Proof. 1t is enough to check that for every X C N1, there is Y € U such

that Y C X or XNY = . Take p € P and a name X for a subset of Ne,a1-

Forqﬁp,letYCI:{oz<Nw+1]qll—dEX}. If Y, € U for some ¢ < p,

then ¢ IF Y, C X. If Y, ¢ U for every ¢ < p, let Y = Ny<pRur1 \ Yg). We

have Y € U since U is o-complete and P is countable. In addition we have

plFY NX =0. a
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For m <w, let Gp, = GNFn(m xw,2). Gy, is (V,Fn(m x w, 2))-generic.

The name {((p | m),p) | p € P} is a canonical hereditarily symmetric name
for GG,,,. Hence we have:

Lemma 3.7. V[G,,] C HSY for every m < w.

Finally we prove that N,, does not carry a uniform ultrafilter over R,, for
every n < w in HS®,

Lemma 3.8. In HSC, for every n < w, there is no uniform ultrafilter over
N,,.

Proof. Suppose not, and let n < w and W a uniform ultrafilter over N,,.
We know n > 0 by Lemma 3.4. If W is not o-complete in HS®, then
we can derive a non-principal ultrafilter over w by Lemma 2.2, this is a
contradiction. Hence W is o-complete.

Take a hereditarily symmetric name W for W and m < w such that
fix(m) C sym(W). For each X € P(R,) N V[G,], there is a hereditarily
symmetric name X for X with fix(m) C sym(X). Hence by Lemma 3.3, we
have:

XeW < plk X € W for some p € G,.

Thus W' = W NV[G,,] € V[G,,], which is a o-complete ultrafilter over N,
in V[G,,]. Then by Lemma 2.3, we can find a o-complete uniform ultrafilter
over N, in V, this contradicts to Lemma 3.2. O

4. N, CAN BE THE LEAST CARDINAL NOT IN U/

We start the proof of Theorem 1.4. For a set X and a cardinal &, let
Fn(X,2, < k) be the poset of all partial functions p : X — 2 with size < k.
The following lemma is well-known:

Lemma 4.1. Let k be a regular uncountable cardinal and P, Q posets. If P
satisfies the k-c.c. and Q is k-closed, then IFp “Q is k-Baire”.

Suppose GCH. For n < w, let Q, = Fn(X,,,2,<W,,). Let P be the full
support product of the Qy’s, that is, P =[], Qn, and p < ¢ <= p(n) <
q(n) in Q,, for every n < w. For simplicity, we denote p(n)(«a) as p(n, a).

Let n < w and k = N,,;1. The poset P can be factored as the product
(ILn<n Qn) X (I cmew @m). The poest [, e, @m is x-closed, and, by
GCH, [1,,,<,, Q, satisfies the x-c.c. Thus [],, ., Q, forces that [Lcmew Qm
is k-Baire. By using this observation, one can check that P preserves all
cofinalities and cardinals.

For A C wxN,,, define the automorphism 74 on P as follows: dom(m4(p)(n)) =
dom(p(n)) for every n < w, and

0 n,a) = L—p(n,a) if (n,a) € A,
A(p)( ) ) {p(n,()é) if (n,a> ¢A.

Let G = {74 | A Cw x N}, this is a subgroup of the automorphism group
of P. For n < w, let fix(n) = {74 | (n x R,)N A = 0}. fix(n) is a subgroup
of G. Let F ={H C G| H is a subgroup with fix(n) C H for some n < w}.
One can check that F is a normal filter on G.
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Take a (V,P)-generic G. For n < w, let G, = {p [ n | p € G} which is
(V) 11er, Qm)-generic. Let G, = {{(p | n),p) | p € P}. G, is a hereditarily

symmetric name for G,, with fix(n) C sym(Gy,). Hence we have:
Lemma 4.2. G,, € HS®, in particular V[G,] € HS® for every n < w.

Lemma 4.3. For every n < w, W, carries a uniform ultrafilter over N, in
HSY.

Proof. Fixn < w. P can be factored as the product (][,,,<,, Qn) <X (I, cpmew @m),
and, in V[Gy11], the poset (I,,-,n<., @m) is Ry y1-Baire. Hence P(R,,)VIC] =
P(R,)VIEn+1] Because V|G, 1] satisfies AC, we can find a uniform ul-
trafilter over U in V[G,41], and U remains an ultrafilter in V[G]. Since

V[Gny1] € HSY C VI[G)], we have U € HS® is a uniform ultrafilter in
HSY. O

For each n < w, let X,, = {ae < Ry, | p(n,a) = 1 for some p € G}, and X,
be the P-name {(&,p) | p € P,p(n,a) = 1}. X,, is a canonical hereditarily
symmetric name for X,, with fix(n + 1) C sym(X,,). Hence X,, € HS®. Tt is
routine to check the following;:

Lemma 4.4. Letn <w and A Cw xNy,. Let z = {a <R, | (n,a) ¢ A}
Then - X, N7a(X,) C &.

Lemma 4.5. There is no uniform ultrafilter over X,, in HSC.

Proof. Suppose not. Let U € HS® be a uniform ultrafilter over R, and U
be a hereditarily symmetric name for U. Take n < w with fix(n) C sym(U).
We show that both X,, and X, \ X,, are not in U.

First suppose to the contrary that X,, € U. Take p € G such that
pl- X, € U. Let d = dom(p(n)), and A = {(n,a) € w xR, | a ¢ d}.
We have 74 € fix(n) and 74(p) = p. Moreover - X, N mw4(X,) C d. Since
74 € fix(n) C sym(U), we have p IF 14(X,) € m4(U) = U, so we have
plk X, N WA(Xn) C d € U. However this is impossible since |d| < N,. The
case that W, \ X,, € U follows from a similar argument. O

This completes the proof of Theorem 1.4. Our proof is flexible; We can
prove the following by a similar argument. The proof is left to the reader.

Theorem 4.6. Suppose GCH. Let a be a limit ordinal. Then there is a
cardinal preserving symmetric extension in which R, is the least cardinal
not in U.

Let us say that a cardinal & is strong limit if for every a < k, there is no
surjection from P(«) onto k. In the resulting model of Theorem 1.4, W, is
not strong limit.

Question 4.7. Is it consistent that N, is strong limit and the least cardinal
not in U?
5. N, ¢ U BUT A € U FOR EVERY A > X, WITH COUNTABLE COFINALITY

In this section we give a proof of Theorem 1.5.
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Suppose GCH, and there is a strongly compact cardinal . Every regular
cardinal > k carries a k-complete uniform ultrafilter.

Let P be the poset from the previous section, and let Col(RX,+1, < ) be the
standard N, 1-closed Levy collapsing poset which force x to be R, 9. Take
a (V,Col(Ry41, < k))-generic H. In V[H]|, by Hayut-Karagila’s symmetric
collapse argument ([4]), we can find a symmetric extension M of V' in which
the following hold:

(1) R = Nw+2.

(2) For every regular cardinal A > &, every xk-complete uniform ultrafil-

ter U over A in V generates a x-complete uniform ultrafilter.

(3) P(Nw)M = P(Nw)v-
Next take a (V[H],P)-generic G. Since Col(Nyt1,< k) is Nyyi-closed, P
preserves all cardinals between V[H] and V[H][G], in particular k = R,12
in V[G][H]. Then, take a symmetric extension N of M|[G] via P as in the
previous section. We show that N is a required model.

By the argument before, we can show that in NV, X, is the least cardinal
not in Y. In addition, since P has cardinality N,4+1 in V' (and so in M), for
every regular cardinal \ > k, a k-complete uniform ultrafilter over A in M
generates an ultrafilter in V.

Lemma 5.1. In N, every singular cardinal A > N, with countable cofinality
carries a uniform ultrafilter.

Proof. Fix a singular cardinal A > X, with countable cofinality. Note that
cf(A\) = win V. In V, fix an increasing sequence (\, | n < w) of regular
cardinals with limit A\, and fix also (U, | n <w) such that each U, is a
k-complete uniform ultrafilter over \,.

In N, for each n < w, U, generates an ultrafilter. Fix a non-principal
ultrafilter U over w, and define a filter W over A as:

XeW = {n<w|Xn\ €U,}el.
It is easy to check that W is a uniform ultrafilter over A. O

By a similar argument, one can prove that every cardinal > N, with
cofinality not equal to V41 carries a uniform ultrafilter in N, however N,
would not.

Question 5.2. Is it consistent that XN, is the unique cardinal not in U?

6. CONSISTENCY STRENGTH ABOUT U

To prove Theorem 1.7, we need the notions of indecomposable ultrafilter
and regular ultrafilter.

Definition 6.1. Let U be an ultrafilter over a set S.
(1) Let k be a cardinal. U is said to be k-indecomposable if for every
f:S — K, there is X € [k]<" such that f~}(X) € U.
(2) For cardinals k < A\, U is said to be (k, A)-regular if there is a family
{Aq | @ < A} C U such that (¢, Aa = 0 for every x € [A]".

The existence of non-regular ultrafilters is a large cardinal property.
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Theorem 6.2 (Donder [3]). If there are cardinals k < X such that X carries
a uniform ultrafilter which is not (w, k)-regular, then there is an inner model
of a measurable cardinal.

The following lemmas are kind of folklore.

Lemma 6.3. Let U be an ultrafilter over a set S and k a cardinal. Then
the following are equivalent:
(1) U is (w, k)-regular.
(2) There is a family {Bs | s € S} such that Bs € [k]<¥ and {s € S |
a € Bs} €U for every a < k.

Proof. (1) = (2). Fix a family {4, | @ < k} C U witnessing that U is
(w, k)-regular. For each s € S, let B, = {a < K | s € Ay}. By the
choice of the A,’s, we have that B, is finite. Moreover, for a < k, we have
{seS|a€e B} =A,€U.

(2) = (1). Let Ay, ={se€ S|aeBs} €U fora<k. Forx e [k]“,if
there is s € ()¢, Aa, then By is infinite, this is a contradiction. O

Lemma 6.4. Let U be an ultrafilter over a set S and k a cardinal. If U is
k-indecomposable, then U is not (w, k)-reqular.

Proof. Suppose not. By the previous lemma, we can find a family {B; |
s € S} such that Bs € [k]<“ and {s € S | a € Bs} € U for every a < k.
Since U is k-indecomposable and x<¥ = k, there is X C [k]<“ such that
|X| < kand {s € S| B; € X} € U. Because ||JX| < k, we can pick
a € £\ [JX. Then there must be s € S such that B; € X but a € By, this
is a contradiction. (]

By this lemma and Donder’s theorem, we have:

Proposition 6.5. If there are cardinals k < A such that \ carries a k-
indecomposable uniform ultrafilter, then there is an inner model of a mea-
surable cardinal.

We start the proof of Theorem 1.7.

Theorem 6.6 (In ZF). If there are cardinals k < X with k ¢ U but X € U,
then there is an inner model of a measurable cardinal.

Proof. Fix a uniform ultrafilter U over A. Then U must be k-indecomposable;
If not, there is f : A — & such that f~1(X) ¢ U for every X € [k]<". Then
the ultrafilter f.(U) = {X C k| f1(X) € U} forms a uniform ultrafilter
over K, so kK € U. This is a contradiction.

We note that, we cannot apply Donder’s theorem at the moment, since
V' may not satisfy the Axiom of Choice. To settle this matter, we have to
take an inner model of ZFC and work in it.

Here we recall some definition. Let OD[U] be the class of all sets which
are definable with parameters U and ordinals, and HOD[U] be of all z
with trcl({z}) € OD[U]. HODIU] is a transitive model of ZFC with U’ =
UNHOD[U] € HOD[U]. U’ is a uniform ultrafilter over A in HOD[U]. We
use the following Vopénka’s theorem: For every set X of ordinals, there is a
poset P € HOD[U] and a (HOD[U], P)-generic G € V with X € HOD[U][G].
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See, e.g., Woodin-Davis-Rodriguez [7] for the proof. Note that, for proving
Vopénka’s theorem, V' does not need to satisfy AC.

Case 1: k is regular. We see that U’ is k-indecomposable in HODI[U].
To do this, take f : A — k with f € HOD[U]. By the assumption and the
regularity of x, there is v < & such that f~!(«) € U, hence f~!(a) € U'.

We have that U’ is k-indecomposable in HOD[U]. Because HOD|[U] is
a model of ZFC, HODI[U] has an inner model of a measurable cardinal by
Proposition 6.5.

Case 2: k is singular. Now suppose to the contrary that there is no inner
model of a measurable cardinal. In this case, we use Dodd-Jensen core
model KHOPWUI of HOD[U], which is a forcing invariant definable transitive
model of ZFC. By the assumption that no inner model of a measurable
cardinal, KMOPW] gatisfies the covering theorem for HOD[U], that is, for

every set z € HOD[U] of ordinals, there is y € KHOPIUI such that = C y

HODUT < max(N?OD[U}, |:E|HOD[U]). For details of Dodd-Jensen core

and [y|
model, see Jech [6].

Again, we see that U’ is k-indecomposable in HOD[U]. Take a function
f € HOD[U] from A\ to . By the assumption, there is X € [k]|<" such
that f~1(X) € U. By Vopénka’s theorem, we can find a poset P € HOD[U]
and a (HOD[U], P)-generic G € V with X € HOD[U][G]. Since HOD[U][G]
does not have an inner model of a measurable cardinal, KHOPUIG! gatisfies

the covering theorem for HOD[U][G]. So there is Y € KHOPWIC] sych that
X CY C k and |yHOPWIET < max(NIl{OD[UMG}, | X |HOPIWIE - We know
KHODW] — HODWIIC] 50 v ¢ KHOPWI € HOD[U). Clearly f~'(Y) € U,

and we have to check |Y|"OPW) < & Since HOD[U][G] satisfies AC, we have

that k > N?OD{U”G]. Thus we have |Y| < k in HOD[U].

Now we know that U’ is a k-indecomposable uniform ultrafilter over \ in
HOD[U]. Since HODI[U] is a model of ZFC, we have that there is an inner

model of a measurable cardinal by Proposition 6.5. This is a contradiction.
O
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