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1. ABSTRACT

This research is a joint work with Professor Shinya Nishibata, Souhei Sugizaki
of Tokyo institute of technology and Akitaka Matsumura of Osaka university. The
present talk is concerned with the existence and asymptotic behaviors of radially
symmetric stationary solutions for the compressible Navier-Stokes equation, describ-
ing the motion of viscous barotropic gas without external forces, where boundary
and far field data are prescribed on the exterior domain in R™, n > 3. We clear that
for both inflow and outflow problems, there exist non trivial stationary solution,
and for outflow problem we show that the stationary wave are asymptotic stable in
a suitably small neighborhood of the initial data. Furthermore, detailed decay rate
of the stationary solutions are derived.

2. INTRODUCTION

In this talk, we consider the compressible Navier-Stokes equation which describes
a barotropic motion of viscous gas in the exterior domain §2 to a ball in R" (n > 2):

(pU) +div(pU @ U) +Vp=v AU+ (v+ NV (divU), t>0, z €9,
where Q@ = {z € R"(n > 2);|z| > 1}, p = p(t,x) > 0 is the mass density, U =
(ui(t,z), -+ ,u,(t,z)) is the fluid velocity, and p = p(p) is the pressure given by a
smooth function of p satisfying p'(p) > 0 (p > 0). Furthermore, v and A are the
viscosity coefficients. In this talk, we focus our attention on the radially symmetric
solutions, which have the form

plt.x) = plt.r). Ult) = ~ut,r), r=lal. 2)

where u(t,r) is a scalar function. By plugging (2) to (1), we can rewrite (1) as in
the form

(r" o) + (" pu)r = 0, ) .
{ (pu), + (pu* + p(p))r + (n — 1)% = ,u,(u)r, t>0, r>1, )

where 1 = 2v + X\ > 0. Now, we consider the initial boundary value problems to (3)
under the initial condition

(p, u)(0,7) = (po, uo)(r), 1 >1, (4)

rn—l

the far field condition
lim (p7 U)(t, T) = (p+7 u+)7 t> Oa (5)
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and also the following two types of boundary conditions depending on the sign of
the velocity on the boundary

{ (:07 u)(tv TO) = (pb,ub>7 t> 07 (ub > 0)7

u(t,rg) = up, t >0, (up <0),

where py, p1 > 0, u, and u, are given constants.

The case u > 0 is known as “inflow problem”, the case u, = 0 as “impermeable
wall problem”, and the case u, < 0 as “outflow problem”.

When the problems are multi-dimensional (n > 2), Jiang [2] and Nakamura-
Nishibata-Yanagi [8] studied the case ux = 0. They study more general compress-
ible Navier-Stokes equation, describing the motion of viscous polytropic ideal gas.
Jiang [2] first showed the global asymptotic stability of the constant states, and
later Nakamura-Nishibata-Yanagi [8] extended the results to the case with external
potential forces. Recently, Hashimoto-Matsumura [4] treated the multi-dimensional
problems in more general cases 1, # 0 and they showed the existence of the radially
symmetric stationary solution in a suitably small neighborhood of the far field state.

(6)

3. MAIN RESULT

In this talk, we consider the asymptotic stability of the radially symmetric sta-
tionary solution obtained in Matsumura-H [5]. The stationary solution (p, @) is a
solution to (3)-(6) which is independent of the time variable. Thus, (p, @) satisfy
the equations written as
( (Tn_lﬁa)'f‘ = 07
(r"—ta),

r”_l )7’7 r 2 17

puty +p(ﬁ>r = M(

lim (5, @) (r) = (o, uy),

T—00

( (P, @) (r0) = (po.wp) (wp > 0),  alro) =wp (up <0).
From the first equation in (7), we easily see it holds
" o(ru(r) = m, r>1, (8)

for some constant m, and it also holds from the boundary conditions that

m = pyup (up > 0), m=p(Lu, (up <0),

where note that in the case u, < 0, m includes the unknown p(1) which should be
determined later. The formula (8) implies that if n > 2,

= 0.

ue =l uln) = I e
Hence, we need to assume u, = 0 for the existence of multi-dimensional stationary
solutions. Now we state the statement of existence Theorem.

Theorem 3.1. Let n > 2 and uy = 0. Then, for any py > 0, there exist positive
constants €g and C' satisfying the following:



(I) Letu_ > 0. If [u_|+|p- — p+| < €0, there exists a unique smooth solution (p, u)
of the problem (7) satisfying

lp(r) = p| < Cr2 D (ju_? + [p= = py ),

Clr= Du_| < |u(r)| < Cr= " V|u_|, r > ro.

Furthermore, for any positive constant h, there exists a positive constant Cy such
that it holds

sup [p(r) = pi| < Chlu_|*. (9)
r>ro+h
(IT1) Let u_ < 0. If |u_| < ey, there exists a unique smooth solution (p,u) of the
problem (7) satisfying

p(r) = ps| < Cr2 Va2,

O V| < fu()| < Cr O V],

Now we are ready to state the result for the asymptotic stability of stationary
solution obtained for outflow problem in the following Theorem.

Theorem 3.2. Let up < 0, n > 2 and uy = 0. We assume that o be an arbitrary
constant satisfying 0 < o < 1. Assume that the initial data (4) belongs to the
function space

po € C'17[1,00), up € C*™[1, ).

Then there exists a constant e such that if [u_|, ||r"T (po — p, uo — @) || m < €0, then
the initial boundary value problem (3)-(6) has a unique solution (p,u)(t,r) satisfying

(/), u) c Cl+a/2,1+a x Cl+a/2,2+a([07 T] % [17 OO)),

for an arbitrary T > 0 and (p — py,u—uy) € C([0,00); HY(R)). Moreover, the so-
lution (p,u)(t,r) converges to the stationary wave (p,w)(r) as time tends to infinity.
Precisely, it holds that
li )(t, ) — (p,a = 0.
Jim sup |[(p,u)(t,r) — (p,u)(r)| =0
In the proof on the Theorems, we use spacial weighted energy method proposed
by Nakamura-Nishibata-Yanagi [8] and decay rate of stationary solution. C*+7 de-
notes the Holder space of continuous functions which have the kth order derivatives
of Hoolder continuity with exponent o.

Remark 1. Whenu_ =0, by (3)-(5), we easily see the solution is the trivial constant
state (p,u) = (p+,0). Therefore, when u_ > 0 and p_ # py, the estimate (11) shows
a boundary layer for mass density does appear as u_ — —+0.

4. PRELIMINARY AND PROPERTY OF THE STATIONARY SOLUTION

In this section we translate the problem (7) and we use the symbol u(r) and
p(r) as the stationary solution of u(r) and 5(r) for less confusion. We introduce the



specific volume v by v = 1/p (accordingly, denote vy by 1/py). Then, by (8)), the
velocity u is given in terms of v as
u(r) = m o(r), r>1, (10)

rn—l

where m = wp /vy (up > 0), and m = up/v(1) (up < 0). Substituting (10) into the
second equation of (7), we have
2

m v _ v

o <rn—1>r +p(v), = mp (Tn;)T : (11)
where p(v) := p(1/v), and it holds j'(v) < 0(v > 0) by the assumption on p(v).
Now, we further introduce a new unknown function 7, as the deviation of v from
the far field state vy, by

n(r) =ov(r) — vy, r>1. (12)
Plugging (12) into (11), we have
™\ - muy 1 m*
mH (r"—l)r = blos £ )y + 2 (7’2(”—1)>r * rn=l (r”—l)T ’ (13)

where m = up/v_ (up > 0), and m = up/(v4 +1(1)) (up < 0). Under the far field
condition n(oo) = 0, the equation (13) is also equivalent to

2 2 o0
Ny - m4v men n(s)
(m'urnl - p(v‘f‘ + /’7) - 2742(71:’_1) - r2(n—1) + mz(n a 1)/ g2n—1 dS) - 0’ (14)
r r

which implies that the function in the parenthesis in the left hand side of (14) is
identically equals to a constant ¢y for » > 1. Then, it follows from the far field
condition that

o) 1 _
Tlggo P m—,u(co +p(vy)),
which concludes ¢y = —p(v, ), otherwise it contradicts the far field condition again.
Thus, we finally have the following reformulated problem in terms of 7:
( rn—l ~ ~
e = o (Pl 4 0) = p(o)
mo, 1 mn  m(n—1)r"t [ n(s)
+ 2'u ,,nn—l + IM’]"n_l - Iu QQT‘L—ldS’ r > 1, (15)
limn(r) =0,

T—00

(1) =m :=vp, — vy (up >0), no boundary condition (u, < 0),
where m = wy/v_ (up > 0), and m = wup/(v4 +1(1)) (up < 0). Once the desired
solution n of (15) is obtained, the velocity u is immediately obtained by (10) as
_ wp(vy +1(r)) up(vy +1(r))
ulr) = ————=— -
v’ (vy +n(1))rn=t
The existence theorem for the reformulated problem (15) is the following.

(up >0), u(r)= (up < 0).



Theorem 4.1 (Hashimoto-Matsumura [5]). Let n > 2. Then, for any vy > 0, there
exist positive constants eq and C satisfying the following:

(I) Let up > 0. If |up| + |mo| < €0, there exists a unique smooth solution n of the
problem (15) satisfying

()] < Cr2 D (fug|* + ), 7> 1

(IT) Let up < 0. If |up| < €, there exists a unique smooth solution n of the problem
(15) satisfying

()] < Cor" V!, v > 1
Theorem 4.1 ensures that if |uy| is sufficiently small, then it holds that
v 3
74— <wvp +1(1) < 5+

In addition to the Theorem 4.1, we obtain the following lemma for the property of
stationary solution.

Lemma 4.2. Let u_ < 0 and n > 2. Then, for any vy > 0, if |uy| < 1 we obtain
the following properties.
n(r) >0 ,n.(r) <0, Ner(r) >0 (171 < 00),

7,(r)] < 017_2n1+1|ub|27 1| < C’27”_2”|Ub|2-

u(r) <0 Jur >0 Lu <0 (1S7r<o00)
Cylr™" | = Ju(r)] = Car™™Huy,
lu| = Car™"|ug|,  up| = C’ST_7L_1|ub|v
lp(r) — pi| £ Cor "2 |uy |,

2

on J _
S Chr 2 +1|Ub|27 w(ﬂ(m —py)| = Cyr 2n|ub|27

& 0(r)— p2)

where,C1, -+ ,Cs are positive constants independent of r and |up).

5. THE ENERGY ESTIMATES

In this section, we derive the a priori estimate. «(r) and p(r) stand for the
stationary solution for (7) here. In order to prove the stability result in Theorem
3.2, it is convenient to regard the solution (p, u) as a perturbation from the stationary
solution (p,@). Thus, we define new unknown functions as

¢(r,r) = p(t,r) —p(r),  &(t,r) = ult,r)—a(r).
Subtracting (7) from (3) yields that

{ ¢t+u¢r+pwr:F7 (16)
p(djt + U%) + Pl(ﬂ)ér - /“v/}rr = G7

where

{ Fi=—ptp — ¢ — “L(pu + o) (17)
G = — (¢ + i + Tov)) i, — (P'(p) — P'(9)fr + pu(n — 1)(£),



The initial and boundary conditions to the system (16) are derived from (4) and
(6),
¢(0,7) = ¢o(r) :=p(r) — p(r),  ¥(0,7) = 1ho(r) = up(r) — u(r)
W(t,0) = 0.
The local existence of the solution (¢, 1) to the initial boundary value problem (16)
and (18) is stated as follows.(Tani, [9])

(18)

Lemma 5.1. Assume that the same conditions in Theorem 3.2 hold. Then there
exists a positive constant Ty, depending only on |¢ol11e and |tolats, such that the
initial boundary value problem (3) - (6) has a unique solution (¢, 1)) in the space:

(6, ) € C1Ho/2157 5 12240 ([0, Ty] x [1, 00)),
P, T, 1T g, T, € C([0, o) IA(Ry)),
rT, € L0, Ty LA(R,)).

Next, we proceed to the a priori estimate in the Sobolev space, which is stated
in Proposition 5.2. To show this estimate, it is convenient to use notation

N(®) := sup (4, ) (7)|5.

Proposition 5.2. Let (¢,) be a solution to (16), (17) and (18) in a time interval
[0,T], which has the same regularity as in Lemma 5.1. Then there exist positive
constants €y and C, such that if N(T') < gq, then the following estimate holds for
an arbitrary t € [0,T:

II(¢,¢)(t)Hf+/ l&r (DI + e (IR + (6, &) (7, 1) [Pl 19
0 19

<c / UG Q2+ B R, )dr.
1

Proof. The proof is divided into three steps, which are stated in Lemmas 5.3, 5.4
and 5.5. Combining the uniform estimates proved in these three Lemmas gives the
desired estimate (19). O

The smallness assumption on N(7') in Proposition 5.2 ensures that if ¢, is suff-
ciently small, then there exist certain positive constants ¢, and C, such that

0<c,<p(tr)<C, for tel0,T].
Next, we introduce an energy form by

_ Lo ["P0) - Pp)
€= v +/,3 N



By using (16), (17) and (18), we see that p€ satisfies the equation by the straight-
forward computation.

(pE): + {pu€ + (P(p) — P(p)) — ptbe, — pu(n 1%}?

+u¢3+n7_1(p7uw2+u%2)

+(n_1){%/’) P(n)n—QP@)dU*- P(/))/I;P(ﬁ)qurﬁw}
P (PO = P() P =D

+ (n 1>r< p P'(p) - )

— _ 2 _ - _ pl(= = ﬁ—ﬂ (Tnila)r
= — (p® + P(p) — P(p) — P'(p)(p — p)) iy ﬁdnb <—7‘”_1 )

We are in a position to state the basic energy estimate.

Lemma 5.3. There exist positive constants €1 and C' such that if N(T) + |uy| < €1,
then it holds that

) t
[ et sl [ oy
1 0
t ')
+ / / Yt 4 r"_lwf + |u;,|r_11/12drd7'
0o J1

00 t
< C/ e + " dr + C|ub|3/ o (7)|]2d,
1 0
for an arbitrary t € [0,T].

Next, we state the L-estimates for the first derivatives, ¢, and 1,. To derive
this, we use a difference quotient of a function ¢ with respect to r defined as

on = on(r) == ol + h}>L — %p(r),

In addition, the following identity holds
(pw)n = pnw" + wp,

where we have defined ¢" := o(r + h). The statement of the L*-estimates for the
first derivatives, ¢, is the following.

for h > 0.



Lemma 5.4. There exist positive constants o and C' such that if N(T') + |up| < €2,
then the following estimate holds for any t € [0,7T]:

0 t
/ G2+ [y / 60 (7, 1)2dr
1 0

t e8] 2
+ / / upl 25 + 7162 4 11 GRdrdr
0o J1 r

o0 [e's) t
<c [ g g [ drs Clul [ ol
1 1 0
t t
N / P é(r 1)2dr + CN(1) / |2
0 0

t [e'e)
+ O] + N (1)) / / TR NL T WL Fay
0 1

The statement of the L?-estimates for the first derivatives, 1), is the following.

Lemma 5.5. There ezist positive constants €3 and C' such that if N(T') + |up| < €3,
then it holds that for t € [0,T):

/ - 1¢2d7‘+// ot 2drdT
1

t
e / PG 4 R dr | / UG+ 2 )+ Clu? / 0 (7)|Pdr

1

Cllul + NO) [ [ et i
0 1

¢
—I—C’N(t)/ P2 dr.
0

Once the Sobolev estimates are obtained, we can proceed to derive the Holder
estimates. A priori estimate in the Sobolev space (19) in Lemma 5.2 ensure the first
step of the Hoolder estimate:

|/)|1T/4,1/2 ) |U|{/4,1/2 < C(Ey), (20)
where Fjy is defined by

sz/ PNGE R  G, R, )dr
1

Once we obtain the basic estimate (20), the higher order estimate in Héolder space
is derived by the same strategy as in Kawashima-Nishibata-Zhu [3], Nakamura-
Nishibata-Yanagi [8]. The higher order estimate in Héolder space is described as
the following proposition.

Proposition 5.6. Let 0 < o < 1. Under the same assumptions in Lemma 5.1, it
holds

|p|{+%,1+m |u|1T+g,2+a < (1),

where C(T') is a constant depending only on T', |poli+o, |tolore and ||(¢,1)]1-



We can derive the above estimate by using shauder estimate in Lagrangean

coordinate. (See [3] and [8] for details.) Finally, combining Lemma 5.1, Proposition
5.2 and Proposition 5.6, we obtain the Theorem 3.2.

1]

[9]
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