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Abstract

In [3], we studied continuous homomorphisms between locally convex spaces of entire func-
tions with growth given by proximate orders and gave their differential operator representations,
both in Roumieu cases and Beurling cases.

In this paper, we report our recent study on such representations of such homomorphisms
in mixed cases. The result provides a unified treatment from a categorical viewpoint by virtue
of the topological intersection/union theorems.

§1. Introduction

A linear differential operator often defines a continuous endomorphism on a func-
tion space endowed with a natural topology, and also an endomorphism of a sheaf of
functions. Therefore, there arises a natural question whether every continuous endo-
morphism of a given space (or of a given sheaf of functions) can be represented as a
differential operator.

This problem has been studied in various situations. We refer, for example, to
[11, 12], [13, 5, 6], and [8], for the smooth, analytic, and ultradifferentiable cases.

For the spaces of entire functions with a growth given in terms of constant order
p > 0, it is shown in [4] that any continuous endomorphism of such space is characterized
as a partial differential operator of infinite order with a symbol satisfying certain growth
conditions. Note that such endomorphisms play a role in the study of superoscillations
(see [1, 2]). The results were generalized to the case of proximate order ([7, Corollaries
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6.5 and 6.6]). We studied continuous homomorphisms between spaces given by possibly
different proximate orders and gave their differential operator representations, both in
Roumieu cases and Beurling cases ([3, Theorems 4.5 and 4.7]). There, we pointed out
that the roles of the proximate orders of the source and target spaces are much more
visible in studying homomorphisms rather than endomorphisms.

In this paper, we report our recent study on such representations of such homo-
morphisms in mixed cases. The result provides a unified treatment from a categorical
viewpoint by virtue of the topological intersection/union theorems.

§2. Orders and proximate orders

The order and the type of an entire function is defined via the comparison of |f(z)]
with a family of functions {exp(L|z|*)}x.1>0-

Definition 2.1 (order and type). An entire function f(z) on C” is said to be of
finite order if there exist positive constants k, L, C' such that

(2.1) 1f(2)] < Cexp(L|z|*), for any 2z € C™.

The order p € [0,400] and the type o € [0,4+00] (when 0 < p < 4+00) of f(z) are defined
by

p:=inf{k € (0,00) | 3L > 0, 3C, (2.1) holds.},
o:=inf{L € (0,00) | 3C > 0, (2.1) with k = p holds.},

under the convention inf () = +o0.

When the order p of f(z) is positive and finite, (i.e., 0 < p < 4+00), f(z) is said to
be of minimal type, normal type, and mazximal type according to the respective cases
0=0,0<0 <400 and o = +o00.

Definition 2.2 (spaces A, and A, ;). We denote by A, (resp. A, 10), the space
of entire function at most of order p > 0 and normal type (resp. minimal type).

Remark 2.3. We have the following inclusions and strict inclusions:
(a) Ay 10 C A, for any p > 0.
(b) A,, C Ay, and A, 1o C Ap, 4o if p1 < po.
(c) Ap, C Apy 4o if p1 < po.
(d) API ; mp2>p1 AP2,+07 Up1<p2 API ; AP2,+O'

Roughly speaking, {A,, A, +0},>0 forms a coarse scale of entire functions of finite order.

The notion of a proximate order was introduced in [14].
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Definition 2.4 (proximate order). A differentiable function p(r) > 0 defined for
r > 0 is said to be a proximate order for the order p > 0 if it satisfies
(i) limy— 400 o(r) = p,
(ii) limy— 400 O (r)rlnr = 0.

In this paper, we treat only proximate orders p for positive orders, and in that case,
there exists 79 > 0 such that the function r2(") is strictly increasing on r > ro, and
diverges to +o0.

Let o(r) be a proximate order for a positive order. A normalization 6(r) of o(r) is
another proximate order satisfying the following conditions:

e there exists a constant r; > 0 such that o(r) = o(r) for any r > rq,
o 7+ 12" is strictly increasing on r > 0 and maps (0, oc) onto (0, c0).
The existence of such ¢ is noted in [9, p.16, Note.].

For a given o(r), we fix one normalization g(r). We denote the inverse function of

t =720 (1 >0) by r = @(t) = @s(t) (t > 0), and define a sequence (G,)qen by

Y plg)
Gq_GQ,q = W’ fOI'qu

For any ¢ > 0, we consider a Banach space of entire functions
Apo i ={f€O0C") [ |[fllo0 = sup |f(2)] exp(—o]z[20*V) < oo}
ze(Cnr
endowed with the norm ||-||,,5-

Definition 2.5 (spaces A, and A, +o). We define the spaces of entire functions at
most of normal type and at most of minimal type with respect to a proximate order p,
by

A, = li_n}AQ’,,, and A, o= T&nAQvU.

o>0 o>0

We can see that A, is a (DFS)-space, and that A, ;10 is an (FS)-space. They are
also called the space of Roumieu type and that of Beurling type respectively.

When we fix a normalization §(r) of o(r), the spaces A, and A; coincide as subspaces
of O(C™) and they share the same locally convex topologies. The same holds for A, ;¢
and A; 540.

We define relations g; < g2 and g1 < g2 between two proximate orders g; (i = 1,2)
for positive orders by

01 =< 02 <= r2") = O(re2(M) as r — oo,

01 < 02 <= 1) = o(r2(M) a5 r — 0.

We can easily see that po; < g2 implies A, C A,, and A, 10 C A,, +0, and that
01 < 02 implies Ay C Ay, yo.
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Remark 2.6. We have the following inclusions and equalities:
(a) Ap40 C A, for any p.
(b) A, C Ay, and A, 4o C Ay, 40 if 01 = 02.
(c) AQI C Agy 40 1f 01 < 02.

( ) - mg2>gl AQ27+07 U91'<92 AQl = A927+0'
Roughly speaking, {A,, A, +0}, forms a “fine” scale of entire functions of finite order.

(Cf. Remark 2.3).

We call Remark 2.6(d) as an algebraic intersection/union theorems, which is a part
of the following theorem.

Theorem 2.7 (intersection/union theorems). We have equalities as subspaces of
o(cn),
ﬂ A92,+07 U AQI :A92,+0'
0201 01<02
Moreover, they are isomorphisms between locally convex spaces:

A, = 1£1 A, +0 hgl Ay = Apy 4o
02701 01 <02

Remark 2.8. The names “intersection theorems” and “union theorems” were intro-
duced for classes of ultra-differentiable functions in [10]. However, we think that the
concept of (algebraic or topological) intersection/union theorems has been widely shared
among many researchers for a long time. For example, in several variables, topological
intersection theorems have been studied at least from 80’s, and given an alternative
name of “projective descriptions”.

§ 3. Differential operator representations in Roumieu and Beurling cases

We define the space of formal differential operators of infinite order with coefficients

in C[[2]] by

={P= ) aa(2)0¢ | aa(2) € C[[2]]} ~ Home(C[z], C[[2]]).

Now we study continuous homomorphisms from A, to A,, and those from A,, 4o
tO AQ27+0'

Definition 3.1 (D,, _,, and D,, _,,,0). Let g; (i = 1,2) be two proximate orders
for positive orders with 01 < 02. We take a normalization 9, of p; and a sequence
(G4y.q)q- We denote by Dy, _,,, and by Dy, _,, 0, the sets of all formal differential
operators

P=Y" a.(2)0 €D,

aeNn
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with the respective conditions: (as(2))aen» C A,, satisfying

(3.1) YA > 0,30 >0, 3C >0, Ya € N, [[aq|/gs,0 < CAGy, 10/l
and (aq(2))aenn C Ap,, 40 satisfying

(3.2) Yo > 0,3\ >0,3C > 0,Ya € N, [[aa]los.0 < CNGy, 0/l

Note that the definition does not depend on the choice of a normalization. Note also
that when g; = g2, we denote D,_,, by D,, and D,_,,¢ by D,y.

Now we recall two theorems from [3]. For the case of Roumieu type, that is, for the
spaces of entire functions at most of normal type, we have

Theorem 3.2 ([3, Theorem 4.5]). Let g; (i = 1,2) be two prozimate orders for pos-
itive orders satisfying 01 = 02.
(i) Suppose that P =) an(2)05 € Dy, _p,. For an entire function f € A,,,

Pfi= Y aa(2)07f

aeNn

converges in A,, and Pf € A,,. Moreover, f — Pf defines a continuous homomor-
phism P : A, — A,,.

(i) Let F' : A,, — A,, be a continuous homomorphism. Then there is a unique
P e D, _,, such that Ff = Pf holds for any f € A,,.

In what follows, we write such conclusions (i) and (ii) as
Dy, -0, = Homy,cs (Agl ) AQz ).

As a corollary, we recover D, — Endycs(4,), ([7, Corollary 6.5]).
For the case of Beurling type, that is, for the spaces of entire function at most of
minimal type, we have

Theorem 3.3 ([3, Theorem 4.7]). Let g; (i = 1,2) be two proximate orders for pos-
itive orders satisfying 01 < 02. Then, D, 0,0 — Hompcos(Ap, +05 Agy.t0)-

Again, as a corollary, we recover D, o — Endpcs(A, 10), ([7, Corollary 6.6]).

§4. Differential operator representations in mixed cases

Now we study continuous homomorphisms from A,, to A,, +o and those from A,, 1o
to A,,.



6 T. Aoki, R. ISHIMURA AND Y. OKADA

Definition 4.1 (D{,,1(p,) and D(,,)(0,}). Let 0; (i = 1,2) be two proximate
orders for positive orders. We take a normalization 9; of p; and a sequence (G, 4)q-
We denote by Dy, 15 (0,) for 01 < 02 (resp. by D (,,)— 10,3 for 01 < 02), the set of

P= )" aa(2)02 €D,

aeNn?

with the respective conditions: (aq(z))aenn C A,y +0 satisfying

(4.1) YA >0, Yo >0, 3C >0, Ya € N, [[aq]/gs,0 < CAGy, 10/l
and (aq(2))aenn C Ap, satisfying

(4.2) 3o >0, 3A>0,3C >0, Yo € N, [|ag|ps,0 < CAGy, 101/

Theorem 4.2. Let g; (i = 1,2) be two proximate orders for positive orders. We
have

D{Ql}%(gz) = HomLCS<A917A92,+0)7 if 01 < 02,
D(Ql)*{@z} = HomLCS(AQh-FO?AQz)a if 01 < 02.

We can prove it in a parallel manner as the cases D,, _,, and D, _,, 0. However,
we can take an alternative strategy that the four cases can be reduced to the case of
the Roumieu to Beurling case, if we take Theorem 2.7 into account.

References

[1] T. Aoki, F. Colombo, I. Sabadini, and D. C. Struppa. Continuity of some operators arising
in the theory of superoscillations. Quantum Stud. Math. Found., 5(3):463-476, 2018.

[2] T. Aoki, F. Colombo, I. Sabadini, and D. C. Struppa. Continuity theorems for a class of
convolution operators and applications to superoscillations. Ann. Mat. Pura Appl. (4),
197(5):1533-1545, 2018.

[3] T. Aoki, R. Ishimura, and Y. Okada. A differential operator representation of continuous
homomorphisms between the spaces of entire functions of given proximate orders. Complex
Anal. Oper. Theory, 14(8):Paper No. 75, 22, 2020.

[4] T. Aoki, R. Ishimura, Y. Okada, D. C. Struppa, and S. Uchida. Characterization of
continuous endomorphisms of the space of entire functions of a given order. Complex Var.
Elliptic Equ., 66(9):1439-1450, 2021.

[5] R. Ishimura. Homomorphismes du faisceau des germes de fonctions holomorphes dans
lui-méme et opérateurs différentiels. Mem. Fac. Sci. Kyushu Univ. Ser. A, 32(2):301-312,
1978.

[6] R. Ishimura. Homomorphismes du faisceau des germes de fonctions holomorphes dans lui-
méme et opérateurs différentiels. II. Mem. Fac. Sci. Kyushu Univ. Ser. A, 34(1):131-145,
1980.



[7]
(8]
[9]

[10]
[11]
[12]

[13]

[14]

CONTINUOUS HOMOMORPHISMS IN MIXED CASES 7

X. Jin. The spaces of formal power series of class M of Roumieu type and of Beurling
type. Hiroshima Math. J., 50(1):117-135, 2020.

H. Komatsu. Ultradistributions. II. The kernel theorem and ultradistributions with sup-
port in a submanifold. J. Fac. Sci. Univ. Tokyo Sect. IA Math., 24(3):607-628, 1977.

P. Lelong and L. Gruman. Entire functions of several complex variables, volume 282 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathemat-
ical Sciences/. Springer-Verlag, Berlin, 1986.

O. Liess and Y. Okada. Ultra-differentiable classes and intersection theorems. Math.
Nachr., 287(5-6):638-665, 2014.

J. Peetre. Une caractérisation abstraite des opérateurs différentiels. Math. Scand., 7:211—
218, 1959.

J. Peetre.  Réctification & Darticle “Une caractérisation abstraite des opérateurs
différentiels”. Math. Scand., 8:116-120, 1960.

M. Sato, T. Kawai, and M. Kashiwara. Microfunctions and pseudo-differential equations.
In Hyperfunctions and pseudo-differential equations (Proc. Conf., Katata, 1971; dedicated
to the memory of André Martineau), pages 265-529. Lecture Notes in Math., Vol. 287.
Springer, Berlin, 1973.

G. Valiron. Lectures on the General Theory of Integral Functions. Privat, Toulouse, 1923.



