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Abstract

We study nonlinear perturbation of wave equations, using Hadamard distributions, which
at first appeared in quantum field theory (QFT). Considering the elementary solutions of the
wave equations, Hadamard distributions enables us to desribe the singularities clearly. We
study the nonlinear perturbation using them.

§1. BExRA

ATl Hadamard M 2 AW TREI AR ROIFFMRPEENZ OVWTELE TS, 22
T\ 5 Hadamard #EAEL & 1%, BAICHOE 5w (QFT) ZBWTHWLN/ZMETH
5. T THORETHROBERIZDWTHBIZHIAT 5.

%0 i D IEAE IR RL Klein-Gordon HFEXNTH 5 -

(1.1) P,0(r) — 5 92,0(e) + m2o(e) + 5 0() =0,

1<k<3

ZZTua=(vg,2") = (x0, 21, 29,23) ER* 721X C* THYH, EHxm>01FRTOEE
ZRT. EEHN TG EBLTIEN, K TOMBEFEHOMS 2KT. RABBEK o(x) 1%
mE G EEEN, EETIZEZED distribution THh 5. AR TIEEHRD 72O ¢(r) 1Zid@
D distribution &9 5. L7225 T Klein-Gordon AFER 2 & WS K0 L, Ho&E
TimE2H I U CHERPKE AR 2B Z 8T khd, £/2BEmIdEL T 5.
Klein-Gordon £ (1.1) I2HBWT, 4% 41 %qb(:t)?’ ZHEBEFEAEE WS, HE

ERFIZS - ¥ —BOFTH LK, 2O §¢<w)3 BHARN GBS A RS, ¢ T
LEXIENTVWS. A=00D L ZFMHEEAIROTEHBEE B LR

(1.2) 2 b(x)— Y 02 () +mie(x) = 0.

1<k<3

2020 Mathematics Subject Classification(s): Primary 35L05; Secondary 35530, 81T10.
Key Words: Nonlinear waves, Fourier integral operators
Supported by Research Institute for Mathematical Sciences, an International Joint Usage/Research
Center located in Kyoto University
*Department of Mthematics, National Defense Academy, Yokosuka 239-8686, Japan.



2 KEISUKE UCHIKOSHI

AFTI (1.1) D distribution 2 & 2 5. DI, [1, 3] 1> T, 7— ) TH
SERAFEZMH - T, (1.2) DIROD distribution fi#

(1.3) ¢_1(z) e(\/—_lon(ﬁ')Jr\/—_lx’-é’)E(g/)—1‘dé*/

1

- 47T\/7_T R3
#HEABD. ZIT

Wig_1 = {(,vV=1¢) € V-IT"R*\ {0} 5 = ) a3, & =1¢]},

1<5<3
Thb. UIh>oTX CV/—1T*RMIZHULT X = {(x, —/—1&) € V-1T*R?; (z,v/—1¢) €
X} eUT, Wip_1N(Wfp_1)8 =0 &b, TD7D ¢?, DX D LRI ERNEET
5.
—7i, Hadamard [2] I%

(1.4) ¢(z) = A(p*)p~ + B(p*) logp

Zmi%%bt(uﬁ@%%%&bt.:Zﬁp@%:¢%—§hg9x§kié.:®£
5 B OMITFEDMERN 2D T, [1, 3] 12D L5 RBE LI T F~—VIREBIZH S
CREFATWS., RiT ¢ BTEXI—IRETHD. AEOHMIZZDL >4 FIZEHL
T (1.1) @ distribution ffZ KT 25 L TH 5.

§2. Hadamard &EEH
(1.3) 2 —RLL T, 928 0 ot LT

(2.1) b (x) = VTR0 BE )T €) ety ge!

4Wﬁ R3
EEASL. UTFL>0IMEEDFEHEL, r>013/hE< 5. UTOEZHLEEZ A 5.

Qo(r) = {(p,r) € C* [p| <r/e, 0 < |pe™™| <r, |IK| < 37/4}.

Q1(r) = {(x0,q) € C% |23 — |V <r/e, |xo+q| <7},

Qa(r) = {(z0,q) € N(r); 2 —¢° # 0},

wi(r) ={r € C* |2§ - di<j<3® g|1/2 <rfe, lwot /D 1<<s v3| <},
wa(r) = {x €wi(r); = - D 1<j<s 553' # 0},

wit(r) =wi(r) N R

H Qo(r) ETp A 0TH Y, ZOEBNHEZEN R(Qo(r)) DRZE (p, k,argp) € Qo(r) x
RDLSIZRARTED. £ZT

Qo(r, L) = {(p, k) € R(Qo(r)); |argp| < L}.



NONLINEAR PERTURBATION OF THE WAVE EQUATION 3

95, BELERE X EOo—MERBERO2AE OX) LT,
O Qy(r,L) > (p, k) — (pcoshk, psinh k) € Qa(r)
2R RDT f(p,r) € OQo(r, L)) B f(p,k) = f(p,—k) ZHE72L TN g(z) =
9(x0, 1/ 1< jc3®}) WE 2o = peoshk, /37, icgx = psinhr & LT wy(r) LOZAMIE

HIBAEIC 5. F£72 R(wa(r)) ED % (19, q,arg(rg + q),arg(zo — q)) € wa(r) x R? &
=L T, TOR%E (xg,q) £IEHIT (g, q) £FLT. £ T

@a(r, L) = {(x0,q) € R(wa(r)); |arg(zo + q) + arg(zo — ¢)| < L,
|arg(xo + q) — arg(xo — q)| < 37/2}.

95 DL

@2(7ﬂ7L) > (x07Q)N'_> (.TO,Q) € CUQ(T)
T 2ETHD. B f(ro,q) € O(@a(r, L)) B f(xo,—q) = f(p,q) 27z L TVNIZE,
g(x) = f(zo,q(z")) 1%

{reCh 0<|zo+q(z) <r 0<l|zg—q(x)| <7 |p| <r/e},
IHET L LMERIEEBIC R 5.
FR p Iz LT
. Lifpe{jeZ j=>1},
C0ifpeR\{jeZ; j>1}

T 5. Q(r L) BT (0) = w9 £,/ o epa? ET 5.

Nmax(2) = max(|y4 (2)], |- (2)]),
Nuin(z) = min([v (2)], [¢-(2)]),
maX<Nmax(m)u+1|IOgNmax(m)lma Nunin (7 )u+1|10g~/\/’mln( )[* *)

Nu(z) =

Ninax ()
9%, vz
( Ninax (), peR\Z, u>—1,
N() = Nmax ()" log Nmin ()], w=—1,
Ninax (2)#]10g Nmax ()], pez, p>0,
[ NMinin (@) N pax (2) 71, peR, p<—1

TH5. EEUATOLD LEHEREZEZD -

Oc(@a(r, L)) ={a(zo,q) € O(&2(r,L)); a(xo,q) = a(xo, —q)},
Oo(@2(r, L)) = {a(zo0,q) € O(@2(r, L)); a(zro,q) = —a(xo, —q)}.



4 KEISUKE UCHIKOSHI

E72 O (wi (1), Oolwr(r)) BRABICEDS. X 52

HY (@1 (r, L)) = {ao(xo,q) + a1(zo0,q);
la(xo,q)|

a1 € Og(wy(r, L)), sup ———= <0
' (@ ) @ (r,L) N (20q)
ag € Oc(w(r)), sup|b| < oo}
w(r)

£S5 blrv<0BbaZka+bTEESHATI=020LTkW.
ZOERIZATOED H5. TTIHRALEDIT ¢_1(z) = A(p?)p 2+ B(p?)logp 75
DTM>0%2Kk&LkdL

[f—1(2)] < MIp| ™ = Mgpy |7y |71 = MNGu N, = MN -2

LB, §=1,23, 85 ¢_1i(x) = (—V/=1)10] ¢p_, KDT
dj1(x) ~ 0 (W) = D (=1l T
k+l=j

ey
|6j—1(2)] < MN 2

CEVWTHEIEVWTIEARWD, DULHRETET
|65 -1(2)] < MN G Nyl = MN
b, —MRINZIROER DR D LD,
Theorem 2.1. (i) L pu > v THNWK, r > 0 Z2/NE EXRE, HH(Qo(r, L)) C

HY (Qo(r, L)) 2725,
(i) FFRED Lu e RIZHLTr >0 2/IME ERIE ¢, € HH3(Q(r, L) 5. .

§3. TEMFER

AR Hr Z#FAVWT ¢ ET VDI EE 2 E 25 &, 1< —1 DEHHITENF
BV BATR R Z 5. fBIZE AL o(x) e HF LliEp=0DEL T|f| < M|p|*
LWHIZETHD. FIT

02, 0(x) — > 02 ¢(x)| < M'|p|»—2
1<k<3
B
93| < M3|p|3#

b, Bl pu<—1185 p—2>3u Lo CHEMPHEDIZ DS PR WFRFR S ZFF > TW»
5. ZOGAITIFEVIAATERZEAT 246E2H D, AETIEIziFfnin, 22
Tu>—-1DEEEEIT, MOFERPBOND.



NONLINEAR PERTURBATION OF THE WAVE EQUATION 5

Theorem 3.1. H L p > —1 & UT ¢y € H*(Qo(r, L)) »* (1.2) 27z L TWiUL
r>0%/NS<KHWDELT(1.1) 26729 ¢ € HH(Qo(r, L)) BEETS. o1l pdZ
A}

¢ — do € HPFH(Q(r, L))(C H* (Q0(r, L))

THY, n€ZBoHFEED W <2+3ulZxLT

¢ — do € H* (Qo(r, L))

Thb.

References

[1] Brunetti, R., and Fredenhagen, K., Microlocal analysis and interacting quantum field the-
ory: Renormalization on physical backgrounds, Communications in Mathematical Physics
208, 623-661 (2000).

[2] Hadamard, J., Lectures on Cauchy problem in linear partial differential equations, New
Haven, Yale University Press (1923).

[3] Radzikowski, M., Micro-local approach to the Hadamard condition in quantum field theory
on curved space-time, Commun. Math. Phys. 179 (1996).



