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1 Introduction

Diffeology 1 1970 4E5 12 Kuo-Tsai Chen, 1980 #H1Z Jean-Marie Souriau 12 & Y A% D5FTT Z DB
Hr, 2RO —RIED—D2TH 5. [Ig], [Igd] 1T X4UE, Jean-Marie Souriou D 7 4 7 7 D FEhi 13 HER
RITWM D FMHEGSD SR B BEEBEDG RIETIRWZ VW E WIS BN S 2D TH o722 05D, DB
WFERARS CW B Z B RERBEEEET2b0e ko 7.

ZRARDENIEFRIEEDZ B R DD TH 55, —F T Diffeclogy DENIH - T - FDES - BT
PFILTW2DAKLTHIR - RMRERBAINLT O 7 VHTHY CORTEETHS. ZORRELTS
AR > TW 2 b DEEL, 2 DR % Diffeology Tldk > Z & ZRJEEIC L7z, (] 21X singular space
RRTCEMM I ZNEDHFEL 2D DT AT 52 e TE S, Souriau DFAETH - 7z Patrick
Iglesias-Zemmour (2 & D, EXIT b —F 2% H| & LT singular space ND 7 7’ 1 —F DAREMEDRIE X IR
RO ZDOHEHDIEN D ZEREBRIN TV EIHRFICH 5.) 2K LTHELNATY 2SO FEME D BEE
THTITHbNTVWBE E ZATH D, fil 213X Higher homotopy theory, modeling space, Cartan-de Rham 2
RERY —RERLZIHRINTVS.

Principal G-bundle X Cech A RERY = ZD S5 BD—DTH 3. 2021 4 [KWW] IZB W T principal
G-bundle DFEFEDES £ 1 XD Cech AFERY — L ORBHIHIREIA TV S, S, ZORHESZ W
T principal G-bundle DEEIIH, KU EZEA L. Iz ANLd L5 ZDiRAX Patrick Igresias-
Zemmour 2 X DBHZITODN TR HDTH D ([Ig]), ZOMBICEALTSH [[g) Db D& —HT 5HHKR L8>
TWwa. BIb [KWW] O 2SI [Ig] ORI X DHERAIEHR 22 £ E X %. LUT Diffeology DEFER LUK
DIFFICAE R EE OFBIAD H 15D, [KWW] ONE S Z /- —HOMRICOWTIH 2 #ME 3 5. FFlLdE
O [N ICFRER T 2 FETH 5.

2 Diffeology

Z DETIIARTRER diffeology D—Gmz E& 5. ZOFEDEZL DARFIF [Ig #BEL LTWVW579,
M ZE 5 EZZRLTIELYL. BT EERDPORD 5.

Definition 2.1 (Diffeology)

X #8835, Buclid ZEOHAEE» S X NODEBDES % parametrization ¥ W\, ZDES %
Param(X) = {p : U, — X |U, : open set of R", n € N} £ED 2, X D diffeology Dx &I, XD
(D1)-(D3) %3723 Param(X) DFAEED I TH %,

(D1) (Covering axiom) Dx 32 TDIEEFEEBRZ ZT.

(D2) (Locality axiom) 52 517z p € Param(X) M LT {Uy}a % p D domain U, DFHEETH 2 £ F
%, FED ol LTply, : Uy > X DB Dx KEENTVWEHEE pHEDxy DILTH 5.

(D3) (Smooth compatibility axiom) p: U, =+ X % Dy DILTH2 T b, CWEZR f:Ur —>U, & p
COERITEDx ICEENS.



diffeology IZ& 415 TT% plot £ W\, diffeology DEF I NTEE X % diffeological space £\ Do (LUK,
W D LT plot p D domain & U, Lil#T 22035 3.)

Example 2.2 (Euclidean space)
X =R", Dgn = C®(R") DEEEEZ 5 L. Drn H5M (D1)-(D3) Zili7z LTV Z LIZE CI29h

iz, diffeological space D BARDMWEIZOWTHHIAT 5. Smooth map ¥ZRICH T £ 3 diffeological space
DVE Diff DFHTEZHE T 5. F 7= diffeomorphism X diffeology 1281} % isomorphism TH 3.

Definition 2.3 (Smooth map, Diffeomorphism, Subduction)
(X,Dx), (X', Dx), (Y,Dy) % diffeological space &I Z D diffeology & 3 5.
’a‘-ﬁ%f X =Y B “smooth” TH 3 LI ALED Dx D plot p E DA fop DBET Dy D plot £725
=R AN
cfORBETHD HO f1 b F /2 smooth TH D & X, f % “diffcomorphism” £\ .
« BAR [ D3 “subduction” TH 2 &1, RO i) K il) D7z ENd e ZT 2.
i) fldeHTtHs
ii) fEE D Dy D plot p KUTHD domain DIEEDITE u € U, ITBAL T, v DFERE V, XU ply, = foq
Zii7=3 plot g € Dx DFHET 5.
f:X =Y % subduction TH % ¥ =, g: X' = X 5 smooth map/subduction TH2 Z L& fog B
smooth map/subduction TH 2 Z & L[FfETH 5.

Introduction TIRR7=kRIZ, diffeology D RWEHE . L CTHIZES - £ - B - NS L BRI diffeology 25 A
2EVIEDNDH L. TNENEDRRIRERL 7250 X TitlHT 5.

Definition 2.4 (Some constructions)
(X,Dx),{(Xa,Dx.)}a % diffeclogical space & HD diffeology D#H, &U%h%@ﬁ%t?% F72 X OB
NEGU, G p: X - X/ ~DBEIZLNTVEDE TS, T58, ROBRICHDES - /8- /6 - flic
(X,Dx), {(XQ,DXQ)}Q H 5D diffeology Z AL Z D TES.
(B 5EA “subset diffeology’]
Dx D plotp DH>H, Im(p) CU &R2DDETDOES.
(F& “product diffeology’]
p € Param([], Xo) @55, {EED a @ projection pry, : [[, Xa = Xo EDEWM L Dy, IEFHN
2HDETOES.
(/& “quotient diffeology’]
p € Param(X/ ~) @55, p D domain DIEEDIT v € U, IZBALT ply, = poq ZiiiZzd v DAL
Vy, MU' q € Dx DIFIET 2D DETOESE.
(F1 “sum diffeology”]
Param([[, Xo) DTTp DS 5, D domain DIT v € U, IZH L 1o 0ply, € Dy Ziii7es a KT v D
BRI V, DFIET 22 TOHEE. TIT 1 Xo = [[, Xo BUEGHETDH 3.

X2 diffeology LDEIZDOWTHINT %

Definition 2.5 (Category of diffeological spaces)

diffeological space D& Diff ¥ 1%, MR % diffeological space 21K, 1% smooth map £ L THK I3
BTHhs.

Definition2.4 ¥ {4, & Diff 1X_EFC D set-theoretic ZZHEHEICBE L TEHC TWABTHE L ES Z e TE
% . [& Diff 221Z DN L TE D X 5 BRAEMIT LR 2 0R L7 d DDRD Remark TH 5.

Remark 2.6 o
Mfd % ZREEDE, Top ZAAHZERI DM, Set®” % simplicial set DL 3 3. Diff & Top & Diff & Set®



¥ ORNCIIBEE D BRI D D, —7F Mfd 22 5 Diff NZEEETEBFET 5.

Set™”
S
SPIE|lIp ||
b 0>
Mfd ——— Diff 1 Top
C

FEWTARREZFAED 212H 72> TIEHICER L R 2B TH % generating family \ICOWTHAT 2. £E
@ diffeology 1% generating family Z+§5 , WilZ (#iFR generating family & 7% % )parametrization DEED 5
diffeology 24T 2 Z & KD, FIZ, ZDRD Nebula, Diffeological group HRRICMHEH T A& TH 5.

Definition 2.7 (Generating family)

(X,Dx) % diffeological space & HD diffeology TH 2 &5 5. Dx D generating family Q ¥ & Dx DHY
NERETH o TROFMNZHiTTHDZNWS. HIBEED pe Dx MU w e U, W LT, ply, =qo f &
723 uw DRV, , QDI q, COWMER f:V - U, BFIETE2DDTDH 5.

EE D diffeology & generating family % % 5, #ilZ5 X 5417 parametrization DEFES Q 225 diffeology
<O>EERTZHIENTES. <Q>1F Q ZELRTO diffeology @ intersection TH 5.

Example 2.8 (Manifold)

(M, {pa}a) ZZRRIEE ZD atlas THZ LT 5. < {o;' e > & {p1}a D HEM ST diffeology TH
b, ZAUT & D 2RI M 12 diffeology A5 A 3. Mfd < Diff (Remark 2.6) (& Mfd OFt5:% = BRI T Diff
DRSS ELEFTH 5.

Denifition 2.9 (Nebula)

(X,Dx) % diffeological space & HD diffeology & L, Q % Dx @ generating family ¥ 5 5. Q IZBI# L 7z
Nebula 213 N(Q) = [[,co Uy TED LN BEEIIMOD diffeology & A1% Z & T diffeological space &
BoltbDrWI.

Definition 2.10 (Diffeological group)
Diffeological group G £ 1%, multiplication X ¥ inversion map %3 smooth & 72 2 ¥:i128f G 12 diffeclogy & A
NedbDTH 5.

3 Principal G-bundles on diffeological spaces

diffeology L1231 % principal G-bundle DEF1Z P.Iglesias-Zemmour DEELE ([Ig]) IZit#k X TV 21
W2 MW, [KWW]IZBEidDid 5. ZRENRBDER DD H 505, BTHELDDTH 5.(Z DA
W [Ig], [N] 2L TIELV.) COETIERSGD S BARTHAT 2 b DK > TRHAML TV,

Definition 3.1 (Principal G — bundles on diffeological spaces MW], [Ig])

E, X % diffeological space, G % diffeological group & 5 5.

RDIODEMNEMEZTER r: FE - X BPH 2%, Zh% Principal G-bundle ¥ \5 .

+ m 1 subduction T 5.

+ £ 1% G 12 X % smooth right G-action Z##D.

* Dx DIEED plot 12X % 7 @ pull back IZ locally trivial TH 5. BIBEED plot p € Dx KUY uw e U, i<
BAL T, ZDHIR p|y, 12X 2 7 @ pull back (p|y,)*T — V,, 23, BIHREFEARUC T2 2 e B TES. 2L



bundle DA% 53 B HIE G-equivariant 7% diffeomorphism (FRIFD ) TH 3.

Vi x G === (ply,)"E ——E

S

v, X

plv,

Definition 3.2 (Principal G — bundles on diffeological spaces  KWW])

E, X % diffeological space, G % diffeological group ¥ 5. XD 3 0D&EME2MzTE5H n: E - X %
principal G-bundle £\ .

+ m 1& subduction T 5.

+ E1¥ G 12 X % smooth 7% right G-action Z#D.

s TTERZINDEBM “ a” X diffeomorphism TH 5.

a:PxG Pxx P
\ )
(x,9) ———(z,2-9))

72720, “- 7 & PITERINTz G-action ZEKRL T3,

4 Cech cohomology [KWW]

diffeology @ Cech cohomology (2B L Ti& [Ig3], [AA], [KWW] I3 H 225, W HWICHEL 5
DTH5. ([Ig] & [KWW] OBFEICDOWTIX [KWW] IZFELiRD 5 )

2 2T [KWW] T#E A Xz Cech cohomology % /M3 523, AEFHSFEAIIC O W CIEFRR 2 S L T
FLW., ZhDLRE, G % Abel B3 5.

§4.1 Sheaf on diffeology
523" Cech cohomology ZEFHT 2 IZH 7z D ER, sheaf IZDOWTEHIFHT 5. diffeology L ® sheaf 134 plot
@ domain FDEE D sheaf DFHFHEDTHE L X 5.

Definition 4.1.1 (C — valued (Pre)Sheaf on Plots(X))

(X, Dx) % diffeological space &% @ diffeology TH % &5 5. plot DM Plots(X) i, ®R% Dx D
plot 2T, 1% TORAZAH#UZ T 5 domain D O Bffikr T5ETH 3.

N

f

Up Uy

CrEr35. REMBTF F: Plots(X)°? — C % C-valued presheaf £\ 9.
(Up, Open(U,)) %, plot p D domain U, DBEEREZ MR, EFHREAKLHIFOBETHL LT 5. &
D FIZARICROMRIETHETF F|, 283 5.

Flp : (Up, Open(Up))* —C 5 Ui F(plu,)

EED plot p ITA LT F|, 23 sheaf DMxiiiiz 3L X, F % sheaf THZ LEDS. F & F|, DERIIX
DORIXZMHS LR LTV, BF po () OMKEZD FITRT. WAUIEEES 1 : U, — U, % () NICTA



N5 L&D plot WETLENZHEFTH 5.

Plots(X)°P S
O

po()°? =,

Open(U,)°?

po(): Open(U,) — Plots(X)
(UZ(_>Up) (p‘Ui ;)p)

iz, diffeology b sheaf DRl% 21T 5. HAUZH%IC Cech cohomology ¥ principal G-bundle @ RIZISED
EErEEESIIZbDLE 5.

Example 4.1.2 (Ab — valued sheaf C*(-,G))

X % diffeological space, G % Abelian diffeological group &3 %. KZF C°(-,G) : Plots(X)? — Ab
& Plots(X) OMKR p, ¢, F f2ZHWTC™(-,G)(p) :=C=U,,G) KT C=(-,G)(f)(g9) :=go f THZ
5N2bDET 3. 5L sheaf 72D, 2D global section (Definition 4.1.3) 2KDE/RIZ X 225 G
A D smooth map ZERDEETH 2 (C(-,G)(X) = C®(X,Q)).

XD Definition4.1.3, 4.1.4 & * Remark4.1.5 % Cech cohomology DEFHD 7= DHEHTH 5.

Definition 4.1.3 (global section)

F % C-valued presheaf £ 3 %. 2D F O global section &1, section 2> &K 51 {n, € F(p)}pepy TH -
T, fFEED plot p, q DG f: U, = Uy, WCBILT F(f)(ng) =np ZWi7zFDDZEWVS. F D global section
EROEEE F(X) LiT.

Definition 4.1.4 (Pull back presheaf)

¢ : X =Y % smooth map, F : Plots(Y)°? — C % C-valued presheaf TH 2 L5 5. pIZ&d F D pull
back presheaf ¢*F : Plots(X)°P — C ¥&, %R p, § fITBAL T o*F(p) := F(pop), ¢*F(f) :=F(f) T
5z 543 presheaf TH 5.

Remark 4.1.5 (Induced morphisms of global sections)

p: X =Y, ¢ :Y — Z % smooth map, F : Plots(Y)°? — C, G : Plots(Z)°? — C % C-valued
presheaf £ 3%. F 23sheaf TH D L &, o*F b E7zsheaf TH5. THIZ F|, 23 sheal TH D72 HI1XY
R Flpog (72720 g€ Dx TH5) b sheaf TH 2 Z LIS, BT o IFXDOBEL global section D E A
P:F(Y) = F(X); {nptpeny = {Npogteecpy ZiAHT 5. TNOHLDEWM Gop = o BT I LD
EIWZTh 5.

§ 4.2 Cech cohomology i}
i U7z sheaf D% FWT Cech cohomology DERE 5 X 5.

Definition 4.2.1 (Diffeology on N'(Q), (D(N(Q),)))

(X,D(X)) % diffeological space TN Z D diffeology TH 2 & F 5. QI D(X) D generating family TdH -
TN(Q) Z Q2556025 nebula THS. ZNHIZHD < smooth ZRFHHEBIEL ev : N(Q) — X ;5 ev(u) =
qu) (7272 Luel,, qe Q) 2522 Z kS, HIZZINLEROMKICHIRE N 5,

N(Q), = {(z0, ..., zx) € N(Q) "M ev(zo) = ... = ev(ap)}



evp : N(Q), = X 5 evp((wo,...,z1)) = ev(xo)

N(Q), IZiX N(Q)F 12 A5 TWw3 product diffeology @ subdiffeology % AfL3 & & T diffeological space
¥72%. 358 DIN(Q),) D plotid N(Q) D plot D k+ 1 Dty FTRENS. HIBROMZIETHS
na3.

VfeDN(Q),), [f=(fo,-fu) (fi € DN(Q)) forall ie{0,..k})

ETOWEIEE S T2728, WX W X Cech cohomology DEFEICAS.

Definition 4.2.2 (Cech cochain associated to Q)

F : Plots(X)°? — G % C-valued presheaf, Q % D(X) D generating family THd&3%. ZI TG
1% Abelian diffeological group TH 3. F, Q 1235 kXD Cech cochain &, Definition 4.1.3, 4.1.4 D
FLEE VT CH(Q, F) = evfF(Plots(N(Q),)) L EFIN 3. HIHZHd evy ICE 3 F O pull back
eviF : Plots(N(Q),)°P — Ab @ global section 2ADEETH 5.

HIZ0: CFQ,F) = CHYQ,F) 1 d; : N(Q)jir = N(Q)y, 5 (@0, oy iy oy Tpg1) P ORBF S NS TR
d; (Remark 4.1.5) 12 & D 8 := Sk L(—1)id;, v EFIN 3. ;

di : eV F(N'(Q),) — d; (e F)YN(Q)yy1) = ety (N (Q)j41)

(C*(Q, F),0) 1 Q27 Cech cochain complex T D, cohomology H*(Q, F) #1%%.
BB O IR TRINIBEBRTH 3.

P EC generating family Q \ZBHf}1F 54172 Cech cohomology 23T X7z, IR, generating
family IZHKFFE LR WEAR > TWL D DIEELHED 5.

Definition 4.2.3 (Refinement of a Generating family)

generating family £ LT Q = {qo : Us — X}aca ZHiD diffeology Dy DBG5AHNTVWEHDE T 5.
R={rg:Vs— X}gep » Q D refinement TH 5 i, ZNHEH S X O generating family TH > T, iR
FTRAHDER ¢ : B — A U smooth map fz : Vg = Uys) DIFEICE D BITBIL T qup) 0 fz =75
Zifi7z TR DENS .

Definition 4.2.4 (Cech cohomology group of F over X)

Definition 4.2.3 TH X 5417z generating family Q KT Z O refinement R IZBHL T, f = [[; fs TH
Z 543 nabula FOER [ : N(R) = N(Q) KU ZDILIK f* : N(R), = N(Q),. 5 fF(wo, ..o ap) =
(f(20)s ey f(2r)) DEARIE SN S refinement 1 X D IEFEF T & 4172 cohomology D% {H*(Q, F)}o ®
FMREEZ 22 212XD, kXD Cech cohomology AAEFREXNS |

H*(X,F) := Colimg H*(Q, F)

Z T Cech cohomology DEAKI R EFRM G X STz
JIFFERN 72 sheaf % W7z Cech cochain IZOWTH LS DTH %, Z 2 THESNS Cech cochain ¥ D
HBE—HITE D, EELDORRR (evy 1T X D sheaf F % pull back LT 5415 sheaf ev* F @ global section,
LWV ) LN R K D B D e AIRTREL 72 5.

Example 4.2.5 (Cech cochain of C*(-,G)) ] ) )
Example 4.1.2 TERR X172 sheaf C2( -, G) %\ 7z Cech cochain C¥(Q,G) := C*(Q,C>=(-,G)) &, X



DA Z AU T 5

C*(Q,q) —2—= "1 (Q,q)

ul 0 lu

C*N(Q)y, G) —5> C*(N(Q)j41,G)
TEOKPOESZ 6(f) = X1 (—1) i fod, TRENDZEHTHS. ZAUT XD Cech complex (C*(Q, ), d)
\& cochain complex (C*°(N(Q),,G),d) KFA—HEN5. BEII N(Q), 2»5H G ND (diffeology DEMEKT
D) smooth map 2EDOEEZ EIKT 5.

5 Principal G-bundles and H'(X,F) [KWW]

Z DETIZ principal G-bundles DRAFEDES ¥ 1 KD Cech cohomology HY (X, F) ¥ DR#EZ 5. BE
FONHHZERNC BT 2REHR L A 2 s ZH T EHF OBFRYE D 5. AEE [KWW] IZESWTW5 7z
B, FFMICOWTIEG X T 2BV Z 0.

TR D IR R ORI ETR, diffeology D Groupoid/ Groupoid action \Z-DW TRk T 5.

Definition 5.1.1 (Diffeological groupoid)
Hy, H, % diffelogical spacees &3 5. (Hy = Hy) 7 diffeological groupoid TH % &%, 215 Hy, Hy I
MHEFRPERINTED, DL T smooth THEHAEEVS.

; s
H1 XHO H1 Hm H1 4>’L Hl *;HO Hu H1
t

) s : source map, t : target map, 4 : inversion map, « : unit map, m : multiplication map.

Definition 5.1.2 (Groupoid action)

X 7% diffeological space, H; = Hy % diffeological groupoid T®H % & § 5. Z®D groupoid IZ K % smooth
anchor map p: X — Ho ZfE5 X ~D Smooth action £ 13RD i)-iii) Zii7z 3 smooth map Hys x, X —
X:(h,x)—~h -2 TH5 ;

i) s(h) = p(z) ZWi7z3HEED (h,z) IBELTph-x)=th) TH5.

ii) s(g) = t(h), s(h) = p(z) ZHWi7TEED gh € H,z € X LT g-(h-z)=(9-h) -z TH5.
iii) EED r € X Tulp(x)) ==z 2l

Groupoid action D% XD Example 12733, DU, EERICHW % Groupoid 1 Z DHIcH 7= 3

Example 5.1.3 (Groupoid R(ev) = (N (Q) xx N(Q) = N(Q)) and its action)

(X, Dx) % diffeological space ¥ Z ® diffeology D TH 2 & L, Q & Dx @ generating family & 5 5.
N(Q)1F Q ZHWTHE SN S nebula TH D, FHMliBIEL ev : N(Q) — X & Definition 4.2.1 DD & T 5.
Z 2T Groupoid R(ev) : N(Q) x x N(Q) = N(Q) ERDIEEER %2> Groupoid &5 5.

s: N(Q) xx N(Q) (Q) o s(Tr,m2) = T2
tN(Q) XxN(Q)*)N(Q) : t(fﬂl,ﬂfg):l’l
i N(Q) xx N(Q) = N(Q) xx N(Q) : i(z1,72) = (w2, 1)
u: N(Q) = N(Q) x N(Q) :ou(z) = (z,x

) (
t(V(Q) xx N(Q))prs Xpr (N(Q) xx N(Q)) = (N(Q) xx N(Q))



Groupoid R(ev), @ smooth anchor map praso) : N(Q) x G — N(Q) 25 N(Q) x G D R(ev),-
action X FORRICER SN D ;
N(Q) x G

(NM(Q) xx N(Q))pra Xpry(o) N(Q) x G)
(w1, 22), (72,9)) (1, 0(x1,22) + 9)

ZZT, ED ¢ : N(Q) x N(Q) = G & o(x1,12) + ¢(x2,23) = ¢(x1,73) Ziii/7zF smooth map TH 5.
¥72, 2D R(ev),-action 1Z N(Q) x G~D GAEH L AH#TH 5.

Groupoid action ZEFKRT 5 B iX EEL DA smooth map ¢ P ETH 5. K TERT 2BMHRIZD o 23
fi7e TREZM ML TWS.

Definition 5.1.4 (smooth map c(7, P))

7 : P — X % diffeology {231F % principal G-bundle TH % & L, Q % X @D generating family ¥ § 5.
principal G-bundle ®EZ ([KWW)) 2 XU, diffeomorphism a: P x G — P xx P; (p,g9) — (p,p- 9)
DPFEL, HD moT = ev 2723 smooth map 7 : N (Q) — P A FHEONS. (HFITE LTI Example
2.6 [KWW] Z£H.) Generating family Q & Z® 7 D% “plotwise local trivialization” & WL,

T ZTER o(r,P) 137 X T|x(o)xxn(0) & Praoat DEMITE DEFEZ NS smooth map TH 5 ;

TX""N(Q)XXN’(Q) pr(;oa’1

c(r,P)

FHEIC KD ofr, P) (21, x2) + (T, P)(x2,23) = (7, P)(x1,23) MU 6(c(7,P)) =0 TH 2 Z IFELITHTD
3. (6 & Example 4.2.5. D coboundary map T 3)
5144 o(r, P) 1&, Example 4.2.5 OFLEIICHIAUE, Z1(Q,G) DT TH L L ERS.

XD Proposition 3 A ZFHIICH Tz > T REHZEI L T\5 Z k7o) A L&A, Theorem 5.1.6 D
AEFH (0% b [KWW] Lemma 5.14. , Theorem 5.15.) R U475 D ([N]) Zanieid 212H 72> TH L 2
LHEFETH 5.

Proposition 5.1.5 (Induced principal G — bundle) [KWW]

7 : P — X % diffeological L@ principal G-bundle, Q@ % X @ generating family TH 2 &3 5. HIZ
R(ev)c(r,py % Example 5.1.3 TEFR S 117z diffeological groupoid &3 %. (7272 L, ¢ & (7, P) ITHE
XZTH5.)

(N(Q) xG)/R(ev)(r,py & groupoid action IZ X 2FTH D quotient diffeology 2 At1% Z ¥ T diffeological
space L7282 TW5%. 5 & RXDERIZ principal G-bundle TH 3 ;

(N(Q) x G)/R(ev)c(r,py — if
[(1‘, g)]C(T,P) P €U(.I)

IR 2z 1 P> X KA THZ. 2F Hh ROKRE AU T 2 G-equivariant diffeomor-
phism p DEET 5.

N(Q) x G/R(ev)(r,p)

\2/

X




Proof)

XD Theorem & [KWW] O EFERTH 5.

Theorem 5.1.6 (IIxg) =H (X, G)) [KWW]

X % diffeological space, G % diffeological group TH 3 £ 3 5. X % JKZE/I2HfD principal G-bundle @
FAEOEEE “Il x g LT DL T 5. 1 XD Cech cohomology H(X,G) & I xq) DEICIZ4H
PPFIET .

Construction)

AR TIEFAEINIEIZE U, IO EE L 2 2 R OO AZ MRS Z & & § 5. FHMlEFEGRL D
Lemma 5.14. , Theorem 5.15. ZZIR L TIZ L.

FFREV: Hixe — H(X,G) ORI, 555 2. m: P — X % principal G-bundle & L, Zh %X
FITICHFOEZ [P) & RT . ;

LER ) HY(X,G)
w [\

[Pl —————¢[F]

c[P] DU DWW THIBAS % . Definition 5.1.4 ® smooth map ¢(r, P) & 1 XD Cech cocycle TH - 7=
6, [c(r,P)] € HY(Q,G) 7 37L& B % . Definition 4.2.4 TRRZZFEIZ, HY(X,G) I refinement 7> 5153
T EFIC X 2 RMIRTERIN TV 2. R % Q @ refinement, g : N (R) — N(Q) & Z#h 515 % smooth
map & L, (Q,7) & m @ plotwise local trivializationthen & 32%. §% & (R,70g) b X7 TOIMI=ATE
DORAZERHUZT 5 Z & 25, plotwise local trivialization TH 5.

P
TOg /
NR) L= N(Q) n
evg
X

Cech cohomology MDE §: H'(Q,G) — HY(R,G) & [¢(r, P)] + [c(T 0 g, P)]] L EFXTE 3. ¢[P], IX
INBHDEMRIC X ZRMR HY(X,G) D55 [c(r, P)] #XELL T2HDTH 5.

HY(Q,G) — HY(R,G) ColimoH'(Q,G) = H' (X, Q)

[e(r, P)]———=[¢(T 0 g, P)| ———> ... — ¢[P]

CORIE & D ERE N U X well-defined TH H RHEHITH 3.

RITHER U O ETRT 2. w 2 HY(X,G) DIt THUIERWIRD T TH 205, w=[f] £ L
TREXNS f e 7(Q,G) ZFiD. Cech cocycle DILIFET Example 5.1.3 ¢ DEMZEHZLTWD Z & h
5, ZO f X groupoid action R(ev) s ZiH &3 5. 32 HH (N(Q)xG)/R(ev)r — X ; [(y,9)]f — ev(y)
\d principal G-bundle T®» 5. I Z TRZEMND smooth 7% G-action & h € G IZEAL T ([(y,9)]s, h) —
((y,g+h)]; LEFRSND. T2EHEBR T IZROMETRENLEBRTH 2 ;

v HY(X,G) )
% w

w = [fl—=[N(Q) x G)/R(ev)]



6 On an abelian group of principal G-bundles in diffeology

Proposition 5.1.6 [Z5| &t &, 1L x o) & KZEMIC X %245 principal G-bundle DRSHDE S L 2.
DETIIAED U % HWT Hx ) 1< Abelian group OREEEZEAT 3.

T ZTRERSIND “ A7 DWEITIEX Patrick Iglesias-Zemmour 23 [Ig] ISR L7z DRI DTH 3.
I, [KWW] O2HS U i3 [Ig] DN X o THEFRBEEHR L Lo TWE Zehnh 5. GEHiE [N] 250w
TelE &0

Construction 6.1 (Addition of ITx ¢))

m:P— X, 7 : P— X % principal G-bundles TH 2 & L, [P], [P ZZhth m,n’ ZREITICH DT
HdrT5. B (Q,1) MY (Q,7) & 7, 7’ D plotwise local trivialization TH 2 &5 5.

Mix,c) CABH 41y o) 7 ZRDERITED 5 ;

Tx.e f Hxe) x Hixa) ix,e)

([P1,[P]) THE([P) + u([P])

U R OS5, UL (E([P]) + ¥([P]) = [N(Q) X G)/R(eV)o(r,pyte(r,pr)) EREND. ZD
Eiﬂai prinCipal G-bundle (N(Q) X G)/R(ev)c(T,P)-‘rc(T’,P’) - X 5 [(yag)]c(‘r,P)—i-c(T’,P’) = B’U(y) Ojiﬁf
H5.

ZOHULLTEbundleZ 7: P> X MU 7' : P -5 X IZXHFERLEWV.

Proposition 6.2 (principal G — bundle 7)
7m:P— X, 7' : P— X % principle G-bundles TH2 & F%. Pxx Pl © D 7' 12X % pull back TH 5.
DFED, RORICKRINIEATH 5.

Pxx P={(p,p)ePxPlr(p)=7"(p))}

Z DEAE product diffeology D sub diffeology % A415 Z £ 12 & D diffeological space £ 725, HIZ Pxx P’
WRORMERBIRZ AN, ZOB%Z (P xx P)/ ~ £RF. Pxx P 5D quotient diffeology Z A15 Z &
Tt F 7> diffeological space 1272 5.

p~p (p,p €EPxxP) < JgeG st.p=q-g, P=q g "

ko« 7 PRUY P ZFRZENTERSI N G-action THS. T2LEBH 7 (Pxx P)/ ~—
X ; [(p,p)] — w(p) = w(p') IZ principal G-bundle £ 72 5.

Z DEZEFAND G-action T XK TERINDIDDE T 5 ;

(Pxx P/~ xG

(I[(p:p"), g]) ———1(p- 9,0)]

(Pxx P/~
[(p, 0" - 9)]

T2 RDER a 1Z diffeomorphism TH D, Z DFEHR 71X principal G-bundle DEF (Definition 3.2) %
77,

a:(Pxx P/~ xG
([(p,2")], 9) 1 ([, )] [(p - 9,0)))

(Pxx P/~ xx (Pxx P/~

Proof)
[N] ZH&.

10



Theorem 6.3
7: (P xx P')/ ~— X % Prposition 6.2 TR X 117z principal G-bundle TH 2 & F 5.
T8, [(PxxP)/~] &1 x e £ETOH(Y(P]) + ¥([P]) IT—BFT 3.

Proof)
N BT

FER, RORICKRILTE S
Fix e ([P [P]) = (P xx P')/ ~]

HCHIPERTE. COMIED, Iy o) KHEMEMAS.

Theorem 6.4 (Abelian group structure)
WAINI +1 oy CED, My, 11 Abel BEOREN A S, Z ORHCE 2 AT - HITIXRDIE D
ThH5.
(Hif77T])
HHR X x G —» X 2RFITITH O [X x G]
principal G-bundle 7: P — X 2352 6 TEH, TheRF{Le 328% [Pl 55.

([P] ®i¥it] )
FAHLLTEP e—HLTW2D P LI33# D smooth right G-action 2§ diffeological space # P £ %.
(H15, EFRDOpe PINLT—HITLpe PHHY, EEDh e GIZELTP D G-action & p-h:=p-h™!
THEZLNTWS. “. 71X P, P Zh 2D G-action TH 3.)

[Pl D#IEE 7: P — X ; p— m(p) TER S5 principal G-bundle DR TH 5.

Proof)
IN] B

= N
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