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Abstract

We show that a normal generic structure with a rational coefficient
does not have any infinite definable group.

1 Generic structures

In this short note, a graph means a simple (hyper-)graph: A structure
M = (M, R) with a relation R is a (hyper-)graph if R satisfies

o EVai.ap[R(21..20) = Ny i # 755

e =VZ[R(Z) — R(ox)] for any permutation o.

Then M denotes a set of vertices in (M, R), and RM a set of
(hyper-)edges in (M, R).

Let A, B,C,--- denote (hyper-)graphs. A predimension §(A) of a
finite (hyper-)graph A is defined by

3(A) = |A| - o|RY,

where the coeflicient o satisfies 0 < o < 1.

For finite A, B, we write 6(A/B) =06(AU B) — d(A).

For finite A, B with A C B, A is said to be closed in B (written
A< B),if §(X/A) >0 for any X C B— A.
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It can be checked that if A < B then ANX < BNX for any X C B.
For possibly infinite A, B, A < B is defined by AN X < BN X for
any finite X C B.

For A C B, it can be seen that there is the smallest C' with A C
C < B. This C is called the closure of A in B, and denoted by clp(A).

Let K be a class of finite (hyper-)graphs A with ) < A. Then a
countable structure M is said to be (K, <)-generic, if it satisfies the
following:

e if A is a finite subset of M then A € K;
e if AC M and A < B € K, then thereisa B’ < M with B’ <4 B;
e if A is a finite subset of M then cly/(A) is finite.

The following fact can be found in [9].

Fact 1.1 Let M be a saturated generic structure. Then
1. Th(M) is stable.
2. If the coefficient is rational, then Th(M) is w-stable.

Example 1.2 (rational coefficients)
1. Hrushovski’s strongly minimal structures [4]
2. Baldwin’s projective planes [1]

3. Holographic structures [6]

Example 1.3 (irrational coefficients)
1. Hrushovski’s pseudoplanes [5]
2. Herwig’s generic structures [3]

3. Sparse random graphs [2]

For finite A, B C M, let dp(A) = d(clp(A)) and let d(B/A) :=
d(BA) — d(A). For possibly infinite C, let d(B/C) = inf{d(B/C)) :
Co Chn C}

For A,B,C Cc M, B and C are said to be d-independent over A,
if it satisfies

e cl(BA)Ncl(CA) = cl(A);
e d(B/C) =d(B/A).



In many examples of generic structures, d-independence coincides
with forking-independence.

Definition 1.4 We call a generic structure M normal, if it satisfies
1. M is saturated,
2. forking-independence coincides with d-independence,
3. a € acl(A) implies d(a/A) = 0 for any aA C M.
Example 1.2.1-3 and Example 1.3.1-2 are normal generic struc-

tures, but Example 1.3.3 is not normal because the structure is not
saturated.

2 Proposition
The following fact can be found, for instance, in [8].

Fact 2.1 Let G be an w-stable group and let p be a generic type of
G. For any realizations a, b, ¢ |= p with {a,b, c} independent, we can
get a group configuration C = {a,b,c,d,e, f}, i.e.,

1‘ aub7c7daeaf ):pa
2. any two points are independent;

3. any point on a line is algebraic over the other two points on the
line;

4. any three non-collinear points are independent.

Assumption 2.2 In what follows, we assume that
e M is a normal generic structure with a rational coefficient;

e (G is an infinite group definable in Th(M).



We can take a generic type p of G, since Th(M) is w-stable by Fact
1.1.

Let d(p) mean d(e) for a realization e of p.

Lemma 2.3 If d(p) > 0, then we have a contradiction.

Proof. Let d(p) = k > 0. Take realizations a,b,c = p such that
{a, b, c} is independent. By Fact 2.1, we can take a group configuration
C' generated by {a,b,c}. Note that d-independence coincides with
forking-independence since M is a normal generic structure. Then

d(C) = d(abe) = d(a) + d(b) + d(c) = 3k.

On the other hand, let Lq,...L4 be the lines of C and P4, ..., Ps the
points of C. By Assumption 2.2 and Definition 1.4.3, we have d(L;) =
2k and d(P;) = k. Then

dC)= D d(L)— > d(P) =4-2k—6-k =2k

1<i<4 1<5<6

This is a contradiction.

A type p is said to be trivial, if, for any a,b,c¢ = p, whenever
{a, b, c} is pairwise independent then it is independent.

Remark 2.4 If d(p) = 0, then p is trivial.

Proof. Take realizations a,b,c |= p such that {a,b,c} is pairwise
independent. To prove that {a,b,c} is independent, it is enough to
show that a and bc are d-independent. Since d(p) = 0, we have

cl(a) Nel(be) = cl(D).
Since 0 < d(a/bc) < d(a) = 0, we have
d(a/bc) = d(a).
So a and be are d-independent. Hence {a, b, ¢} is independent.

Lemma 2.5 If d(p) = 0, then we have a contradiction



Proof. Take realizations a,b = p such that {a,b} is independent.
Put ¢ = a-b, where - is the group operation. Since p is generic, {a,b, c}
is pairwise independent. So, by Remark 2.4, {a,b, c} is independent.
This is a contradiction.

Proposition 2.6 Let M be a normal generic structure with a rational
coefficient. Then there is no infinite group definable in Th(M).

Proof. Let M be a normal generic structure with a rational coeffi-
cient. Suppose that there would be an infinite group G. By Fact 1.1,
M is w-stable, and so is G. Then we can take a generic type p of G.
By Lemma 2.3 and 2.5, we have a contradiction. Hence there is no
infinite group definable in Th(M).

Question 2.7 Is it possible to remove the condition “with a rational
coefficient” from Proposition 2.67

References

[1] John T. Baldwin, An almost strongly minimal non-Desarguesian
projective plane, Trans. Amer. Math. Soc (1994)

[2] J. T. Baldwin and S. Shelah, Randomness and semigenericity,
Trans. Amer. Math. Soc. 349 (1997)

[3] B. Herwig, Weight w in stable theories with few types, J. Symbolic
Logic 60 (1995)

[4] E. Hrushovski, A new strongly minimal set, Ann. Pure Appl.
Logic 62 (1993)

[5] E. Hrushovski, A stable w-categorical pseudoplane, unpublished,
1988

[6] K. Tkeda, A note on holographic structures, RIMS Kokyuroku
2170 (2020)

[7] B. Kasymkanuly and A. S. Morozov, On holographic structures,
Sib. Math. J. (2019)

[8] K. Tent and M. Ziegler, A course in model theory, Lecture Notes
in Logic 40, Cambridge University Press, 2012

[9] Frank Wagner, Relational structures and dimensions. Automor-
phisms of first-order structures, Oxford Sci. Publ. 1994



