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1 Nelson model

This is the joint work [I1] with Oliver Matte. In [} we discuss the pointwise spatial

decay of the ground state of the renormalized Nelson model [I5, 9, [4]. In this article
we review only the standard Nelson model. I.e., we study the Nelson model with a
cutoff.: When a cutoff is imposed, the problem becomes significantly easier. It is no
exaggeration to say that the theory closely resembles that of Schrodinger operators. In
contrast, the renormalized Nelson model with the cutoff removed becomes considerably
more difficult. The main question addressed in [I1] concerns the spatial decay estimates
for the renormalized Nelson model.

Let ®, be the ground state of the Nelson Hamiltonian. It is a vector involved in
L*(R3; F). An upper bound of the spatial decay of ||®4(x)||7 has been already shown in
[T0]. In this article the lower bound is shown in terms of an Agmon type metric.



We apply stochastic methods to measure the spatial exponential localization. This
type of arguments have been done for Schrodinger type operators in a large number of
papers, e.g., [, &, B, B, B, 4, 6, I7].

1.1 Quantum mechanical matters
The particle Hamiltonian is defined by the 3-dimensional Schrodinger operator with ex-
ternal potential V:

1

which acts in L?*(R3). We introduce the Kato-decomposable class [2, Section 4] and [6].

Definition 1.1 Let V : R¢ — R.

(1) V is a Kato-class potential if and only if
i sup [ et~ )V (0)] dy =0
70 yeRrd B, (z)

holds with function kg depending on the dimension d:

||, d=1,
Ka(z) = 4 —loglz|, d=2,
|z|?>~4, d> 3.

The set of Kato-class potentials is denoted by KC(R?).
(2) V € Kioe(R?) if and only if 1xV € K(RY) for any compact set K C RY.

(3) V is Kato-decomposable if and only if V. = V. — V_ with V. (z) = max{V(x),0}
and V_(x) = max{—V (z),0} satisfy that Vi € Kioe(R?) and V_ € K(R?). The set
of Kato-decomposable potentials is denoted by ICq.

The self-adjoint operator of the form H, = —%A + V' with Kato-decomposable potential
V' is defined through a Feynman-Kac formula. Let (B;):>o be 3-dimensional Brownian
motion on a probability space (£, B,W?), which starts from = € R? at t = 0. The
expectation value with respect to the probability measure W? is denoted by E”|...]. In
particular we set E for E° for notational simplicity. Let V' be bounded. Then H, is
self-adjoint on D(A) and we have

T I S T
R3

Replacing V' on the right-hand side above with Kato-decomposable potentials, one can
also see that the right-hand side is finite for any f, g € L?(R3) and, by Riesz representation
theorem, one defines a strongly continuous one-parameter semigroup Sy, t > 0 such that

(f,St9)2ws) = /RS E*le” Jo V(Bs)dsf(Bo)g(Bt)]dffE-



By the Stone theorem for semigroups, there exists the self-adjoint operator H,, such that
S; = e ™ for t > 0. This is the definition of H, with Kato-decomposable potentials V.

1.2 Nelson Hamiltonian

Let us define the quantum field part. Let F be the boson Fock space over L*(R?) defined

by
F=DFn
n=0

with n particle subspace Fin) = L3, (R?) forn > 1 and Fg) = C. Then ® € F is denoted
by ® = @2 ,®™. The vector Q = 1&0R0®- - - € F is called the Fock vacuum. Let af(g)
and a(g) be the creation operator and the annihilation operator smeared by g € L*(R?),
respectively, acting in F. They satisfy that a(g)* = a'(g), [a(g),a’(f)] = (4, f)r2®s) and
[a(g),a(f)] = 0 = [aT(g9),a’(f)]. Let w(k) = |k| be the relativistic energy of a single
massless boson with momentum k& € R3. The free field Hamiltonian H; acting in F is
given by
Hf = dF(w),

where

(A0 (w) @)™ (ky, . . (zﬂ:w )cw (k1,... kn), n>1,

Jj=1

The total Hilbert space H for the Nelson model is defined by
H=L*R? ® F.

Now let us define the Nelson Hamiltonian with a cutoff ¢. Let .#%(R?) be the set of
real-valued Schwarz distributions on R?® and ¢ the Fourier transform of ¢ in the sense of
distribution.

Assumption 1.2 Let ¢ € %4(R?). We suppose that p € Li (R?), (k) = ¢(—k) and
¢/Vw, p/w € L*(R?).

Throughout this paper we assume Assumption I=2. Let ¢ = (¢/y/w), where f denotes
the inverse Fourier transform of f. The linear interaction Hj is defined by

@
Hy = Hy(x)dx

R3

with the action:
(H1®)(z) = ¢p(2)P(x) a.e.x € R



Here for each z € R3, the field operator ¢(z) is given by

1 ? ? i
o T ik-x ik-x
r)=—F7=<a" | —=e +a | —=e .
=0 { (=) (@ ) }
Here ¢(k) = ¢(—Fk). Then the Nelson Hamiltonian with ultraviolet cutoff ¢ and Kato-
decomposable potential V' is defined by
H=H,®1+1® H; + Hi.

Under Assumption 2, Hp is symmetric and infinitesimally small with respect to the
self-adjoint operator H, ® 14+ 1® H¢. Then H is self-adjoint on D(H, ® 1) N D(1 ® Hy)
by the Kato—Rellich theorem.

1.3 FKF for e 2

Let us define the bounded operator Jyp 4 by

J[0,75] = eéweaT(U)e*tHf ea(U) 7

where {...} denotes the operator closure and

t o—lslw(k) 5 ( , _ tols—tlo(k) 5(_f)
U(k‘) = — e—wefzk-Bst U(k‘) _ e Qp( )e’k'BSds.

0 \/m ’ 0 \/m

The exponent W is given by

—|s—r|w(k
W = / dS/ / € |90 )| 7’Lk (Bs— T)dk
R3

Note that e*() = > o a*(f)™/n! is an unbounded operator. On e can see that ||Jjo || <
Cy(t), where

[T . . .
zexp { Sl61l? + 210V DV + 16/6lP) | 9 & L2R),
Cy(t) =
3. N R R
zexp {t (SI0lP + 1o/ V IGIVEIR) | o € L2R),
In particular we have

(W, Jo.0®) 7| < Co(O)1V]|7(|2] 7. (1.1)

It is important to see that Jjo,; depends on w € 2" but the right-hand sides of (IT) are
independent of w € 2. Let V € K3 and suppose Assumption 2. Then we have FKF:

(F e " H@)y = / ]Ex[e*fot VIBds(p(By), Jio,0G(By))7ldx.
R3

We refer to e.g., [I4, 10].



1.4 Ground state

The next proposition guarantees the existence and the uniqueness of the ground state of
the Nelson Hamiltonian H.

Proposition 1.3 Suppose that ¢/w3? € L>(R?) and V € K3. Assume that the binding
condition holds true. Then the ground state of H exists and it is unique.

Proof: See [, (3) and Theorem 3.1] for the binding condition and [IR, [] for the existence

of the ground state. O

Example 1.4 Let V' be such that limgo V() = o0o. Then V satisfies the binding
condition, and then the ground state of H exists and unique.

Let &, be a bound state of H such that H®, = E,®,. Let ¥ € F and t > 0. Since
e tHd, = e Pv®,, we have

(W, @y (7)) 5 = B[ o VEBI=Bds (g J @y, (By)) 5] a.ex € RE, (1.2)

Let ®, be the ground state of H such that H®, = E,®,, where E, denotes the infimum
of the spectrum of H. We set

eg (.T) = Ex [67 fOt(V(BS)ng)ds(Q’ J[O,T](I)g(Bt>).7-"]-

Lemma 1.5 Let V € K3. Then lo(x) is continuous in x and lo(x) > 0 for all x € R3.
Proof: The continuity is shown in [I3, ] and the positivity in [I4, IT]. O

By Lemma T3 and (), g can be regarded as the continuous version of (€2, @,4(+)) 7.

2 Pointwise bounds

By using an Agmon metric type argument [[, 5], we can estimate the lower bound of
1P ()| -
2.1 Geodesic distance by Agmon metric

We introduce a geometric object which we will use to measure the spatial exponential
decay of the ground state.

Assumption 2.1 Suppose that V is continuous, V(x) > € for all x € R® with some
€ >0 and limy| o V() = 00.

Suppose Assumption P71 Let us set

W = Viup.



W is also continuous and satisfies that W (z) > ¢ for all z € R® and lim,_,. W(z) = 0.
We fix T' > 0. We estimate ||®4(x)||# from below in terms of the exponent of an Agmon
type metric. We define two C'-path spaces:

0}7

C*={q e CY[0,T;R%) | q(0) = z,q(T) =
(T) =«

C={y€CY[0.T;R?) | 4(0) =0,

Let
w01 = [ (W) + 5k ds. aec
VATl e

In the differential geometry, 7 (q,T") describes the energy and Z(v,T') the distance. We
set v4(s) = q(T — s) for q € C* and q"(s) = (T — s) for vy € C. Then y* € C, q” € C*
and

L(y,T) =

L T) <A (q,T),

L. T)< (", T)
follow for any q € C* and ~ € C by the arithmetic and geometric inequality. We are
interested in the existence of a minimizer v* of the length Z(~,T"). This kind of problem

is very standard in the differential geometry and it is related to geodesic arcs. W is
however not a C*°-function. Then we shall approximate W by a C'*°-function.

Lemma 2.2 For b > 0 there exists Y € C*®(R3) such that
(1= D)W (2) < Y(z) < (1+b)W(x).

Proof: Let {f,}, be a partition of unity such that f, € C§(R?) and suppf, N K is
empty for all but finitely many n for any compact set K. Let p € C;°(R?) be such that
p(x) > 0 and [ps p(z)de = 1. Let p.(x) = e ?p(x/e). Let K, be a compact set such
that suppp, C K,. Set r, = 27"binf,ck, |W(x)|. Suppose that 0 < ¢, < 1/n so that
supppe, * fuW C K, and sup, |(pe, * fuW)(x) — fu(z)W (z)| < r,. Then

—ry < (Psn * an)(x) - fn(I)W(l‘) ST

and we have
fa(@)W () =10 < (pe, * fW)(2) < fr()W () + 70
Define Y =37 (pe, * fuW)(z). We have

(1—b)W(x) <Y(z) < (1+b)W(x).



For z,y € R? we define the geodesic distance for W by

o(z,y) = inf {L (7, T) [y € ([0, T|;R?),7(0) = z,7(T) =y} .
o defines a metric on R3. Suppose Assumption 270. Let Y be given by Lemma P72, Set

1
S, ¥
W 1—b

for simplicity. Then W (z) < Wj(x). Let

T
20.1) = [ VGG E)ds
0
Then Wy, > £/(1 — b) > 0, W, € C°°(R?) and lim;—o Wj(z) = co. Let

oo(z,y) = inf {ZL(7,T) | v € CY([0, T; R?), 4(0) = =,%(T) = y} .

Let 0,(0, X) = inf,ex 05(0, ) be the distance from 0 to X. One point compactification
of R? is denoted by R* U {oo}. We define the distance from 0 to {oo} by

0,(0,{c0}) = sup 0,(0,R*\ K).

KCR3
compact

Lemma 2.3 o, is geodesically complete.

Proof: It is known in [, Lemma A1.2] that g, is geodesically complete if and only if
o(z, {oo}) = oo for all z € R3. By the triangle inequality, oy(z, {oo}) = oo for all z € R3
if and only if g,(y,{oc}) = oo for some y € R®. We shall show that g,(0,{c0}) = cc.
Let N > 0. Since lim;_,o Wi(x) = 00, there exists oy such that W,(z) > N for any
|z| > 6. We can suppose that 6y — dnj2 > 1. Let Bs, be the closed ball centered at 0
with radius 5. We see that

Qb(ov {OO}) > Qb(ov R?) \ B(SN)’
There exists y. € R?\ B, such that

0. {oc}) + <
>int { [ VARG 61ds] o € C 0.7 B0 = 20" = 0.}
Then there exists 7° € C1([0, T]; R?) such that 7°(0) = & and 7°(T) = . and
o000 > [ VIRGEEI o) - 2=
Let us define Ty — sup{s | |°(s)| < 6x/2}. Hence
0. (o)) > [ VIO ()lds - 2¢ > VF (s)lds — 26
> VN (6x — Onj2) — 26 > VN — 2.

Since N is arbitrary, the lemma is proven. O




Lemma 2.4 There exists a minimizer v* € C=([0, T]; R?) of Z(7).

Proof: The geodesic completeness proved in Lemma P73 implies that there exists a length
minimizing geodesic connecting any two points by Hopf-Rinow theorem [I2, Theorem
6.13 and Corollary 6.15]. Then the minimizer v* exists. O

Let g(x) = (95;())1<i <3 be
gij(x) = Wy(z)dy, 1<4,j<3, xR

Let v(s) = (71(s),72(5),73(s)) and 4;(s) = d%( ) for 1 <i < 3. Then

/0 VIO (s)lds = / S 052 (9) (s (s)ds. (2.1)

3,7=1
The minimizer v* in Lemma P4 satisfies the geodesic equation:
7k+ZF Vv =0, 1<k<3. (2.2)
2,7=1
Here Fk denotes the Christoffel symbol given by

3
1 g, Ogn  Ogij
ko = ki i il 90
K 2 Zg <€9x] + aZL’Z al'l ’

=1

where ¢*(z) = (97! (2))n = 57, 750m- Since Wy(z) > ¢/(1 =), g~ exists for any = € R,
Note that Ffj = Ffi by symmetries.

Lemma 2.5 Let v* be the minimizer of £,(y). Then |¥*(s)| # 0 for s € [0,T].
Proof: Let Wi, (z) = 2% () for 1 < k < 3. Tt follows that

oxy,
1 Wy
_§Wb’ k#n,
Lo =
1 Wy
e k=n.
2W,’ "

On the other hand when k,n and m are different from each other, T'¥ = 0. Moreover
we see that

1 W, 1 Ws
F%Q_F21_2W %3:1&1:5%7
1Ws 1W;
F§3:F32:§Wb, 31:1?2:5%’
1W1 1VVQ
Fi’ngFﬁWb’ F§3:F§2:§Wb'



Together with them, (222) is written as

Wy(v)51 + Wi(y)|nl? — §W1<’Y)|’Y|2 + Wa(y) g2 + Ws(y) s =0,

Wo(7)32 + Wa(y)|Ra]® + Wi(v)515e — §W2(7)|’Y’2 + Ws(v) Y273 = 0, (2.3)
Wo ()33 + Wa()|3s]” + Wi(y) 3193 + Wa(y) 3293 — §Ws(’y)hl2 =0.

From (23) it follows that

LW = 32 (W) + 2Wa(3)58) 51 = 0,

ds
k=1

which implies that WW;(v(s))|7(s)|* is a nonzero constant. In particular |¥(s)| # 0 for
0 < s < T since Wy(7(s)) > 0. O

For a fixed T > 0 we define

s 1
(0.8) = [ (Widate) + 5lae)?) as
0
We shall connect two minima:

inf { Z(7,T) | 7(0) = 0,%(T) = 0,7 € C*=([0, T|; R%) },
inf{#(q,5) | S > 0,q(0) = z,q(s) = 0,q € C([0, S|;R?)}.

Z(v, T fo V2Wy(7(s))|7(s)|ds is invariant under re-parametrization: v — v o ¢ by
any smooth bijection qb [O T|] — [0,7]. On the other hand in general <7%(q,S) is not

invariant. From this property one can construct a bijection ¢ such that

VAT 0 66 6(s)| = Wil 0 6(s) + 5y & 6(s)”

Then we have the lemma.

Lemma 2.6 Suppose Assumption ZA. Let b > 0 and Y be given by Lemma Z2B. Then
there exists minimizer (q*,S*) € C=([0,T];R3) x (0,00) of (q,S) and it holds that
Z(v*, T) = ey(q*, S*). Moreover let v.(s) = q*(S* — s). Then

2 (v \/2Wb V() (s)ds = % (q", 57). (2.4)

Proof: Note that %, (v, T) is invariant under reparametrization of path . Thus for any
bijective C! function ¢ : [0, 7] — [0,T], by v4(s) = v(¢(s)), L (v, T) = L(v,T). Let
~* be the minimizer of %, (v, T). Then

_ / 20, (3(5)) () ds,

9



where 4(s) = v*(s/T). Since 2v/ab = a + b if and only if a = b, it follows that

2W(v(s)) = 17(s)], s €[0,1],

if and only if

1\/W|")/(S)|dsz 1 Walr(s)) + 13(s)? ) ds.
I [} (woen+ rcor)

Since W, € C®(R?), Wy(z) > 0 for z € R®, 4 € C*([0,1]) and |3(t)| > 0 for 0 <t < 1,
we see that

VI (1)
5()]

is Lipschitz continuous. Hence there exists the solution ¢ to the ordinary differential

equation

t— F(t) = . tel0,1]

o(s) = F((s)), se[0,57].

] is bijective with ¢(S*) = 1 and ¢(s) > 0 for s € [0,5%]. Let
| = |9(s)|¢(s). We then see that 44 € C satisfies that

Here ¢ : [0,57] — [0,1
Y6 =7 © ¢. Then |§4(s)

2W(35(5)) = s(s)l, s €10,57].

This implies that
L T) = / VW) (s)[ds
5* .
:/ 2W(46(5)) [ ()]s
OS* .
= [ (Wato + 3ol s

- i (Whla o) + gl (o)1) s
Ay (q)¢, 5%).

For any q € C and S > 0, we have
S
A(@5) 2 [ VERGEDI)ds
0
> (7', T) = oh(d, 57).

This implies that «%,(q", S*) is a minimizer. We set q* = q7¢ and reset 7. = 44. Then
Z(v*, T) = o(q*, S*) and (24) hold true. O

10



2.2 Exponential decay

Let K C R3 be a compact set. Since lqo(+) is continuous and strictly positive on K, we

can set xx = inf ex lo(y) > 0. Let Oy = sup || Pq(y)|| .
yER?

Lemma 2.7 Let T > 0. Then there exists T > 0 such that for any q € C*,

T(ng |¢/w]®Poo )

gQ(I> > XK€ foT(VS‘lP(q(S))"'%foT |Q(5)‘2)d56_TT6 Vaxg

(2.5)
Proof: By Jensen’s inequality, we have
lo(z) =E [e* fOT(V(BsH)ng)dS(Q, e*d’s(foTjssf’('*Bs)ds)Jt(pg(BT + 1)) F
T __l¢/wll®oo
>E [6 Jo (V(Bs“rl')*Eg)ngQ(BT T x>e \/§eQ<Bi+z)} )
Let q € C* and we define £ by

¢ = e~ Jo aaBs=3 [ la(s)Pds,

Thus E[¢] = 1. By the Girsanov theorem, we see that

E | e iV B -Egasy (g, +x>€—f'gféféi‘f@} _r {gefOT(V(Bs+q(s))Eg)dsgﬂ< By)eVaintip

Let M = {|B;s] <1,0 < s <T} and K be the unit closed ball. Thus {o(Br) > xx on M
and

_HWWH@oo)

lo(x) > Yre™ ST Vaup(a(s))ds T 220 [€1] -
By Jensen’s inequality again, we have

E[lM (* foT Q(S)'st)]

E [gIlM] > XKG_%IOT |q<s)‘2dsE[ﬂM]e B[] = XK@_%IOT |q(s)|2dsE[ﬂM]'

Note that E[1,] > ™77 with some 7 > 0 [6], where 7 is the infimum of the spectrum of
—A/2 on the unit ball with Dirichlet boundary condition. Thus (23) follows. O

Theorem 2.8 ([I1]) Lety € C and £ > 0. Then there exists R > 0 such that
xre~ I Ve GEFOs < 19 ()7, |2| > R.

Proof: By Lemma 28, there exists minimizer (q*, S*) € C*([0, T]; R*) x (0, 00) of (q, S)
and v* € C([0, T); R3) of (v, T). Tt also holds that Z,(v*,T) = (q*, S*). It can be
shown in Lemma PZT0 below that there exists 5, such that

s<o [0 (w5 [ aer)a 26

11



for |z| > Rsp. Hence putting 7' = S* and ¢ = ¢* in Lemma P77, we have for |z| > Ry,

la(z) = xx exp{=(1+0)(q", 5")} = xx exp{—(1+0)L(7", T)}

140
> XKGXP{—(1+5) mf(%T)}-

Choose & and b such that 1+ ¢ = (14 ),/12. Then the theorem follows. O
Corollary 2.9 ([0T]) (1) Suppose Assumption 2. Let e > 0. Then there exists R such
that
T
e Hllly V2Vaur(s2)ds < 1§y (2)|| £, |z > R.

(2) Assume that V' obeys the lower bound
a 2n
Vie) > o |z[™ =b, [z| = R

for some a,b,n >0 and R > 0 so that a?R*"/2 —b > 0. Then for all € > 0, there erist
c. >0 and C. > 0 such that

|m|n+1 |m|n+1

Ce(Fe)aiT <@y (2)|| 7 < coe” Dt

Proof: (1) Put v(s) = sz in Theorem 8. Then (1) follows. (2) The lower bound follows
from (1) and the upper bound from [I0]. O

Lemma 2.10 (Z8) holds true.

Proof: The proof of (Z8) below is a minor modification of that of [H, Proposition 2.5 (iii)].
Note that (1 — B)W <Y < (1+ bW with W = Vi, Y € C(R?) and W, = Y/(1 — b).
Let p(x) = inf{a(q,S) | S > 0,q(0) = z,q(s) =0,q € C°([0, S]; R?)}. Then we have

p(x) = /OS* <Wb(q*(8)) + %\Q*(S)IQ) ds.

Note that W, > Vi,p. Since 1/2Wy,(q*(s)) = |q*(s)]|, we see that p(x) = 2 fOS* Wy(q*(s))ds.
Then
p(z) > 2057, (2.7)

where 6 = inf, Vip(x). Let a(R) = ming>g Vawp(x) and s be the first time that
la*(sg)| = R. Let q*(sg) = z and we set 7n(s) = q*(s + sg), which satisfies that

2Wy(n(s)) = |n(s)| for s € [0,5* — sg]. Then the minimum p(z) = inf{<f(q,S) |
S >0,q(0) = z,q(s) = 0,q € C=([0, S]; R?)} is given by

o= [ (vataon + 5 [ i) as.

12



In a similar manner to (2Z4) we have

sup p(y) = p(z) = 26(5™ — sg).
lyl=R

Since |q*(s)| > R for s € [0, sg|, we have p(z) > 2sga(R). Thus

and

1 1 1
S* <sp+ — sup p(y) < x) + — sup p(y
S* 1 1 sup g p(y)

o) = 2a®) B p)

Let R be sufficiently large such that 1/2a(R) < €. Then take |z| — oco. We have

*

<e.

lim
|z| =00 p(.l?)

Then (28) follows. O
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