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1. INTRODUCTION

This review is based on the published papers in collaboration with Masato Hoshino (Osaka
University) and Takahisa Inui (Osaka University) [6, 7].

A stochastic force combined with a dissipation is used to model a temperature effect in the
dynamics of partial/ordinal differential equations. In the paper [14], the authors study the
U(1)-invariant relativistic complex field model in three dimensions, which, being added noise
and dissipation, serves to describe, in various limits, properties at finite temperatures of super
fluid systems, superconductors of type II, nematic liquid crystals, as well as relativistic bosons
at finite chemical potential. The authors found a statistical universality among those models of
different physical backgrounds.

More precisely, the under damped Langevin equation derived from the Lagrangian density for
relativistic bosons with finite chemical potential in [14] reads the following damped nonlinear
wave equation on T? := (R/ 27rZ)d driven by a complex-valued space-time white noise.

0—26?¢+<u—w>am—w (v — W) = /U, (1.1)
(E(t,2) =0, (&(tx)E(s,y)) = 20(t — 8)5(x — ),

with pu,7 > 0, v > 0 and ¢ > 0. Here, T" > 0 is the temperature. In the ultra relativistic and
non relativistic limits, i.e. v — 0 and ¢ — 400 respectively, this Langevin equation approaches
to

OB+ i) — A — (v — 9 = /T (1.2)
and
(= i7)0p — Ap — (v — [ ) = \/uT€ (1.3)

respectively. Eq.(1.2) and Eq.(1.3) are known as the Goldstone and the Gross-Pitaevskii models.
The latter describes the dynamics of gaseous Bose-Einstein condensates ([8]). On the other hand,
the former describes the dynamics of the Mott insulator phase with integer fillings ([2]).

By the numerical simulations, it is observed that all these models have the same statistical

quantities around the equilibrium. What they call in [14] the equilibrium, can be described by
1
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the Gibbs measure p, which is written formally as:

pldipde) =

with
Hp, ) = / 62da + V (),

_1 2w — Y L 12ae 2 2 [ 1ot
— 5 [ Ivekde =2 [loPds s [ luttas,

where I' is a normalizing constant. Note that if we insert the wave functions 1 = ¥ of those
models which depend on the temperature T' > 0, V(¢1) also.

/|V¢T|2d:z— —/|¢T|2d:c+ /]¢T|4dx

The following figures were given by M. Kobayashi, one of the authors of [14].
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The left simulation C; observes the variance of V (y):

(V2(gr)) = (V(¥r))?/ T2,
and the right figure Co shows the computation of the change rate, in terms of the temperature,
of the average (V (¥r)):

[(V(¥rar)) — (V(@r-ar))]/2AT.

In the above figures, ‘rel’ means Eq.(1.1), ‘ultrarel’ means Eq.(1.2) and ‘nonrel’ means Eq.(1.3).
One can see clearly a similarity of those three models about the quantity at the object.

The measure p depends on the parameter ¢, but in fact we will see that the equilibrium does
not depend on the parameters except v, neither on the equations above, which, we believe, may
explain the result of the numerical simulation.

We consider this equilibrium in the case of d = 2, setting T' = 2, in this note. Unfortunately,
we modify (1.1) and replace the term —A by —A +1 and set v = 0 in order to keep the positive
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definiteness of the linear part to define the corresponding Gaussian measure. Moreover, the p
is a priori not well-defined, since L? is not in the support of p, but at this point we may give a
sense using a renormalization technique as has been widely used by now.

Existence of solutions of all those models and the construction of the Gibbs measure have
been established in [9, 10, 18, 12, 13, 19, 15]. Our interest is mainly in justifying the both limits
v — 0 and ¢ = +o00. The convergence as ¢ — 400 and the independence of Gaussian measure
on ¢ were already justified in [5] under the name of Smoluchowski-Kramers approximation in
case of d = 1 with a space-time white noise, and for d > 2 with a colored noise under the
Dirichlet boundary condition. See for example [3] and references therein for generalizations of
this Smoluchowski-Kramers approximation issue.

2. MAIN RESULTS

In this section, we precisely mention our mathematical results on the equation explained in
the previous section, setting e = 1 € (0,1] in (1.1). As a damping coefficient we consider more
generally o € C such that Re(«) > 0, Im(«) # 0. For each ¢ € (0, 1], we consider the damped
Klein-Gordon equation with an exterior force f(t,z):

5261‘?“6,& + 2aatus,a + (1 - A)Ua,a =f t>0, ¢ Td:
(u57a7€8tu57a)|t:0 = (¢07¢1)7 T € Td

The spatial dimension d can be any d > 1 for the moment. To clarify the dependence on the
parameter « in the estimates we will encounter, we use the following notation:

Ct ={a € C; Re(a) > 0}, C+\ (0,00) ={a € Cy; Im(c) # 0}.

For any s € R, we denote the inhomogeneous Sobolev space by H®, and we define H® =
HS x H571,

We will mainly focus on the non relativistic limit problem presenting the detailed analysis,
and then we will mention our results briefly on the ultra relativistic limit which are similarly
obtained. The first step is to derive the uniform energy estimate in ¢ for (2.1). For that purpose,
we write the solution of (2.1) in the mild form.

(2.1)

+ - _ t M\ A _
uE,u(t) = etAE’a(V)QZ’Za + ew\s’a(v)ﬁbs,a + /0 (e(t ' ))\E’Q(V)f:a(tl) + 6(t ! )AE’Q(V)fs,a(tID dtl’
(2.2)

where,

—a+/a? —e2(V)?
/\g:,oz(v) = ) )

with the square root /- defined by
Vet = eig, 0 € (—m, |,
and

+
¢)£,u =

2
Fe )\EF_O;(V)CZO :|:5¢17 fgu £ =+ f).
2¢/a? — e2(V)2 2V = 2(V)?
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Theorem 1. Let d > 1. For any o € R,

H(ue,mEatus,a)”L%ng('ﬂ‘d) Sa ||¢O||H”(Td') + ||¢1||H”—1(’£[‘d) + ||f||L%Hg—1(Td)7
where the implicit proportional constants are locally bounded function of a € C4 \ (0,00).

From now we restrict ourselves to the two dimensional case, and we pay attention to the
equation in purpose, namely

{ 202U, o + 200V, o + (1 — A)U_ o + |V [>T, = 2¢/Re(a)dW, t>0, z € T? 23)
(\Ile,mgat‘lle,aﬂtzo = (¢7¢)7 WS T2= .
where n € N and W is the cylindrical Wiener process as
. 1k
W(t,z) = (Brr(t) +iBrr(t))ex(r), ex(x) = ge”“”- (2.4)

kez?

Here, (By.r(t))i>0 and (Br,1(t))s>0 are sequences of independent real-valued Brownian motions
on the stochastic basis (2, F,P, (F;)i>0). In all what follows, the notation E stands for the
expectation with respect to P. For a probability measure p defined on H?, integration with
respect to p ® P denoted by E,,.

As was already proved in [9, 18], due to the space-time white noise, the solution of (2.3) have
negative space regularity, and thus the nonlinear term |W|?"¥ is ill-defined. In order to make
sense of this term, we will proceed as in [4, 9, 18], use the Wick product and renormalize the
nonlinear term.

{ 2020, o + 200, Ve 0 + (1 — AW ot UIIIT " 0 = 2¢/Re() W, ¢ >0, z € T2
(\Ijs,aygatqjs,aﬂt:() = (v, 9), x € T2

The notation : u" 14" : is the complex Wick product (For the definition see [6]).
Writing the solution W, , = U + Z: o with the stationary solution Z., for the linear
stochastic equation

(2.5)

20} 7. o0 + 200, Zc o + (1 — A)Zz o, = 20/Re(a) 0, W, (2.6)

we find out the following random partial differential equation for U. ,:

{ E0fUz 0 + 200Uz 0 + (1 = A)Usat : (Usa + Zea)" ™ (Usa + Zea)" 1 = 0, @)
(Uz,a>€0:Uz 0) [t=0 = (u,v)
with (u,v) = (¥, ¢) — (Ze,€0¢ Ze ) |t=0.

Applying Theorem 1 to (2.7), we obtain the local existence of solution.

Corollary 2.1. Fiz any T > 0. Let 0 < 1 be sufficiently close to 1 and let 6 = 1 — o. For
any compact subset K of C4 \ (0,00), the equations (2.7) parametrized by ¢ > 0 and o € K are
uniformly well-posed: there exist a random time T*(w) > 0, and a unique solution

Uco € C([0,T%); H)NCH[0,T*); HT 1),  a.s.

—
Here, T* depends only on [|(u,v)||l3= and 3 4 pconyq |l : ZsaZg,a |l eow—sice -
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Remark 2.1. As we will see just below, we will consider the limit € — 0 (non relativistic limit)
or Im(«) — 0 (ultra relativistic limit). Therefore, the statement of Corollary 2.1 is precisely as
follows: for each € > 0 and « € K, there exist a random mazimal ezistence time T ,(w) > 0,
and a unique solution

Uea € C([0.T7,): H) N CH([0,T5,): HTY),  aus.,

yLe,a
and if we set T* := liminf. 077, (or T** := liminfry,(0)—017,, ) then T*(w) > 0 (T**(w) > 0)
a.s. and
U € C[0,T(T**)); H7) N CH[0, T*(T*)); H*7Y),  a.s.

The Gibbs measure has been constructed in [18], and can be made sense, again with the help
of the renormalization:

pansa(dibdp) =T~ e WD dydg

where,

H(.0) =5 [ loPds+ V()

and

1 1 1
V() == *da + 2d /: 42 da
W)= [196Pds+ 5 [1oPdes 5= [ 0P o
I is the normalizing constant. Using the Gaussian measures pg = N(0, (1 — A)~!) and p1 =
N(0,1) we may write
— 1 [e2nt2.da
ponsa(dipdg) = T e WD qpdgp = T~ tem mre FIV 5y gy qg)
4 1 fo.p2n42.
=tz PV () @ i (dg).
It is known that pg = £(Zy) and supp panye = suppu C H ™% for any 6 > 0. Remark that the

Gibbs measure does not depend on € > 0, nor on o € C.

We make use of the Gibbs measure to globalize the solution obtained above.

Proposition 1. There exists a measurable set O, o C H such that pon+2(0c.q) = 1 and for
(1, 9) € Oc o the solution of (2.5) exists globally a.s..

Finally we justify the non-relativistic limit. We may formally expect that when & goes to 0,
U, o converges to ¥, which is the solution of the stochastic complex Ginzburg-Landau equation:

200,V + (1 — A)T ot : TG 2 = 21 /Re(a)d; W,
‘Ila|t:0 = 1/}

Theorem 2. Let 0 > 0. Consider the solutions {W.(;) o }jen of (2.5) according to the sequence
e(j) = =Y. There exists a measurable set A C H™° such that u(A) = 1 and for (¢,$) € A,
{V.(j),a}jen converges to the solution of (2.8) in LR H(T?) for any 7 < Thmax, almost surely,
where Thmax 1S the mazimal existence time of the solution of (2.8). Moreover, this convergence
holds globally in time for any (¥, ¢) € AN ﬂjeN Oc(j)-

(2.8)

In a similar way, we may prove the ultra relativistic limit. We fix ¢ = 1 and Re(a) = a1 > 0
and let Im(a) go to 0. For the sake of simplicity, we write U1 o, 409 = Pay-
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Corollary 2.2. Consider the solutions {V,,;)}jen of (2.5) according to the sequence aa(j) =
4L, There exists a measurable set B C H~9 such that u(B) = 1 and for (¢, ¢) € B, {¥a,() bien
converges to the solution of (2.3) with o replaced by oy in LOH(T?) for any 7 < Twmax,
almost surely, where Tymax 15 the mazimal existence time of the solution of (2.3) with « replaced
by a1. Moreover, this convergence holds globally in time for any (1, ¢) € BN ﬂjeN Oas(j)-

After this work has been published, we found that Zine [20] proved a same statement about
the nonrelativistic limit, and that his result does not need a subsequence of the parameter.

With his idea our results may be improved too, without taking a subsequence (j) = j ! and

ag(j) =7

We remark that in [16] the authors consider the damped nonlinear wave equation with a
regularized noise (without renormalization), and study possible limiting behavior of solutions as
they remove the regularization. Such a triviality result is known for stochastic nonlinear heat
and wave equations (see [1, 11, 16]).

3. OUTLINE OF THE PROOFS
3.1. local existence. We solve (2.7) in the mild form, in the space
C([0, 7, H(T*) N CH([0, 7], H7H(T?)).

The proof of the local existence is quite similar to [18], but thanks to Theorem 1 we have the
local existence uniformly in

e € (0,1], a€ K,
for any fixed compact K C C4 \ (0,00). To prove Theorem 1, Proposition 3 below is the base to
understand the behaviour of the linear part. Combining Proposition 2 and Lemma 3.1 below,
we can prove Theorem 1.

Proposition 2. For any o € R, we have
ullLeeme < |lullmg, (3.1)

IAZa(V)
! +
| [ e gas
0
In the second inequality, the implicit proportional constant is a locally bounded function of o €
C,.
Lemma 3.1. For any o € R and 6 € [0, 1],
+
l¢zallze Salldollae + o1l o-1,
+ —0) ¢
| feallte Sa € fll oo,

where the implicit proportional constants are locally bounded function of a € Cy \ (0,00).

le

So ellfllzzmg + f1L2 g (3.2)
L HY

Proposition 3. Let a € C such that Re(a) > 0 and Im(a) # 0.
(1) 0 < Reva? —s < Re(a) for any s > 0, and the function [0,00) 3 s — RevVa? — s is

strictly decreasing.
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(2) Va2 —s| > /2| Re(e) Im(c)| for any s > 0.

(3) For any s > 0,
NV —
va?—s 2|Re(a) Im(a)|

(4) There exists Cq > 0 such that Re(—a++vVa? — s) < —Cy(sA1) for any s > 0. Moreover,
Cly, 1s locally bounded from above and below in the region C; := {« € C; Re(a) > 0}.
(5) For any s > 0 we have

Va2 —s=a-— Qi + h(s,a), |h(s,a)] <8%/|a]® if s < |al?/2,
a

Vol — s =ivs+g(s,a), g(s,a)| < 6la*/Vs, if 5 > 2[al®.

3.2. Wick polynomials of the stationary solution. We consider the linear stochastic equa-
tion (2.6). Since the results in this section are independent of ¢ and «, we write Z = Z. , for
simplicity. Setting Y = £0;Z, we have the system

dZ(t) = e 'Y (t)dt,
{ dY(t) = ' {-2ac7'Y (t) — (1 — A)Z(t)} dt + 2= \/Re(a)dW (t).

We define the Gaussian measure on S’(T2)? by

(3.3)

1
p(dzdy) = F—e_VO(Z’y)dzd%
0

with Vo(z,y) = 5 sz |2(z) Pz + 5 ng |V z(z)|?dx + % Jp2 ly(z)|*dz and with a normalizing con-

stant T'g. Precisely, by identifying an element ¢ € &'(T2?) with the sequence (& (k))gezz, the
measure j is defined by the product

p= Q) N(0,2(1+ [k[*) ™) @ (X) Ne(0,2),
kez? Lezd
where N.(0,7) denotes the complex normal distribution with mean zero and covariance r > 0.

It is straightforward to see that p is supported in 7% ~9 for any 6 > 0. Also we may see that the
Gaussian measure y is invariant under the Markov process (Z,Y).

Let (Z,Y) be the stationary solution of (3.3) with the initial law (Z,Y)|;=o ~ . We consider
the Wick polynomials of Z. Writing Il as the projection Iy : z — ZIkISN 2(k)eg, by the

stationarity,
2

Oy = E[IyZ(t, )% = / M2 u(dzdy) = 3 T+ k2

|kI<N
The same arguments as in [9, Proposition 2.1] imply the following result.
Proposition 4. Letm,n € N, T'> 0, p € [1,00), and 6 > 0. The sequence {: (IInZ)"(IIxZ)"
}nen is Cauchy in LP(Q; C([0, T); W), and converges P,-almost surely.

We can get Corollary 2.1, similarly to [9, Proposition 3.5] and [18, Proposition 4.1], by the
standard PDE argument applying Theorem 1 with ¢¢g = u, ¢1 = v, and

> PuU)Ek,

k<2n+1
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where Py, (U) is a k-th homogeneous polynomial of U and U, and Z, is an element of L%OW_‘S’OO,
depends on the degree k.

3.3. global existence a.e. pa, 2. For simplicity, we write ¥ = W, , and p = pap42. We
consider a finite dimensional approximation

220N 4200, 0N + (1 — AN + Ty : (TN TN oY)

= 2y/Re(a),W, t>0, zeT? (34)
(UN, 0, 0) 1= = (¥, 8), z e T2

Setting ®V = £, ¥, we have the system
doN () = e toN (t)dt,
ddN (t) = e {—2a5_1<bN(t) — (1= A)YIN(E) — Ty : Ay TN Iy o) :} dt  (3.5)
+ 271y /Re(a)dW (t).
For any N € N, we define the truncated measure

ntly ot
PN(d¢d¢) — F]—\[le—HN(dJ,¢)d¢d¢ — I\]—Vlefznlﬂ fT2:(HN\IJN) (1IN PN) .dldluo @ 1.

where,
1
Hy(.6) = 5 [ | lofde + Vi (w),
and
1 1 1 ————n+1
Vn(y) = = OPde+ < | e / C(Mp TN I TN) T da.
v =g [ VePdes g [ e+ g [ e e

We can apply Corollary 2.1 to Eq. (3.4) and prove the following result. The global well-
posedness of (\IJN, <I>N) follows from the energy estimate as in [18, Proposition 5.1].

Proposition 5. Let § > 0 and T > 0. Let (1,$) € H~°. Then, there exists a unique global
solution in C([0,T); H™°) denoted by (TN, ®N) of (3.4). Moreover, there exists a measurable
set O C H™9 such that u(O) = 1 with the following properties: for any (¥, ¢) € O, (TN, dN) —
(T, ®) in C([0,T];H79) in probability as N — oo for any T < T*, where (¥, ®) = (U,ed;U) +
(Z,e0:7), U being the solution of (2.7) with zero initial values, given by Corollary 2.1 and T*
being its maximal existence time.

We define the Feller transition semigroup PN f(1, ) = E(f(¥N, dN)(¢, (v, ¢))) for (¢, ¢) €
O, and we can see easily that the measure py is invariant for (PtN )t>0-

The following lemma reflects some important properties of pp, which are remarked in [18,
Lemma 3.2].

Lemma 3.2. (1) The normalizing constant T'y is bounded below independent of N.
(2) The sequence
{e_ﬁ Jr2 Hn+1,n+1(HN?P;CN)d$}
NeN
is Cauchy in LP(dug) for p > 1, and we denote the limit by

e_ 2n1+2 f?l‘z ¢|w|2"+21(l‘)dw_
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Lemma 3.3. Let any T > 0 be fized, and let o < 1 be sufficiently close to 1 and § =1 — o as
in Corollary 2.1. There exists a constant Cp independent of N such that

sup / E
NeN JH—9

Proposition 1 follows from the next statement, using Proposition 5 and Fatou’s lemma.

0<t<T

sup ||(UN(t)756tUN(t))||H”] pn(dypdd) < Cr.

Theorem 3. Fiz any T > 0. Let o and § be as in lemma above. Then there exists a constant

Cr > 0 such that
/
H—S

Hence T* =T a.s. for p-a.e. (¢,¢) € H.

Thus, we can define the transition semigroup Py f(¢, ¢) = E(f(¥, ®)(t, (¢, ¢))) for (¢, ) € M
and ¢t > 0, and the invariance of measure p follows straightforward:

sup ||(U(t)758tU(t))”H"] pldipde) < Cr.

0<t<TNT™*

Corollary 3.4. The measure p is invariant for (Py)i>0.

3.4. non relativistic limit. In this section, we fix o and let € go to 0, so we omit the label «
from underlined objects, e.g. we write ¥, = ¥_ .

3.4.1. deterministic result. We can expect that, the limit of the solution of (2.1) as ¢ — 0 solves
the linear heat equation
200w+ (1 — A)v = f, (t,z) € (0,00) x T¢, (3.6)
Ult:() - ¢07 xr e Td7 '

or equivalently,

t—t’

1 (" e
o(t) = e2a @ Dy 4 — / ez AV f(tat'.
2c 0
Theorem 4. For any o0 € R and 6 € [0,1],

lue = vllzgerg Sa € (Ibollioro + Il irrvo + 11l 2 gg-140),

where u. = uc o is the solution of (2.1), and the proportional constants are locally bounded
functions of a € C4 \ (0,00).

proof. We decompose

te =V = 11wy <jal vz (e = V) T 1 (v)sja) vy (Ue —0).

For the latter part, we have the required estimate as a consequence of the e-uniform estimates
(Theorem 1), since

0
||1{e<v>>|a|/\/§}w||H<’ Sa € ||wl| go+e-

for any w € Hot,
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We consider the former part. First let f = 0 and reorganize the term concerning initial values
as follows.

Us —V = et)\g_(v)(qu _ QSO) + et>\5_(v)¢5_ + (et/\;“(V) _ Q%A)QSO
=: Ay + Ag + As.

As for Ay and Ag, we can ignore (V) because of the estimate (3.1). We write

(a0 — v/a? —e2(V)2)gg + ¢ oo = (—a+/a? —e2(V)?2)pg — e
2/0Z — 2(V)? I 2/a? —2(V)? '

o —¢o =

By Proposition 3, we can estimate

||1{5<V>§|a|/\/§}(¢g_ - ¢0)||HU + ||1{5(V>§|a|/\/§}¢a_”HU 5 52||¢0||HU+2 Jr5||¢1||H"7

where we have used the estimate \/a? — e2(k)2 = o — % + O(e*(k)*) from Proposition 3-(5)
for the term concerning ¢g, and use y/a? — £2(k)2 = O(1) for the term concerning ¢;. On the
other hand, we can estimate

11 vy <falyvay (B2 — @0)lie + 11 wy<jal/vay@= lie S Idollme + 1 é1ll o,

by replacing /a2 — £2(k)? by 1 or £(k), from Proposition 3-(2) and (3). By the interpolation
we have the required estimate for A; and As. As for Az, we have

11 4ewy<jal/vayAsllae < lldollae

by the e-uniform estimate (3.1). Since in the region (k) < |o|/v/2 we can estimate

t

6 6 — =257 S a|nF (k) + 5= (192] (1 B v e 7))
rg t€2<k>4efct<k>2
< 2,_:2<k>2€—c’t(k)2
for some constants c, ¢’ > 0, so we have
||1{E<v>§|a|/\/§}A3||H” S 52||¢0||H0+2'

By the interpolation, we have the required estimate for As.
Next we consider the case ¢g = ¢1 = 0. We decompose

by — \/m
Ue — v = / o o € <v> e(t—s))\g_(V)f(s)dS
0 2ay/a? —e2(V)?
1 (e’;_—as(A—l) _ e(t—s)A;“(V))f(Sm&

t 1 _ t
_ (t—s)Az (V) L
/0 WA R Ta €2<v>26 f(s)ds + /0 5

Then we can estimate each term by a similar way to above. (]
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3.4.2. probabilistic result. We consider the solutions {‘I’g(j)}jeN according to £(j) = j~!. Theo-
rem 2 is a consequence of the following proposition and Proposition 1.

Proposition 6. Let § > 0. Let (Z_;),Y.(;)) be the solution of (3.3) with (Z.(jy,Y.(j))li=0 =
(z,y), and let Z be the solution of

200:Z + (1 — A)Z = 2+/Re(a) O, W

with Z|i—o = z. Note that z and y are deterministic functions. Then there exists a measurable
set A C H70 such that u(A) = 1 and for any (z,9) € A, m,n € N, T > 0, and p € [1,00),

the sequence of Wick products : Zggj)izl(j) . converges to : Z™Z" : in C([0,T]; W=9%) almost

surely.

proof. We first note that the following (N, t, z)-uniform estimate can be shown:
/ E [|<v>—5(; Uy ZMINZ" : — Uy Z™ I 2" ;)ﬂ p(dzdy) < £°
H—9S

for any 6 € (0,1]. In a similar way to [9], we have that, for any h € [—1, 1] and oy € [0, 1] such
that ay < 20,

E, [|5h {<v>—5(: UyZMINZ" : — Iy 2" Z" :)} ﬂ < |R|*0ef,

where 0y, f(t) := f(t + h) — f(t). Thus, Nelson estimate, Sobolev embedding, and Kolmogorov
criterion imply the convergence

E, [|| N ZMINZY  — N2 TN 2" ||gTW_57p} < /2
for any p € [1,00). Moreover, by Proposition 4, as N — oo
EM[H ALY AR ALY A HZ‘TW—J»OO} < /2,

As for the almost sure convergence result, we use a similar argument to [17, Proposition 3.2].
For any k € N and ¢ > 0, set

A=y w) eI xQ; | 207 = 2T |y s < KU
By Markov inequality,
1@ P((AMS) = o P [H T 2" |y see 2 k—l}

< ka“[H : Z;"ZZ s 7" HZTW—&W}
< kPefP/2,

1

We then have, taking a subsequence £(j) = 77+ and setting p to be 0p > 2,

o0

ZN ®P((A§(j))c) S kij_ep/2 < 00.
=1 j=1
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By Borel-Cantelli lemma, the event AF := U;x;l miZj Alg(i) has probability one, and for any

((z,

y),w) € A¥,

limsup || : Z"(’j)zzb(j) AL ”CTW*(?»OO <kt

£
J—00

Therefore, the event A := (,cy A* also has probability one, and for any ((z,y),w) € A,

i.e.

lim || A 72(]-) s zm7"

: ||C’TW—5’<>° =0,

{: ;’Zj)ig(j) :}; converges in CrW =92 almost surely, for almost every initial condition

(2, v).

O

Combining the deterministic result and the probabilistic result, the proof of Theorem 2 is
completed.
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