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1 Introduction

In this paper, we consider the indiscernibility of trees, and by using this, we see
another proof of the equivalence of forking and dividing over models in NTPy
theories.

The notion of indiscernible sequences is a useful tool for simplifying complex
arguments in model theory. In classification theory, we often consider a tree
of tuples with certain property, and hence a construction of an indiscernible
tree can be valuable, which is a tree whose well-shaped subsequences are indis-
cernible.

The existence of an indiscernible sequence is usually demonstrated through
a simple compactness argument using the finite version of Ramsey’s theorem.
However, the existence proof of an indiscernible tree has required a stronger
set-theoretic theorem, such as the Erdos-Rado theorem ([1], [2]). In this study,
we present a theorem proving the existence of an indiscernible tree using only
the finite Ramsey theorem.

In addition, we see that this construction method can be applied to prove
the fact that forking and dividing are equivalent over models in NTP5 theories
due to Chernikov and Kaplan([3]).

2 Preliminaries

First, we recall some definitions. We work in a monster model M of a complete
L-theory T'. Let us consider the set of finite sequences w<“ as a tree.

Definition 2.1. Let ¢(z,y) be a formula.

1. We say ¢(x,y) has the tree property (TP) if there exist a tree of tuples
(ay)vew<e and k < w such that

(a) for all n € w*, {p(x,any) | ¢ <w} is consistent, and
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(b) for all v € W<, {p(x,a,~(;)) | j <w} is k-inconsistent.

2. We say ¢(x,y) has the tree property of the second kind (TP32) if there exist
an array of tuples (a; ;); j<w and k < w such that

(a) for all f: w — w, {p(x,a; @) | i <w} is consistent, and
(b) for all i < w, {¢(z,a;;) | j <w} is k-inconsistent.

3. We say a theory T has TP (resp. TP3) if there exists a formula which
has TP (resp. TP3). A theory without TP (resp. TP3) is called an NTP
(resp. NTP3) theory. An NTP theory is also called a simple theory.

By definition, simple theories are NTPs.

Definition 2.2. Let b be a tuple and A a subset of M. A formula ¢(z,b) divides
over A if there is some A-indiscernible sequence (b;);<,, with by = b such that
{o(x,b;) | i <w} is inconsistent. A formula () forks over A if p(x) implies a
disjunction \/,_, ¥;(z) of formulas ¢;(z) which divides over A.

By definition, if a formula (z) divides over A, then ¢(x) forks over A.
However, the converse does not hold in general.

The rest of this section is devoted to considering the indiscernibility on
sequences and arrays. We define a good property of sets of formulas called “the
subsequence property,” in order to construct a required indiscernible sequence.

Let X and Y be disjoint sets of variables and I' = I'(X,Y") a set of formulas
whose free variables are among X UY. Then, 3YT'(X,Y) denotes the set of all
formulas of the form

35 N\ 0:(z.9),
i<n
where T € X, § € Y and all 6;(z,7) are from I'.
Notice that a formula in JYT(X,Y) has only free variables from X.

Definition 2.3. Let I'(X, Y, Z) be a set of formulas whose free variables are
among X UY U Z, where X = {z;};<,,. We say [ has the subsequence property
with respect to X over Y, if there exist sets {a;}i<., and B such that the
following condition is satisfied:

e For all strictly increasing functions f : w — w, the set IZI'(X,Y, Z) is
realized by the sequence {ay(; }i<w for X and B for Y.

The following lemma is proved by an easy argument using Ramsey’s theorem.

Lemma 2.4. Suppose that T'({z;}i<w, Y, Z) has the subsequence property with
respect to {x;}i<, over Y. Then, there exists a realization ({a;}i<w, B,C) of T
such that the sequence {a;}i<, is indiscernible over B.

We first use this lemma for considering the indiscernibility on arrays.

Definition 2.5. Let (I;);cx be a family of sequences of tuples from a model
M and A a subset of M. We say that the sequences (I;)icx are mutually
indiscernible over A if for any t € X, the sequence I; is indiscernible over
AU Iz, where Iy = {a € I, | s #t}.



We define the similar property on arrays to the subsequence property on
suquences.

Definition 2.6. Let o be an ordinal and I'((X;)i<a,Y, Z) a set of formulas
whose free variables are among J,_, X; UY U Z, where X; = {z;};<.. We
say ' has the multiple subsequence property with respect to (X;);<q over Y if
there exist (B;)i<q With B; = {b;j}j<. and C such that the following condition
is satisfied:

e For any tuple of strictly increasing functions (f;: w — w)icq, IZT is
realized by {b; f,(j)}j<w for X; and C for Y.

Lemma 2.7. Suppose that T'((X;)i<a, Y, Z) has the multiple subsequence prop-
erty with respect to (X;)i<a overY, where X; = {xij}j<w. Then, there exists
a realization ((B;)i<a,C, D) of T' such that the sets B; (i < «) are mutually
indiscernible over C.

Proof. Let I'*((X;)i<a,Y) denote the set

U (HZ)F(({mi,fi(j)}j<W)i<OM Y, Z),
(fi)ic<a
where (f;: w = w);<q ranges over the set of all a-tuples of strictly increasing
functions. Note that I' has the multiple subsequence property (with respect
to (X;)ica over Y) if and only if I'* is consistent. Since I'*((X;)i<a,Y) has
the subsequence property with respect to X = {2 j}j<w over X4 UY, there
exists some realization ((B;)i<a,C) of I'x such that By is indiscernible over
Uizo Bi U C. This means that the set

'™ U ‘Xj is indiscernible over U X;uy’
i#0
is consistent. Notice that this set also has the multiple subsequence property
(with respect to (X;);<q over Y). Thus, by considering X7, X, ... in order, we
see that the following set is consistent:
'™ u U ‘X; is indiscernible over U X;uYy'.
j<o i#j
Therefore, there is a mutually indiscernible set that realizes I'. O

3 Main results

As we saw in the previous section, we often consider trees of tuples in classifica-
tion theory. Then, similarly to indiscernible sequences, indiscernible trees can
be useful in classification theory.

We first see a proof of the existence of indiscernible trees without the Erdos-
Rado theorem. In the last section, we show that forking and dividing are equiv-
alent over a model in NTPy theories by using indiscernible trees.



3.1 A construction of indiscernible trees

Let T be a complete L-theory. Throughout this section, we work in a monster
model M of T
We consider the ordering < on w<%“, where < is defined by
v < < v is a proper initial segment of p .

For v € w<¥, we define N(v) = {u | v £ u}.

Lemma 3.1. Let P({z;}icw) and Q({x;}icw) be sets of formulas, both possess-
ing the subsequence property. Let I'(X) be a set of formulas with free variables
from X ={x, | v € w<¥} expressing the following properties:

1. for every infinite path n € w*, the sequence {x,m | 1 < w} satisfies the
property P,

2. for every finite sequence v € w<¥, the sequence of its immediate successors
{@y~ 4y | i <w} satisfies the property Q.

We assume that T'(X) is consistent. Then, the set I'(X) augmented by the
following conditions (x), for all v € w<Y is consistent.

(%), The sequences I, := {x,~(; | i < w} is indiscernible over xn(,) = {z, |
pwe N}

Proof. Let {vj}j<. be an enumeration of w<* such that there is no i < j < w
with v; <v;. Let I',,(X) be the set I['(X) augmented by the conditions (x),,
(j <n). In order to prove that I'*(X) := U, ., ['n(X) is consistent, it suffices
to show that T',,(X) is consistent for any n < w by compactness. We prove by

<w

induction on n. We suppose the consistency of I',,(X) has been established.

Claim. T',,(X) has the subsequence property with respect to {x,, ~;}i<w over
TN (vy)-

Choose a realization A = {a, },en<w of T (X). Let f: w — w be a strictly
increasing function. We define the mapping o: w<*¥ — w<% as follows:

e Forve>u,, ifv=uv," (k) u, o) =v,"(f(k)"p

e Forve N(v,), o(v)=v

<w

The mapping ¢ on w<% is naturally considered as a mapping on X or A, both

of which are also denoted by o. Observe that for j < n,
e o(v) = v for every immediate successor v of v;
e o(v) € N(v;) for v € N(v;)
o o(vn” (i) = va”(f(4))

Also, the mapping o preserves < relation and sibling relation. From these, we
see that {a,(,)}, satisfies I',, and that I';, has the subsequence property. (End
of the proof of Claim)



Therefore, there is a realization B = {b, },c.<v of I';(X) such that {b,, -~ |
i < w} is indiscernible over by, ). This implies that I',, 1 (X) is consistent. O

Lemma 3.2. Let A(X) be the set T'(X) in Lemma 3.1 augmented by the fol-
lowing condition:

(*) For allv € w=%, I, = {Zy~(;) }i<w 15 indiscernible over Ty ().

We assume that A(X) is consistent. Then, the set A(X) augmented by the
following condition (1) is consistent.

(1) the sequences J = {x(ny~0s) | 7 € W\{0}} (n < w) are mutually indis-
cernible.

Proof. 1t is enough to show that A(X) has the multiple subsequence property
with respect to {J,}n<y. Choose a set A = {a,},en<w realizing A(X). For
every n < w, let fr,: w\{0} = w\{0} be an increasing function. We define the
mapping 7: w<¥ — w<¥ by

T(v) = ((0), 07 M1 y(1), 05 D= FnM=1 y(9) L pFm B =S (kD=1 ()
where m = v(0).
The mapping 7 on w<¥ is naturally considered as a mapping on X or A,
both of which are also denoted by 7. Observe that

e 7(N(v)) € N(r(v)) for any v € w<*, and
o 7({(n)"(07)) = (n)~(0/)) for any n < w and j > 0.

In addition, the mapping 7 preserves < relation and sibling relation. From these,
we see that {a,(,)}, satisfies A(X) and that A(X) has the multiple subsequence
property. Therefore, there is a realization of A(X) which satisfies (). O

Lemma 3.3. Let O(X) be the set A(X) in Lemma 3.2 augmented by the fol-
lowing condition:

(1) the sequences J, = {&(my~i) | § € w\{0}} (n < w) are mutually indis-
cernible.

We assume that O(X) is consistent. Then, the set ©(X) augmented by the
following condition (#) is consistent:

(#) the sequence {K, | n <w} are indiscernible, where K, denotes the set
{z, | v>(n) orv=(n)}.

Proof. Tt is enough to show that ©(X) has the subsequence property with re-
spect to { K}, bnew. Choose a set A = {a, }yep<e realizing O(X). Let f: w — w
be an increasing function. We define the mapping p: w<* — w<* by

p(v) = (F () (v(1).....v(U(¥) — 1))

The mapping p on w<* is naturally considered as a mapping on X or A,

both of which are also denoted by 7. Observe that



e p(N(v)) C N(p(v)) for any v € w<¥, and
o p(Jn) = Jfmy and p(K,,) = Ky, for any n < w.

In addition, the mapping p preserves < relation and sibling relation. From
these, we see that {a,(,)}, satisfies ©(X) and that ©(X) has the subsequence
property. Therefore, there is a realization of ©(X) which satisfies (#). |

The following theorem follows immediately from Lemma 3.1, 3.2 and 3.3.

Theorem 3.4. Let P({x;}icw) and Q({x;}icw) be sets of formulas, both pos-
sessing the subsequence property. Let T'(X) be a set of formulas with free vari-
ables from X = {x, | v € w<¥} expressing the following properties:

e For every infinite path n € w*, the sequence {xyn | 1 < w} satisfies the
property P.

e [or every finite sequence v € w<¥ | the sequence of its immediate successors
{@y~ 4y | i < w} satisfies the property Q.

Suppose that T'(X) is consistent. Then, there exists a realization A = {ay}, of
I" with the following properties:

1. For allv € w<¥, I, = {a,~ ;) }i<w is indiscernible over ay ).
2. The sequences Jn = {a(ny~(0i) }i>0 (n < w) are mutually indiscernible.
3. The sequence {K, |n <w} are indiscernible, where K,, denotes the set
{z, | v > (n) orv={(n)}.
3.2 Forking and dividing in NTP, theories

Let T be a complete theory and M a monster model of T". In this section, models
are supposed to be elementary submodels of M.

Definition 3.5. Let M be a model and p(x) a complete type over M. Suppose
that I = {a;}i<a is a sequence of tuples in M, where « is an ordinal, and let
pi(x) = tp(a;/Ma~;). The sequence I is called a coheir sequence in p(x) if the
following properties are satisfied:

L. p(z) = po(x) and p;i(z) C p;(z) (i <j<a).
2. Each p; is finitely satisfiable in M.

Note that a coheir sequence in some p € S(M) is an indiscernible sequence
over M.

Lemma 3.6. Let I = {a;}j<. be an indiscernible sequence over M. Let
P(X) = tp(I/M), where X = {z;}j<w and x; is a variable tuple for a;.
Then, there exists a coheir sequence {I;}i<., over M in P(X) such that each
I; = {ai j}j<w is an indiscernible over MIo; = M UJ, _; Ix.



Proof. Starting with Iy = I, we inductively choose I,, as follows. Suppose
we have chosen I,,. Let P,(X) = tp(I,/MI.,). Notice that P,(X) is finitely
satisfiable in M, and has the subsequence property with respect to X = {x;}i<w.
Let ®(X) be the set of all L(MI<,,)-formulas ¢(Z) with Z € X such that ¢(Z)
is not satisfied by any tuple in M. The set of L(MI<y,)-formulas

Q(X) = Po(X) U{~¢(Z) | ¢(Z) € 0}.
is consistent since P, (X) is finitely satisfiable in M. Let J = {b;};<, be a
realization of Q(X). Then, any subsequence of .J also satisfies Q(X). Therefore,
it has the subsequence property with respect to X, and it is realized by an
indiscernible sequence I+1 = {an+1,j}j<w over MI<,. The sequence I, 41
satisfies the required conditions. O

Remark 3.7. Let I,, (n < w) be as obtained in the above lemma. Then, for
all n € w*, J; = {@; 5(s) }i<w is a coheir indiscernible sequence over M, and the
type tp(J,/M) is fixed, independently of 7.

The following lemma is proved in the same way as Fact 1.10 in [5].

Lemma 3.8. Let I = {a;}ic., and J = {b;};<., be indiscernible sequences over
M in p(x) € S(M). We assume that I is a coheir sequence over M. Then,
there exists a sequence J' = {b} ;<. such that
Z) b6 = ao,
ZZ) J’ =M J,
ii) {bi} U{aitiso =m I, for all j <w, and
i) J' is indiscernible over M (I \ {ao}).

Proof. Let p(X,z) = tp({a;}i>0, ao/M), where X = {x;};~0. Since p(X,ag) is
finitely satisfiable in M, it also does not divide over M. Hence, the following
set is consistent:
U p(X,b;)
j<w
Let {a.}i~o be a realization of this set, and then the following set is consistent.
U p({ai}is0,95) U {y;} i< =0 I .
J<w
Since {a;}iso0 =m {a}}i>0, the following set is also consistent:
a({y;}j<w) = U p({aitio,y) U {y;}jcw = J .
j<w
Because J is indiscernible over M, ¢ is realized by an indiscernible sequence
J" = (V) j<w over M(I\{ao}). In addition, as we have ao =ps(1\{ao}) o there
is a realization J' = (b});j<. of g such that J' is M (I \ {ao})-indiscernible and
b, = agp. Therefore, the conditions i)-iv) are satisfied. |

Proposition 3.9. Let I = {a;}i<w and J be M-indiscernible sequences as
given in Lemma 3.8. Let {a;};cz be an M -indiscernible sequence (of order type
Z) extending I. By repeatedly applying the lemma and using compactness, we
obtain a set {a, | v € w<¥} (indexed by a tree) with the following properties:



1. For all paths 1, {apn}new =nm I, where I* = {a_;}icw;
2. For allv € s, {ay~my | n <w}=pJ.

Now, we consider NTP, theories. The argument in this section is a variant
of the arguement in [5] on simple theories.

Proposition 3.10. Let T be an NTPy theory. Suppose that o(x,a) divides over
a model M. Then, the dividing of ¢(x,a) is witnessed by a coheir sequence over
M.

Proof. Choose an M-indiscernible sequence I = {a;};<, with ag = a such that
{o(z,a;) | i < w} is inconsistent. By Lemma 3.6, there is a coheir sequence
{L; | i < w} over M starting with Iy = I such that each I;1; is indiscernible
over MI<;. Let I; = (a;;)j<w. Since (a;0)i<w is a coheir sequence over M, it
is sufficient to prove the following claim.

Claim. {¢(z,a;0) | i <w} is inconsistent.

Suppose not. Since the type tp({a; () }i<w/M) is fixed independently of
n € w’,, {(x,a;n3)) | i <w} is consistent for all . Thus, the set {p(x,a; ;) |
i,j < w} witnesses the T' P, which is a contradiction. O

Proposition 3.11. Let T be an NTP theory. Suppose that both p(x,a) and
Y(z,a) divide over M. Then, p(x,a)V ¥(x,a) divides over M.

Proof. Choose M-indiscernible sequences I and J that witness the dividing
of p(x,a) and ¥(x,a), respectively. We can assume [ is a coheir sequence in
tp(a/M). By Proposition 3.9, we obtain a tree {a,, | 7 € w<“} with the following
properties:

e For all n € w¥, {ay|ntncw =m I*.
e For all v € w<v, {a,,ﬁ<n> [n<w}=npJ.

We prepare a set X = {2, },¢,<~ of variables and let I'(X) be the set of L(M)-
formulas describing the above two properties (where a, is replaced with z,).
By Theorem 3.4, we can find B = {b,}, that realizes I'(X) and satisfies the
properties 1, 2 and 3 described therein. We consider the sequence K := {b(, o) |
n < w}. Note that the sequence K is indiscernible over M (condition 3).

Assume, for a contradiction, that ¢(z,a) V ¥ (z,a) does not divide over M.
If K witness the dividing of both ¢(z,a) and ¢(x,a), then it will also witness
the dividing of ¢(z,a) V ¢ (x,a). Thus, (a) {¢(z,d) | d € K} is consistent, or
(b) {¢(z,d) | d € K} is consistent.

Suppose (a) is the case. We consider the set {¢(z,biny~01y) | 7 > 0,n <
w}. By (a) and the mutual indiscernibility (condition 2), for all f: w\{0} —
w\{0}, {2, by~ (ormy) | m < w} is consistent. On the other hand, since all
subsets of B corresponding to an infinite path are isomorphic to I'*, for all n,
{o(,b(n)~(01y) | © > 0} is k-inconsistent for some fixed k. This means that T
has TP5, leading to a contradiction.



For case (b), we consider the set {1(x, b, ;y) | n < w,i < w}. By the mutual
indiscernibility of the sequences J,, := {b(, 4 | i < w} (n < w) , it follows that
for all functions f: w — w, the set {¢)(x,b(, f(n))) | » < w} is consistent, since
{b<n7f(n)>}n<w =u K. On the other hand, because J,, =, J for all n < w, the
set {(z,b(n,5) | © < w} is k-inconsistent for some fixed k. Therefore, T has
TP,, which leads to a contradiction. O

By Proposition 3.11, we can prove the equivalence of dividing and forking
over models in NTP5 theories.

Corollary 3.12 (Chernikov and Kaplan, [3]). Let T be an NTPy theory. Then,
forking and dividing are equivalent over models, namely, a formula o(x,a) forks
over a model M if and only if it divides over it.

Remark 3.13. Forking and dividing are not necessarily equivalent over a set
in NTPs theories, unlike simple theories. For example, a typical example
Th(Q, cyc) (the theory of dense cyclic order) is NIP, especially NTP,. See
[6]. Further examples are in [3].
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