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(Two dimensional Conformal Field Theory and operad)
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TER PR ARE 2 I RMEHIT W o TN & ) —< VR D723 operad O DRI TH % [Hu3|, HHEHE
xR SN TR operad & B o 7285513 By operad & B X 5728, E, algebra % £ 0 [ L7z%
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E5 operad @ “IHEE (N2 V) 1F, ZRNE Y =< VERENIHIG S 5, U — < VERIEO LR AR
IE PSLoC TH Y, TOEMEMS & ZD =% (0,2,00) € (CPY3 ICEHILTE S,
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ZRORBTH S [B, FLM]. ZIZ TV =D,,5( Va 1& Zzo-graded vector space TH 5.

By, RBDOHELTH 2D CHITTRTDZEFEDOHRTHEMEREZT 2L (A TH5S, PSL.CIE (CPY)?
IZ 3-transitive (Z/EFH L TWA 728, EERIZ (0,1, 00) IZEHYLTE B D72A, THAMEHZRBEOREFEE
1% PSLyC invariant TR L, r T AT = VEBT L2 vk ZI3BD0 03k 5, EIFFEIZENSD V O
LD Z-grading (spin EIEEND) (TS U TR E->TEYD, ZHUT XY EFID expansion BE 5N 5.
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VeoM— M((z)

TRAEHEHIZEZLTVWEEDL LTEHI NS [FLM],
¥ 72 THAERAZERBO DM IZIE (logarithmic) intertwining operator L IFIENSFEMAERI NS
[FLM, Mil, Mi2]:

My @ My — M3((2%,log2)), my @my Z my(r,i)maz"" " (log )"
reC,i>0
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VﬂuﬁMo,Ml,...7MT LRz }‘}ba(ﬁEMa/ & a; € M; MWEZoNdE, TIhODEEEZ DI LNT
& 5:

(a0, A1 2y Q2 2y Qpez,) € (C[[z(lc, e z;c]][log 21, .., log z.]. (1)
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WIERENZIZ NI 1 IZH B 512 =< VEREI DR 2; 12 a; TREND state & A L 72 IREEDHIRHE
(RIE) 2FZTWE Z LIZHIET 5.
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Proposition 1.1 M, ..., M, 2 Cy-cofinite £\ > HBIRM% 7 TMEETH 572 613 (1) DREUE {]21] >
|zo| > - > |2} 2729 X,.(C) DFIFERIZBWTHSIER L, £1lio FEAIBE A ED 5.

ZHIRD & 5123 h 5. C-cofinite 2E % i 725 Mo, My, ..., M, \IZx LT, 4 iE X,.(C) LD holo-
nomic D-module Z )5 HBZ N TES. D D functor

(V-mody)°? x (V-mods)” — holonomic Dx, -mod

v My
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2135, 7272U V-mods 1& Ci-cofinite 7% V MIEED LI, BAN (Mg, My ..., M,) % My, LML 5,
OB,y = Hom(Duyy,,y, Ox,)

% Dx, Mt Dagy,,,, DIEABIBIRD %29 sheaf &9 %, ZHFHE T 0y 7 LIFENS [NT]. (1) 1% Dy,
DAETHZ 5N/ Bk EO TSI E 52 TB Y. CBuy,,, P section (2722 T2,

£ 71w 713 locally constant sheaf TdH 555, BihiZEM D fundamental groupoid II; (X, (C)) HME
9%, {X,.(C)}r>o(Di#EYRa /32 MME) 121X glueing (2 & o T operad DIEN AS, K212H5 &
SIZEREFHIETa Y 7725132 5 U7z operad G IZEEMIZIRES 3T TH 5.
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FEE. EH T [Mol, EHL5.11] TI S L7z glueing ZREE L 7z. 21Uk [NT] OSSR O BRIV EL TS
%, £7- [NT] TIRIHREHAZ RV Dregular TH D LD ETHEHRWEMAZIRL TWD, HA DX
TIHEEOTEAFEHZERBUZX U T, MDY Cr-cofinite TH 5 &\ D DA T glueing 2L 7z, A

L2 ot Fa & TR EH BB OGO & VLW HAREOMHIE [Mo2] 2SRRI N7z




FTHNXZ D glueing % operad #iiE & UL Z D glueing A operad ##§i& & compatibility TH 25 Z & 12
DWW T topological [ZFEFAT B2 & ¥ 7z,

CEB R EBIAT BEHIC £ B {X,(C)}rso @7 3252 ME IZAS operad 2D T 282 MMED
FEIZE - T

1. Deligne-Mumford operad
2. Fulton-MacPherson operad
3. Huang @ tubed Riemann sphere M 729 partial operad [Hu3]

REND B, Deligne-Mumford stack D723 operad #§i&E & D compatiblity 1%, & DF A Tl axiomatic
QFT (2317 % cluster decomposition property &It LTH O, HLEHHERE U TldEE > TV A5 1HHRH?D
720 (AQFT 125\ T cluster decomposition (& unitary PEZ &0 N, HEDO—FEMELFETH 5).,

U USRI E > LN WEIEE2 R 22BN TESL, RAREBERERATRTVWSE 204X
Huang KK ® tubed Riemann sphere M 729 partial operad TH H, EHERLETH 55, TNl formal 12
EEINTVLLDFTNABETHH LW,

Fulton-MacPherson operad 1% Haung & ® operad & Deligne-Mumford operad O TH 55, &5
Wo 7z operad ZEINE LW S WG, HIEGHER%E functorial QFT &8 o7z & (T target category
EESEHRT 20 LBEDLo TS, ZHNIEFBRSTIIEZR D> TV ARVIHWTH S, ZD7=d, [Mol]
TIIAEV operad DIEEIZIZH S 12, HIRIZ LEVPBRRSNDHHEZIY H U7, TN NIZHIATS
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fundamental groupoid % HX % BT 3AFRE / 1 ZVEF LD T {1 (X, (C))}r>0 1& groupoid DEIZ 1T
% operad MEIZ74L5, ZD operad & equivalent %% operad % colored parenthesized braid operad (CPaB
operad) &\ 5 [T], HAIFHLE 7Y 7 D glueing »° RKELPEIZ CPaB algebra OfEEZEDH 5 Z & &R
U7z

Theorem 1.1 710y 7D glueing 12 & Y V-mod; (Z1& CPaB operad H* weak 2-categorial \Z1EfH
T5.

[F] 8L 20—l TH 5 [Mol, firgh 2.24 & 2.25] IZ& 5 &, C-linear category C (2, CPaB operad
@ strong 2-categorical EfA 52522 & C LOMMT >V IVEO#EERZ 525 Z LIXFAETH 5.

Theorem 1.2 V 7 reqular JHRAFAZNRE R 51X, LEDOIEMIE strong 2-categorical TH B, & <
V-mody 1 balanced braided tensor category 278 %,

EH 1.2 1% [Hul, Hu2, Hu3, HL1, HL2, HL3] & \»5 Huang & & Lepowsky K2 & % —H# O TH ST
T-AEROBEIHE S5 25, ZOFiXIE 800 R—Y LA EIZJEZMXTH D, Fx DTNz R L7z,
K E 72N T intertwining operator Z FAWTIZ, [NT] IZE WM TTE 2 E BT LR - 72 TH
%, F7z 2-category ZFHVTHEEZFA L TV AR (ZNIE 2L DEDOE TiEk> LTHRTHS) ®
factorization DFERA iR EWNAREIITELR 5,

S 3R

[B] R.E. Borcherds, Vertex algebras, Kac-Moody algebras, and the Monster, Proc. Nat. Acad. Sci.
U.S.A., 83, 1986, (10), 3068-3071.

[F] B. Fresse, Homotopy of operads and Grothendieck-Teichmiiller groups. Part 1, Mathematical Sur-
veys and Monographs, 217, American Mathematical Society, Providence, RI, 2017.



[FLM] 1. Frenkel, J. Lepowsky, and A. Meurman, Vertex operator algebras and the Monster, Pure and
Applied Mathematics, 134, Academic Press, Inc., Boston, MA, 1988.

[FHL] I. Frenkel, Y. Huang and J. Lepowsky, On axiomatic approaches to vertex operator algebras
and modules, Mem. Amer. Math. Soc., 104, 1993, (494).

[Hul] Y.-Z. Huang, A theory of tensor products for module categories for a vertex operator algebra, IV,
J. Pure Appl. Alg., 100, (1995), 173-216.

[Hu2] Y.-Z. Huang, Virasoro vertex operator algebras, (nonmeromorphic) operator product expansion
and the tensor product theory, J. Alg., 182, (1996), 201-234.

[Hu3] Y.-Z. Huang, Two-dimensional conformal geometry and vertex operator algebras, Progress in
Mathematics, 148, Birkhauser Boston, Inc., Boston.,(1997).

[HL1] Y.-Z. Huang and J. Lepowsky, A theory of tensor products for module categories for a vertex
operator algebra, I, Selecta Mathematica (New Series), 1, 1995, 699-756.

[HL2] Y.-Z. Huang and J. Lepowsky, Vertex operator algebras and operads, 145-161, Birkh&user Boston,
Boston, MA, 1993

[HL2] Y.-Z. Huang and J. Lepowsky, A theory of tensor products for module categories for a vertex
operator algebra, II, Selecta Mathematica (New Series), 1, 1995, 757-786.

[HL3] Y.-Z. Huang and J. Lepowsky, A theory of tensor products for module categories for a vertex
operator algebra, III, J. Pure Appl. Alg., 100, 1995, 141-171.

[Mil] A. Milas, Weak modules and logarithmic intertwining operators for vertex operator algebras, Con-
temp. Math., 297, 201-225.

[Mi2] A. Milas, Logarithmic intertwining operators and vertex operators, Comm. Math. Phys., 277,
2008, (2), 497-529.

[Mol] Y. Moriwaki, Vertex operator algebra and colored parenthesized braid operad, arXiv:2209.10443.
[Mo2] —iRyuIE5 5 D& Afh & £ DMk, %6 67 BIEUE Y VR Y 7 LAEE, (2023), 10-18.

[NT] K. Nagatomo and A. Tsuchiya, Conformal field theories associated to regular chiral vertex operator
algebras. I. Theories over the projective line, Duke Math. J., 128, 2005, (3), 393-471.

[T] D.E. Tamarkin,, Formality of chain operad of little discs, Lett. Math. Phys., 66, 2003, (1-2), 65-72.



