A g-analogue of Maesaka—Seki-Watanabe's formula
and its application
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1 FX

ZEY — X (MZV) 23d D B0 & “FEn” D ZDODFE/RIZHEH L 7z Maesaka—Scki—
Watanabe ([4]) DBFZE1E, MZV ORERL & FEEH MZV ORI BT 2 ¥R E 5 2 72,
MZV OBEEAL & 13—, MZV 25% 2 "D DFRRICHRE T 2 FRM OB O BEHRM: % 50 h
ThimmriE L, X D ESNLEX (MSW AX) ZHwiz MZV O o BRI o
BT T3, SE MZV OBt Z ¢ BEUTHRS 5 Z 8 I L, ¢ MZV 28
2RO EARRKOFEERZ 182 Z e B TE DO THET 5.

2 MZV OEtEL

2.1 Maesaka—Seki—Watanabe Di5ER

MZVIZ, A Ty 7 ZReMIN 2 r HOEEBOM k = (ki,..., k) (r > 0) 5% admis-
sible (i.e. k. > 1) D& EIZ

1
C(k) = lim (.n(k)= lim o
> 0<m1<Z~<mr<N m]f e mlﬁr
TERINDIIEDFEKTH 5. MZV I3k &4 i (REE) Rz A3 Z 2R <A
LERTVWE N, BELRBERREZFOETRICH S MZV OEELME D —DIZLLRD Theo-
rem 2.1 BT 5N 5

Theorem 2.1 (Drinfel’d, Kontsevich, Le-Murakami, Lappo-Danilevsky etc.). admissible
AT I A k= (k,...., k) TXNLT, (k) ZLTORRE HD:

/ dtlyl dtlyg dthl dtr,l dtng dt?“,kr

1—111 tio b1 gy 1 =41 to Lk,
0<t1,1<“-<t1’k1<-~-<t1~,1<~-<tnkr<l
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Theorem 2.1 £ D, MZVIZ BFE =7 C WO EREALITNRTHLZerbrb.
ZOEADERMD LRV THRILT 20132 IFEATD 228, @RV —< UF 2/
K3 5 Z &2 X 5T Maesaka—Seki-Watanabe ([4]) {& Z DRICLLNDEIE % 5 2 72

Theorem 2.2 (MSW formula, [4, Theorem 1.3]). fEEDA T v 7 A k = (ki,...,k,)
¥ NE€Zop LT, Cp(k) ZBUTRTERT 5

T

1
> (ke § : | |
¢ N( ): :
< . . (N—njl)njg---njk.
0<nj 1< <nj g, <N (1<i<r) =1 ’ ’ R
njk;<n(ipna (1<5<r)

ZDrx DIFTOERXD D LO:
Cen(k) = Cb<N(k)a "N € L.

Bz k= (1,2,3) DL &

b B 1
(k) = Z (N —n1)(N — ng)nz(N — ny)nsng

0<ni<na2<nz<ns<ns<ng<N

DEIWCERSINS.
Theorem 2.2 DIGAITIAE N DDLH ST WS, [4] TERABRSNL TV S DX, A
TR OO BRI (Theorem 2.3, Theorem 2.4) DFALAATH % .

Theorem 2.3 (MZV OXBIFRIN). [EEEEL a;,b;,5 € Zog IR LT TOERXDHKD
YASS

CL b+ 1,1 b+ 1) =C(,. . Lag+1,...,1,. .. 1a +1).
—— ~—— ~—— ——

a;—1 as—1 bs—1 b1—1

Theorem 2.3 DHADA 7 v 7 R&, FLDA 7y 7 A% k e RLTLLE k! &
FWTRNA ¥ 7y 7 R WS, Theorem 2.3 1%, XA > 7 7 Z1Z0f LT MZV 234 E
TH b eZFEIRT 2IFFICHEFEOEEHRINTH 5. Theorem 2.3 137TK, Theorem 2.1 D
ERERt — 1 —t WX DFEHDHI ST W03, 2019 F1Z1E Seki—Yamamoto ([7]) 12 & -
THEEIC X 2 52 57z, Maesaka—Seki-Watanabe (]4]) 2 & % Theorem 2.3
DI, n (k) — Cn(kh) = 0 (N = 00) ZIRTZEICE 2 DD, ZORHD ZH
FTHI SN TWIGE & 72 2 fUE, AERNC “BIRFIOZEE DA TiEHZ 52T\ &
WIORTDH 5.

R, FRZ HEE — ZED B HRK D Theorem 2.2 DHHD 5 DI OVWTHE KR T
%. 22T, HRZEY — X (FMZV) 213, B

A= 11 @wz) | § (Z/vz)

p:prime p:prime

TOLETEHRSNL MZV OELTH Y, LT TEE %:
Ca(k) = (C<p(k) mod p), € A
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Theorem 2.4 (FMZV OB EEfRK, Hoffman). BEDA VT v 7 X k = (ky,..., k) I
LT, A TDOFEADRLD ILDO:

Calle) = (1) > ¢all).
k=l
REL, R 3 EkDT IR h R T ICERD WL TADA YT Y I AD
NEF 2463 (eg. (1,2) = (1,1+1) < (1,1,1)).

Theorem 2.4 @ Theorem 2.2 & W /=GEBA CEE LR DX

1 1
P (mod p)

TH5. (k) LT LEOERREBEREREH T 5 Z L1k 2T, Theorem 2.4 D
GADBEN S, IEFE IR BIEHATH 5.

Remark 2.5. Seki ([6]) IZ & o T, extended double shuffle relation @ Theorem 2.2 % >
FHRLAD 5 6N TWE. T, T 54 7 v 7 ZTHT % MZV OHLLH 72 5
2FEVE C (k) ZBAVTEHET 2 Z Ik o CAFAX 1553, Theorem 2.1 ZAREINC
HWIRWEERREE, 2D WD TTH 5.

2.2 Yamamoto DFER

Yamamoto ([9]) i, Theorem 2.2 % Schur BUAJEFR L 72. Z OEITIE E 3 Schur MZV %
ERTHIELOIRD 5.

FEHDBEIN = (M, .oy ha) & o= (1, o) (@>0) D5, XD p (e \j >y, "j) %
A7z3F & X, skew Young diagram D = \/p % D ={(i,j) € Z* |1 <i<a, p; <j < N}
TERTS. i >bDEWE pu, =0 8L TW3. 7z, u PERE o O =12&
D=)No=X={(i,j) €Z*|1<i<a, 1<j<)\} % Young diagram ¥\ 5. skew
Young diagram % Young diagram % & A TW3. AR TE X % Young diagram IH 12
“skew” DEFETH % DT, LU, Young diagram (resp. tableau) & 5§ o 7 HHIZ “skew” b
BHTEZSZe T2 2 A=(4,3,1), p=(2,1) D& & D ZLIFROXFE & 3G
T5:

A+
L]

Young diagram DOEFEIZ C DILZE WAL KE % Young tableau £\ 5. YT(D,C) & FH Wiz
5, shape D @ Young tableaux 2ADEF L T 5. ZOFMICHWVTIX, HIZ YT(D, Z-)
EZDL. ET

SSYT<N(D) = {(mm-) € YT(D,Z>0) m; 4 < My (j+1), MG < M(it1),5, vmi,j < N}

TERT .



Definition 2.6 (Schur MZV, cf. [5, Section 2.2|). k = (k; ;) € YT(D,Z~o) % (i,7) € D,
(i+1,5),(,j+1) ¢ D AT (i,j) CNUT ki, € Zsy AT EZE, Schur MZV %
AR CTERT %:

C(k) = lim Coy(k) = lim > 11 1

N—oo m.
(m;,;)€SSYT <N (D) (i,5)€D """i,5

Hirose-Murahara—Onozuka (|3]) 1, MZV OfE7ERZ “diagonally constant” 784 > 7
2 2209 % Schur MZV IZHRIR L, ZDRRZHIRINCE 272, 22T, k = (ki) H
diagonally constant TH % &3 k; ; DY i—j OAHIET 5 Z & 2453 . LA FD Theorem 2.7
DIEMER FRICE L TE 3] 2R A7z,

Theorem 2.7 (Schur MZV D&% &R, [3, Theorem 1.3]). Schur MZV DR SGEH % &
729 diagonally constant 4 > 7 v 7 X k = (k;;) WX LT, ((k) FIARNRET LR
HD.

Theorem 2.7 {252 T Yamamoto (|9]) {& Theorem 2.2 2 XD & S5 IZHFE L7z, XD
Theorem 2.8 THW AL FDFF L WEHIHZXEITITS 22 &9 5.

Theorem 2.8 (Schur MSW formula, [9, Theorem 3.6]). {E&® diagonally constant index
k (2R LC Schur o ¢ (k) %

Cb<N(k) = Z !

1 2 kp
TP V(U U (CSRER § (R

ng)ﬁn;“rl) (1<i<kyp)

k.
ng™ anl)| (po<p<p1)

TEFETD. 2O = DTOERXDMD D:

C<N(k) = Cb<N(k7)a "N € L.

Yamamoto (|9]) {& Theorem 2.8 DJSH & U TRD D DEH ZE N7z

Theorem 2.9 (|9, Proposition 4.2|). fEEDA T v 7 A k = (ki,..., k) TRLT
H_n(k) ZATNTERT %:

-1 my—1 N —1
Hov) = % (k>—k< )
O<my<my <N VL T T
H_n(k) O b-Fi %
b 1 1
H<N(k) = Z H

Npp-e N N —nj1)no Nk
0<n11§§n1k]<N (1S]§T) T71 ryk’l‘ ]:1 ( ]71) .772 j?k]

n(i—1),1<n5k; (1<j<r)

TED D& E, LTFOFRDD ILD:

Hon(k)= H>\(k), "N € Zs,.

4



Theorem 2.10 (|9, Proposition 5.3]). z € C & R(2) > -1 2ALTdHDE L, FEDA
YT I A k= (ki,... k) X UBE Gr(2) %

r 1
G =
k(2) Z H (nj1+2) - (M1 + 2)nk;

0<nr 1< . SNy ko J=2

<ny1<..Sng gy

" 1 ( 1 B 1 )
(nia+2) - (Mig—1+2) Mg Mg +2
TERTD. 2O x, LTFOFERDND D!

G(N —1) = CiN () , "N € Zsy.

Remark 2.11. Theorem 2.9 1% Hoffman’s duality identity (cf. |9, Theorem 4.1]) & F:HX
N323HFERDOH2EOEMNEEZ25HDTH 5. Theorem 2.10 ZEIAD Gy (z) 1% Kawashima
D G- FHENZ b DTH D, G-BIEDHRHFOME Gu(N - 1) = (v (k][R &
Theorem 2.8 25 L7z239.

3 ¢-MSW formula & i

AEiTlE, Theorem 2.2, Theorem 2.8 @ ¢-$H{Td % Main Theorem D FEFRIZDWT
IEfERERZDNRD Z D OMED 5. Z D, Main Theorem (2B L THAE/F SN TV
JGHBNZ DWTHEAT L, B IZ Main Theorem (ZB83 % open problem #3773 5. Main
Theorem D IEME/Z ERZ RN S 720, T EOEAZITS.

Definition 3.1 (cf. |9, Section 3|). Young K & & D _L®d diagonally constant index k
IO,

D, ={(i,j) € D |i—j=p},
Jp:{j GZ | (]+p>]) 6Dp}>
po =min{p | D, # 0}, py =max{p | D, # 0},
k, = k;j for po < p <p; and (i,5) € D,
la,b] ={z €Z | a <z <b}, Ya,be Z
[Tm) =]ms "m = (m))es.
icJ
BEDD.

Definition 3.2 (cf. [9, Section 3]). Z OXB D (J, J') 53 consecutive TH % & I3,
J = [jo,jl] @Z % J/ iﬁ

SNk JU{io =1 (JU{do— 1)\ i}
DWFIHY —BT LI LEDD.



Definition 3.3 (cf. [9, Section 3]). consecutive Z%#f (J,J') &, ZN o6 THAFEMIT 61
7z tuple m = (mj)jcs. = (n;)jey XK LTEALDRN <, <4 %

def {m < nj if j€Jand je.J,
m In <——

nj—1 < m; if jeJandj—1€J,

| A

m; < n, if je Jand jeJ,
nj—1 < m; ifjeJandj—1€eJ
TED 5.

n € Zso WHNLUT ¢-BEIZ [n] = (1—-¢")/(1—q) € Q¢ LEEEINS. MZV D ¢-HH
PLIRR A RET D SN TV B 23, Z DR CHW % Did Bradley—Zhao & (BZ ) ©
Schur ¢-MZV

(ki,j—1)m; ;
¢ (k) = Jim (K= Jim > ] o €Ol
(m4,;)€SSYT <N (D) (i,5)€D
Thb. (P?(k) DINHSEMIE Definition 2.6 E[FETH 5. %72, ¢11Tln] - n TH
D, (% (k) = (k) TH 3.

Main Theorem (Schur ¢-MSW formula, [8, Theorem 1.5]). fEE ® diagonally constant
index k 12X LT

o LRy U

En(k) = IT'(q )
o ng)é%_m pl;!o TN = m"D 1) - - - [1([nd™)

Y an{ Y (1<i<k,)
k 1
n; P) ( ) N

€ Q[q]

Po<p<p1)

2E#HT 2. L, [ m) = T (my)semon) = H m; THs. DL EURDO%
jo+1
KA D 320 -
Bi(k) = (Oy(k), "N € Zog.

Remark 3.4. Main Theorem % [FI#kIZ ¢ 1 1 T Theorem 2.8 ML T & %. Main Theorem
DFEAAIZ Seki—Yamamoto (|7]) OEEFEFITEIC K 5 53, FEHIC DWW TIE Tsuruta ([8]) Z#HEH
SR N,

Example 3.5 (Main Theorem @ EA{ffi). Theorem 2.8 IZH T 2 T FX X RFLH (Def-
inition 3.1, Definition 3.2, Definition 3.3) &, 3 XT Theorem 2.7 D& ZHYNZ Y —=

VHIDBEICEXIEZ DD THS. Kl k= f ; D ¥ & Schur MZV
211 1
(H3) -
1|2 0<m§m12 m%lmbm%lm%Q
AN AN
ma1 <ma2



! Theorem 2.7 12 X > T

/ dt, dty dt; dty dts dtg 0
T—ti 1=ty bty 1 —ty t5 1 — tg

t1<ta<ts

VvV VvV VvV
ta<ts<tg
0<¥t;<1

WS RREFFD. (1) DEED K/, Definition 3.1, Definition 3.2, Definition 3.3 1Z
FoTHYNCHEEHTI O, 2O &Y —< UHl C (k) &

1
b
k) —
Cen(k) M;Qm N — )N — na)ms(N — s (N — o)
vV VvV VI
nga<ns<ne

0<¥n,;<N

72%. Main Theorem IZBWTHFDELD /572 X1 3 X T Theorem 2.8 ¥ A TH 5
7, Qlq] DILE LTEERT 2 & 512 (U (k) DA TO ¢ NEEFEINED TS, Zhs
[T cBhTws. fizig oz

n3+ns
@b k) = q 3
<N( ) n1<n22:<n3 [N o nl][N - 712][715][]\7 - 714] [ns][N — 716]
vV VvV VI
nga<ns<ng
0<¥n;<N

&85,

Main Theorem Z W5 Z £1Z K o T, ROBRIR (Theorem 3.6) DFEEAZ 52 5 Z
EMTES. 1L, SZTHWSDI k= | | D8 D Main Theorem
Z q(kl_l)m1+"‘(kr—1)mr T

) [y
0<n1 <<y <N (1< <r) j=1 [N N nj’l][nj’2] o [njvkj]
Tk <n(i41),1(1<4<r)

g2t G kg

0<mi<...<mp<N [ ™ [P

TH3.

Theorem 3.6 (K. Hessami Pilehrood-T. Hessami Pilehrood-Tauraso, |2, Theorem 3.1]).
IEEE N LT, 9, 1 OFEL N FRE T 5.

ZOeE EEDA VT IR
k=(ki,....,k) CRLTUTOEADD ILD:

r nna’,1+"'+”j,kj
Zn(kiny) = (1) > [nj.v I [e]
0<n g Sy <N(<j<r) =1 U 0 7k
Tk <n(jt1),1(1<5<r)

22T, Blkiny) Fg=mn, DHED CL(k) ZRT DL TS, LiehoT, HHD ¢
BHMOERD n, TEZAL2DDLT 5.



Theorem 3.6 1%, #3423 Schlesinger—Zudilin & (SZ ) @ ¢-MZV

qk1m1+"‘krmr

SN(k) = ) [ ]*t - - [, b

O<m<...<m,<N

ZHWT
(=) EL(Lny)

k=<l
EREDBZEED g =1, DHEDBZEDS SZEADEFEXHZ ZIHRMICERT DD
EHBIENTES. I, 2| THEAONAEA L IZRZR D, Main Theorem ZHW 5 &
Oy (k) ICER

1 _nz

[N—n]  [n
% Y72 EEGER U TR BE T % Z & T Theorem 3.6 ZEBIEH Z e TEDS. EHIT,
Theorem 3.6 {& Bachmann—Takeyama—Tasaka (|1]) DikamZ B £ X % & Theorem 2.4 1218
TEEN 5 72, Theorem 3.6 1% Theorem 2.4 D ¢-FELLE AKRT NP TZ 5.

Remark 3.7 (Main Theorem (372¥ BZ #72 D 72). Main Theorem (&, Yamamoto (|9])
DFHEE BRI ¢ FRUTHRIRS 2 Z 210 X o TREA S L5 4%, Z DI TER S 5 i
e EETONEL S (B4(k) DT L (Vy(k) DI THEXERRICE > THRICKED
EZbs. LldoT, HIZIEHD ¢-FEIDET IV (e.g. Schlesinger—Zudilin &)

ki jmi,

¢(k)= lm Y 1I [‘fnT € Qlq]
(m4,;)€SSYT <N (D) (i,5)€D

(7272 U (BZ(k) LRSI R 2) 1F Tsuruta ([8]) DF71E T Main Theorem @ K 5 725

REES Z2ETERWV. X o T, KEMIZ Main Theorem 73 BZ I CH 2 EEMEIZ XX

CElIEWEFE R 5. UEDrS, XD —fD g-series {20 L T Main Theorem @ & 5 725&

N2 ENL S5 &0 5 IO IFE ICHBRZE W open problem TH 2 L FE R 5.

g

2024 - RIMS HESE (KNFEY) TRETEEGR 2 ORE) CBWTHEEOKR %
{PPEIVE LHERE S (BB /BALRY), BOREE (P RF) 1B B %
HLETES. 72, AMRERCSMT22HED, REFO X BrWEEEXLE
WALRFZANTHBED L 7 bu =2 ZAEBKFERE 0 7 J LRI, 20D ZEEICHE L #tl
HLEFET.
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