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Abstract

In this paper, we show common fixed point theorems using haltable shrink-
ing projection method on an Hadamard space. Moreover, we generalized the
assumptions of previous results.

1 Introduction

In nonlinear analysis, fixed point theory is one of the most important topics. There
are many results about the existence of a fixed point of nonlinear mappings and their
approximation techniques.

The shrinking projection method is an approximation scheme for fixed points. It
was proposed by Takahashi, Takeuchi and Kubota [7]. In 2023, Kimura [3] showed the
following theorem:

Theorem 1.1 (Kimura [3]). Let X be a Hadamard space and suppose that a subset
{z € X |d(u,z) <d(v,2)} is convex for any u,v € X. LetT: X — X be a nonexpansive
mapping with F(T') # &. Generate a sequence {x,} C X as follows: x1 € X is given,
Ci =X, and

Cpni1 ={z€ X |d(Txpn,2) <d(zn,z)}NCh,

Tp+1 = PCn T
for alln € N. Then {x,} is A-convergent to xo € F(T').

In 2024, Kimura proposed a haltable shrinking projection method.



Theorem 1.2 (Kimura [4]). Let X be a Hadamard space and suppose that
{z€ X |d(u,z) <d(v,2)}

of X is convex for any u,v € X. Let {T;: X — X | i = 1,2,...,m} be a family
of nonexpansive mappings. Generate a sequence {x,} in X with a sequence {Cy} of
subsets of X by the following steps:

Step 0. z1 € X, C1 =X, andn =1;
Step L. C1n-l—1 = ﬂ?ll{z eX | d(Tixnaz) < d(.fn,z)} N Cn;
Step 2. (1) if Cry1 # 9, then let 41 = Pc,, ., %y, increment n to 1, and go to Step 1;
(2) if Chy1 = D, then Cy, = @ and leave xy lo be undefined for all k > n+ 1,
and terminate the generating process.

Then, the following conditions are equivalent:

(b) M2y Ck # 2.

Further, in this case, {x,} is well defined and A-convergent to xo € (i~ F(T}).

Under the assumption that the space is bounded, we can judge the nonexistence of
common fixed points in finite time.

In this paper, we show common fixed point theorems using haltable shrinking pro-
jection method on an Hadamard space. Unlike Theorem 1.1 and 1.2, we show that
the sequence strongly converge. Moreover, we generalized the assumptions of previous
results.

2  Preliminaries

Let X be a metric space with metric d. We call z € X a fixed point of a mapping T on
X if Tx = x. We denote the set of all fixed points of T by F(T).

For z,y € X, a mapping c: [0,] — X is called a geodesic joining x and y if ¢ satisfies
c(0) = z, ¢(l) = y and d(c(s),c(t)) = |s — t| for all s,t € [0,I]. We denote its image
by [z, y], which is called a geodesic segment with endpoints z and y. X is said to be a
D-geodesic space if there exists a geodesic joining all z,y € X with d(z,y) < D. In this
paper, for a D-geodesic metric space X, a geodesic joining any two points of X whose
distance is less than D, is always assumed to be unique.

Let X be a D-geodesic space. For all z,y € X with d(z,y) < D and « € [0, 1], there
exists a unique point z € X such that d(z,z) = (1 — a)d(z,y) and d(z,y) = ad(z,y).
This point is called a convex combination of x and y, denoted by ax @ (1 —a)y. Assume
that d(u,v) < D for all u,v € X. f is said to be convex if

fltz® (1 —t)y) <tf(z)+(1—1t)f(y)

for any z,y € X and t € ]0,1[. A subset C' C X is said to be convex if [z,y] C X for all
x,y € C.

We define a CAT(0) space by using the notions of geodesic triangles and comparison
triangle on a model space. In this paper, we use the following definition which is
equivalent to the original one.



Definition 2.1. (Bacdk [1]) A uniquely geodesic space X is called CAT(0) space if the
inequality

dlaz ® (1 —a)y,2)? < ad(z,2)* + (1 — a)d(y, 2)* — a(l — a)d(z,y)?

holds for any x,y,z € X and a € [0, 1].

An Hadamard space is defined as a complete CAT(0) space.

Let X be a metric space. A mapping T: X — X is said to be nonexpansive if
d(Tz,Ty) < d(z,y) for all z,y € X. A mapping T: X — X is said to be metrically
nonspreading [5] if

2d(Tx, Ty)? < d(x, Ty)* + d(Tx,y)?

for all z,y € X. A mapping T: X — X is said to be quasinonexpansive if F(7T) is
nonempty and d(Tz,z) < d(z,z) for all z € X and z € F(T'). A mapping T is said
to be closed if x € F(T') whenever {x,} C X satisfies x,, = « and d(z,,Tx,) — 0.
If T is a nonexpansive mapping with F(T) # &, then T is quasinonexpansive and
closed. Moreover, if T is a metrically nonspreading mapping with F(7") # @, then T is
quasinonexpansive and closed.

Let X be an Hadamard space and C' C X be a nonempty closed convex subset of X.
It is known that for x € X, there exists a unique y, € C such that

d(w,y:) = inf d(z,y).

Using this point, we define the metric projection Po: X — C by Pox = y,.

3 Haltable shrinking projection method on an Hadamard space

In this section, we modify the result by [3] to strong convergence theorem. Moreover,
we generalized the assumptions of the results.

Lemma 3.1. Let X be an Hadamard space and {Cy} a sequence of nonempty closed
conver sets which is decreasing with respect to inclusion, that is, Cp11 C C), for any
n € N. Suppose that C = (., C,, is nonempty. Then, {Pc,x} converges to Pox € X
for any xr € X.

This lemma is a corollary of the result of [2]. For the sake of completeness, we give a
proof.

Proof. Fix x € X arbitrarily. Since C =, —, C,, # &, for p € C and n € N, we have
d(z, Pc,x) < d(z,p)

and hence {d(x, Pc, x)} is bounded. Furthermore, since C,, 1 C C,, for any n € N, we
have
d(z, Pc,z) < d(z, Pc,,,x)

and thus {d(x, Pc, z)} is increasing. Therefore, {d(z, Pc,x)} has a limit
c¢= lim d(z, Pc, x).
n—oo
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Then, there exists a sequence {«,} of nonnegative real numbers such that
for any m > n and «,, — 0. From Definition 2.1, for m,n € N with m > n, we have

1 1
d(z, Pc, x)? < d(z, §Pcmx ) §Pcna:)2

and hence

d(Pg, x, Po, x)* < 2(d(Pc, x,x)* — d(Pg, x,x)?)
< 2ld(Pc, x,x)* — d(Pg, x,)?|
< 2a,, — 0.

Therefore {Pc, z} is a Cauchy sequence. Since X is complete, there exists a point
xp € X such that Po, x — xp.
Next, we show that z¢ € C. For any k € N, since {Pc, x},>r C C) and C}, is closed,
we have z € Cy and thus x¢ € (), Ck.
Finally, we show that xo = Pcx. For any n € N, from the property of the metric
projection, we have
d(z, Po,x) < d(z, Pox) < d(x,z0).

Letting n — oo, we obtain
d(z, Pox) = d(z, x0)

and hence zo = Pox.
Consequently, we have Po, x — Pcx for any x € X. O

Using Lemma 3.1, we get the following main result.

Theorem 3.2. Let X be an Hadamard space and suppose that
{z€ X |d(u,z) <d(v,2)}

of X is convex for any u,v € X. Let {T;: X — X | i=1,2,...,m} be a family of
closed mappings such that if there exists z € F(T) then d(Txz,z) < d(x,z) for allx € X.
Generate a sequence {xzy} in X with a sequence {C,} of subsets of X by the following
steps:

Step 0. u,xz1 € X, Ch =X, andn=1;
Step 1. Crp1 =i {z € X | d(Tizp, 2) < d(z,2)} N Cy;
Step 2. (1) if Chq1 # @, then let x4 = P, u, increment n to 1, and go to Step 1;
(2) if Chy1 = 9, then Cy = @ and leave xy, to be undefined for all k > n+1,
and terminate the generating process.

Then, the following conditions are equivalent:

(a) M2y F(T3) # 2;



(b) ﬂiil Cr # 2.

Further, in this case, {x,} is well defined and convergent to Pam 7 (r,)u.

Proof. First, we suppose C' = (\,—; Ck # @ and show (;—, F(T;) # @. By Lemma 3.1,
xn = Po, u — Pcu. Since Pou € C, we have

< d(xp, Pou) + d(Pcu, T;x,,)
< 2d(zp, Pcu) = d(Pcu, Pou) = 0.

Thus d(z,, T;z,) — 0. Since T; is closed, we have Pou € F(T;) for every i =1,2,...,m
and hence Pou € (-, F(T;) # 2.

Next, we suppose that (-, F(T;) # @ and prove (,—, Cx # @. It is sufficient to
show that (,—, F(T;) C Cy for every k € N. We prove this inclusion by induction. It is
obvious for the case k = 1. Suppose (-, F(T;) C C) and we consider the case k + 1.
Notice that, in this case, xy is defined. Let z € (;~,; F(T;). Then, we have

d(ﬂxka Z) S d(flfk, Z)

for each @ = 1,2,...,m. This fact and the assumption of induction imply z € Cjy1.
Consequently, we obtain

() Cx 2 () F(T) # 2,
k=1 =1

and this is the desired result.
We prove the latter part of the theorem. Since (,—, Cx D e, F(T;) and Pou €
Nz, F(T;), we have Pou = P | F(r,yu. Therefore z,, — Pnm 7 (1,)u. O

A nonexpansive mapping and a metrically nonspreading mapping satisfy assumptions
of the previous theorem. As a corollary of Theorem 3.2, we obtain the following theorem.

Theorem 3.3. Let X be an Hadamard space and suppose that
{ze X |du,z) <d(v,2)}

of X is convex for any u,v € X. Let {T;: X — X |i=1,2,...,m+1} be a family
of mappings. Suppose that T; is nonexpansive for ¢ = 1,...,m and is metrically non-

spreading for i = m+ 1,...,m 4+ [. Generate a sequence {z,} in X with a sequence
{C,} of subsets of X by the following steps:

Step 0. u,x1 € X, Ch =X, andn=1;

Step 1. Cpyq = ﬂ?:{l{z € X | d(Tixn,z) <d(zn,2)} N Cp;

Step 2. (1) if Chy1 # 9, then let x,41 = Pc,, ,u, increment n to 1, and go to Step 1;

(2) if Chy1 = D, then Cy = @ and leave xy, to be undefined for all k > n+1,
and terminate the generating process.

Then, the following conditions are equivalent:

(a) N F(T) # 25



(b) ﬂiil Cr # 2.

Further, in this case, {x,} is well defined and convergent to Pmtt g,y u-
i=1 v
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