ON A CONSTRAINED HAMILTON-JACOBI PROBLEM

ULISSE STEFANELLI

ABSTRACT. We discuss existence and regularity of the sublevels of viscosity solutions to the
constrained Hamilton—Jacobi problem H (z,u, Vu) = 0 in 2\ K under the condition uv = 0
on K.

1. INTRODUCTION

This note adresses the Hamilton—Jacobi problem

H(z,u(z),Vu) =0 in Q\ K, (1.1)
u=0 on K. (1.2)

Here 2 C R" is a convex open set, possibly being unbounded, K C 2 is compact, and the
Hamiltonian H : 2 x R x R" — R is continuous.

Problem (I.1)—(1.2]) arises in different contexts, from front propagation and geometric
optics [4, [10, 27], to optimal control [2], differential games [6} [13], and image reconstruction
[1]. Solutions u € C(€2) to problem (1.1))—(1.2)) are considered in the viscosity sense [7].

The purpose of this note is to discuss existence of viscosity solutions to problem (|I.1])—
, their variational representation, and the regularity of their sublevels. Under different
assumptions on the ingredients H, €2, and K, a variety of results on the stationary Hamilton—
Jacobi equation (1.1)) are already available. The reader is referred to [3, [I8], [14] for some
classical references, as well as to [29] for a comprehensive collection of results. A nice in-
troduction to the topic is in [I7]. Standard references for numerical treatment are [22] 23],
see also [I1]. In the setting of constrained problems 2 # R" pioneering papers have been
[25, 26] and [5]. In this note, the Finsler metric induced by on Q\ K will be particularly
relevant, see [12, 24]. See also [15, 16] 19, 0] for a selection of recent results.

Although the literature on equation is extensive, the specific setting considered in
this work, i.e., f, appears to be new. Before going on, let us recall that u € C()
is said to be a wviscosity solution to problem — ifu=0on K and, for allz € Q\ K
and all p € C'(R") with p(x) —u(x) = min(p — u) relative to Q (¢(z) —u(z) = max(p —u)),
we have that H(x,u(x), Vo(z)) <0 (H(x,u(x), Ve(x)) > 0, respectively).
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We specify our assumptions as follows:

2 C R™ nonempty, open, and convex, (1.3)
K C ©Q nonempty and compact, (1.4)
H:Q xR xR"— R is continuous, (1.5)
Cpu = {p € R" | H(z,u,p) <0} is convex V(z,u) € Q x R, (1.6)
Y(z,u,p) € C = {(z,u,p) € A x R" x R" | H(z,u,p) <0}, V6 >0

dps € R"™ such that |p — ps| < 6 and (x,u,ps) € C°, (1.7)
30 <o, <0": B, CCu C By, Y(z,u)€QxR. (1.8)

Above, we use the notation B,(v) = {y € R" | [x —y| < r} for z € R" and r > 0, and
B, = B,(0). Moreover, we indicate by A and A° the closure and the interior of a set A C R,
respectively.

We define L, to be the set of Lipschitz curves in € connecting K to z € Q, namely,
Ly = {y € W0, iR") | 1() € D, 7(0) € K, v(1) =} Ve Q.

Note that, for all z € Q the set L, is obviously not empty, as Q is convex. The notation
d(z, A) = inf,c 4 | — a| denotes the distance between x € R™ and the nonempty set A C R".

For all (z,u) € Q x R we set o(z,u,-) : R* — [0,00) to be the support function of the
nonempty, convex, and closed set C,, see ((1.5)) and (1.6]), namely,

o(x,u,v) :=sup{v-p | H(z,u,p) <0} V(z,u,v) € QxR xR"

Note that o(x,u, -) is positively 1-homogeneous, in particular, 0 = o(z, u,0) = min, o(z, u, v).
The existence and variational representation result reads as follows.

Theorem 1.1 (Existence and representation). Under assumptions (1.3)—(1.8)) the function

u € C(Q) given by

u(x) = min/0 o (v(s), u(v(s)),~(s)) ds Vo €Q (1.9)

YELy

is a viscosity solution to problem (|1.1])—(1.2)).

Theorem is proved in Section [2| below. Note that u appears also in the right-hand
side of formula , so that no uniqueness for viscosity solutions to problem 1)
is implied. In fact, comparison and uniqueness are not expected in this setting, as the
elementary one-dimensional example H(x,p) = |[p| — 1 in Q = R with K = [0, 1] shows.

Note that the assumptions of Theorem may be generalized, at the expense of a more
involved theory. In particular € could be allowed to be nonconvex but homeomorphic to a
closed convex set G C R™ by setting 7 := ¢popod~! where ¢ : R* — R" is a homeomorphism
with ¢(G) = Q and p : R® — G is the projection. The continuity assumption , as well as
the topological condition , could be relaxed. However, for the sake of clarity, we choose
to work within the framework of 7, deferring the treatment of more general settings
to [28].
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The viscosity solution u to problem — given by formula ([1.9)) is nonnegative,

hence the sublevels
Ut) ={xrcQ|ux) <t}

are nondecreasing with ¢ > 0 with respect to set inclusion. Our second results concerns the
regularity of such sublevels. The sets U(t) play a distinguished role in control theory, where
they relate to reachable states of controlled ODE systems [2]. In addition, the sets U(t)
may arise in connection with free boundary problems where they may serve as the evolving
domain for an additional partial differential equation [8] 28].

To start, let us recall that a bounded set J C R” is said to be a John domain [20] with
respect to a fixed point zy € J (called John center) and a given John constant k € (0,1] if
it satisfies an internal twisted cone condition: for all points x € J one can find an arc-length
parametrized curve v : [0, ¢,] — J such that v(0) = z, v(¢,) = o, and d(y(s),0J) > ks for
all s € [0,4,]. In this case, we say that .J is a (z¢, k)-John domain. Note that John domains
are connected.

In order to assess the regularity of the sets U(t) we additionally pose the following as-
sumptions on €2 and K:

J& > 0 such that the projection 7 : {z € Q | d(z,09Q) < g} — 09 is well defined and
p=vor:{x€Q|dx,d) <z} — S"!is Lipschitz continuous, where
v : 00 — S" ! is the interior-normal field, (1.10)

K is a (xg, ko)-John domain with d(zg, 0K) > 0. (1.11)

Property (1.10)) corresponds to an internal-ball condition and holds for C*! domains. We
have the following.

Theorem 1.2 (Regularity of U(?)). Under assumptions (1.3)~(1.8) and (1.10)-(L.11) the
sublevels U(t) = {x € Q | u(z) < t} of u given by (1.9) are (xq,K)-John domains for all
t € (0,7), where k € (0,1] is a function of ko, ox, 0%, d(xo,0K), €, ||Vu||re, and T only.

In the unconstrained case 2 = R", Theorem follows from [0, Thm. 1.1]. In particular,
the John regularity of QU (¢) is shown to be sharp in [9]. The present case Q2 # R™ is slightly
more involved, due to the presence of the boundary 0€2. The proof of Theorem [1.2]is given
in Section [3l

2. EXISTENCE AND REPRESENTATION: PROOF OF THEOREM [L.1]

In order to check Theorem we implement an iterative procedure. Given u;_; € C(Q)
we find a solution u; € C(Q) to H(x,u;_1(x), Vu;) = 0 which is variationally represented
in the spirit of (L.9). Then, we prove that the sequence (u;); admits a locally uniformly
converging subsequence, which solves problem 7, as well as .

To start, let us remark that the nondegeneracy assumption (|1.8)) implies that
o.v| < oz, u,v) <o*|v] V(x,u,p) € A xR x R™ (2.1)

The iteration step is based on the following.
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Proposition 2.1 (Iteration step). Assume . . and that

)

H:Q xR" — R is continuous, (2.2)
C,:={peR"| H(z,p) <0} is convex Yz €Q, (2.3)
V(z,p) € C:={(z,p) € A x R" | H(z,p) <0}, ¥ >0

dps € R™ such that |p — ps| < 9 and (x,ps) € cv, (2.4)
<o, <0c*: B, C @, Cc B, Vreq. (2.5)

Then, setting 5(z,v) := sup{v - p | H(z,p) < 0} for all (z,v) € Q x R", the representation
formula

u(x) = HenLli /018(7(5),7’(5)) ds VreQ (2.6)

gives a viscosity solution to problem
H(z,Vu)=0 inQ\K, (2.7)
u=0 onK. (2.8)

Proof. The proof relies on a penalization procedure and is divided into steps. At first, we
extend H to H defined on the whole R", depending on a small parameter € > 0. For all such
H. we solve H.(z,Vu.) = 0 in R"\ K and obtain a representation formula for u. € C(R")
(Step 1). By taking e — 0, we prove that u. — u locally uniformly in Q, that v € C(Q) is
a viscosity solution to (2.7)—(2.8) (Step 2), and that the representation formula holds
(Step 3).

Step 1: Extension. Denote by 7 : R® — § the projection onto the closed convex set Q. For
all € € (0,1), choose a. : R — [g,1] continuous and nonincreasing with a.(r) =1 for r < 0
and a(r) = ¢ for r > 1. We define 5. : R" — [¢,1] and H. : R* x R" — R as

B.(x) == a.(d(z,Q)/e*) Vx € R,
H.(x,p) := H(n(x), B-(x)p) V(x,p) € R" x R".

As a, v+ d(x,9Q), and 7 are continuous, we have that

H.:R" x R" — R is continuous. (2.9)
Moreover, for all x € R™ we readily check that
A n T3 n ~ 1 ~
C:Jcs = {p eR | Hg(a:,p) < O} = {p eR | B€<$>p € CW(:E)} = 6 (I) Cﬁ(m)
This in particular proves that
C,. is convex Vz € R". (2.10)

Define C. := {p e R" | ?[E(x,p) < 0}. We aim at proving that
V(x,p) € C. V6 >0 dps € R™ with |p — ps| < 0 and (z,ps) € 5;’, (2.11)
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see (2.4). Fix (z,p) € C.. As Be(z)p € @(x), by using ([2.4)), for all 6 > 0 we can find ¢s

such that (m(z), qs) € C° and |B.(2)p — qs| < B.(x)d. By setting ps = qs/B-(x) we have that
Ip — ps| = (B-(x)) 7| B(x)ps — qs| < . Moreover, for all (z,p) sufficiently close to (z,ps),
from the continuity of 7 and . we have that (7(Z), 5.(7)p) is close to (7(x), 5-(x)ps). Hence

f[a(f,@ = D(W(f),ﬁg(f)@ <0 as (7m(x), B.(x)ps) € C°. This proves that (z, ps) is internal
to C., implying (2.11)).
Moving from ([2.11)), we can check that

Co=D,:={peR"| (x, p)E@O} Ve e R™. (2.12)
The inclusion D C C is immediate: for all p € D we find p,, — p with H c(z,p,) < 0.
The contlnulty of H. entails that H. (z,p) <0, namely, p € C,. Let now pE C.. Condltlon

1mp11es that we can find a sequence (p,), with (z,p,) € C’; and p, — p € D,. This
proves that C’ C D and - follows.

Eventually, we have that

(' ~ ﬁsgl ]. ~ ~ " 1 Egﬁs
B,, T Cr C = C ——By« C By«
@ = B(x) B.(z) e

so that I;TE fulfills

B,, C Cpe C Byeje Va € R™ (2.13)

Set now -
= {76 Wh(0,1;R") | 7(0) € K, 7(1) = z}.
By virtue of propertles 2.9)-(2.13) we can now apply [2I, Thm. 3.15] and find that

us(x) = min /1 o-(7(s),7(s)) ds Vz € R" (2.14)
veLs Jo
is the unique nonnegative viscosity solution to
H.(z,Vu) =0 inR"\K, (2.15)
ue =0 on K. (2.16)
In , the support function o, of am is defined as
1

G-(w,v) :==sup{v - p | H.(z,p) <0} =

ﬁa(x)&\(w(x),v) V(z,v) € R" x R",

For all € R™ the map v — &(z,v) is convex and positively 1-homogeneous. In particular,
0=0(x,0) = mino(zx,-).

Owing to ([2.5) and ([2.13]) we readily check that

o.o] < F(n(x),v) < 6.(x,v) < %*|v| W(z,0) € R” x R, (2.17)
o.(x,v) = o(x,v) < o*v| V(x,v) € QxR™ (2.18)

Moreover, we can prove that
0 :R"xR" = [0,00) is continuous. (2.19)
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To this aim, let (zx,vr) — (x,v) and, for all 1> 0let p, € C, such that o(z,v) <v-p,+n.
Using ([2.4) we find p,s such that (z,p,s) € € (C°and v- Py < U - pys + 6. Hence, we have that
(T, pmg) € C for k large enough, so that p,s € ka We conclude that

o(z,v) <v-p,+n<v-pp+n+d

pnéeczk

= lim vy - pps+n+6 < liminfo(zg, vx) + 1+ 9.
k—o0 k—o0

As n and § are arbitrary, this proves that o is lower semicontinuous.

Let us now check the upper semicontinuity. For all £ € N we can find p, € C,, such
that &(zx,vr) < vk - pr + 1/k. Let the subsequence (k;); be such that lim; ,o o (2, vp;) =

limsupy, ., 0(zr, V). As pi, € @kj C B,+ by (2.5), we can extract without relabeling in

such a way that py, — p. As C is closed by (2.2]), we have that (x,p) € C, namely, p € C,,
and

1 peCy Y
limsup o' (2g, vx) = lim &(zg,;, vx;) < lim ( “Pr; + ) =v-p < o(z,v)

k00 j—o0 j—00 k]

and @ is upper semicontinuous, so that we have proved (2.19).

Step 2: Estimate and limit ¢ — 0. Fix now x, y € Q with = # y, let Yy € Ey realize the
minimum for w.(y) in (2.14), and set ¢t € [0,1] — v(t) = tx + (1 — t)y € . By considering
the concatenated curve ¥ € L, given by

~ v w(2s) for s € [0,1/2],
(5) = { (25 —1) for s € (1/2,1],

we can bound
1 1/2
ue(w) — ualy) < / 5.(3(s), 7(s)) ds — / 5.(3(),7(5)) ds
= 135~s,~/5 ds:Y(iEﬁ 13~s,~/s dsa* 1 '"(s)]ds = o*|z — y|.
/ (), 7'()) /1/2 (7().7(s)) ds < /0|w<>| 2 — 9]

1/2
by exchanging the roles of z and y, this proves that |Vu.| < o* almost everywhere in 2. A
diagonal extraction argument allows to find u € C(2) and a not relabeled subsequence u.
such that

u. — u locally uniformly in Q.

It is a standard matter to prove that u is a viscosity solution to problem ({2.7)—(2.8)).
Indeed, for all z € Q\ K and all p € C'(R") with ¢(z)—u(x) = min(¢—u) we use [7, Prop. 4.3]
in order to find Q\ K 3 z. — z and ¢. € C'(R") with ¢.(z.) — u.(x.) = min(p. — u.) and
Vo(z.) = Vo(z). As H(@,-) = H.(Z,-) for T € Q\ K we get 0 > lim._, H.(2., Voo(z.)) =
H(z,V(x)), proving that u is a viscosity subsolution to in Q\ K. Similarly we prove
that u is a viscosity supersolution, hence a viscosity solution.
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Step 3: Representation formula. We now check the validity of the representation formula
(2.6). Fix x € Q and let v € L,. Then,

) = o) < [ 500076 @™ [ GG @20)

so that the right-hand side of is an upper bound for u(x).

We are hence left with proving that the minimum in is actually attained, namely, that
there exists v € L, realizing the equality in . To this aim, let v. € Ew be a minimizer in
and indicate by 7. € Wh>=(0, f5.; R™) the corresponding arc-length parametrization.
We have that

(2.17)

0.l < / " 5.(3:(5),3(s)) ds = / 5. (16(5),7(5)) ds = ue(z) — u(z).

This implies that the lengths /5 are bounded independently of €. Define £y, = sup, {5, < 00
and extend 7. to 7. € WH(0, liay; R™) by setting 7.(s) := J-(min{s, (5. }) for s € [0, Cpax)-
As the curves 7, are uniformly Lipschitz continuous and 7. (¢yax) = =, we can extract not
relabeled subsequences in such a way that {5, — ¢35 < {1 and 7. — 7 uniformly in [0, £yax]
and weakly* in W1o°(0, £, R™).

We now check that the restriction 7 of 4 to [0, f5] is the arc-length parametrization of
a curve 7 realizing the minimum in (2.6). To start with, note that [/| = 1 a.e. in (0, ),
A(l5) = Y(lmax) = @, and K 3 7.(0) — 7(0). As K is closed, the latter convergence ensures
that 7(0) € K.

Let us now check that J(s) € Q for all s € [0,45]. To this aim, define
Ao ={s €[0,65.] | d(:(s),9) > €*}.
For almost all s € A, we have that

5 (3(5),31(5)) = SN AN = ZRL) = 2

This allows to estimate |A.| as follows

Zlad< [ 80T ds < [ R A7) ds = o) » u(o)

This implies that
|Ae| < ce (2.21)

for some ¢ > 0 depending on o, and u&c) only. Specifically, the length of the portion of the
curve 7, laying in the complement of Q2 + B.2 is smaller than ce. This in particular entails
that

d(¥:(s), Q2+ B2) < cs Vs €0,45]
and by the triangle inequality we get
d(7e(s),Q) < d(Fe(s),Q+ Bo2) +€* < ce + Vs € [0,45.]. (2.22)
By passing to the limit as € — 0 we obtain that J(s) € Q for all s € [0, ).
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We also find that
i

Fe

1 1 ~ [~ ~/
) = lig (o) =l [ 5.3.06), 7)) s
zliminf/ 0-(7:(8),7.(s)) ds = liminf/ a(m(7:(5)),7.(s)) ds
=0 Jios )\ SRR =0 Jogs A (Gl Fels)

&
_ / 5(3(s),7'(s)) ds

where we used bound (2.21)), the continuity (2.19)) of &, and the convexity of o (z, -). Together
with the upper bound (2.20)), this proves that

uw) = [ G.7) s

Hence, the curve s € [0,1] — v(s) := Y(l35) € L, realizes the minimum in (2.6) and the
representation formula holds. O

Let us now proceed with the proof of Theorem [I.1] At first, we remark that
0: QxR xR - [0,00) is continuous. (2.23)

Indeed, we can repeat the proof of by including the dependence on u and using
assumption instead of .

Set € Q > ug(z) := d(x, K) € C(Q). Assuming to be given u;_; € C() for some
i > 1, we define ﬁ(w,p) = H(x,u;_1(x),p) for all (z,p) € O x R". Owing to assumptions
(L.5)—(1.8) we readily check that H fulfills ([2.2)-(2.5)). Specifically, the continuity of H
follows from and the continuity of u; ;. The convexity of a,: = Chu,_,(z) and the

bounds ([2.5)) are implied by (1.6 and (1.8)), respectively. For all (z,p) € C and all § > 0 we
can find ps € R™ with |p — ps| < 6 and (x,u;_1(x),ps) € C° by (1.7). We readily prove that

(x,ps) € C, as well, so that (2.4) holds.
By applying Proposition we find that u; € C(Q) given by

ui(x) = min/0 a(7(s),7'(s)) ds (2.24)

veLy
1
~ i / o (1), uia (1(8)),7'()) ds V€ 0 (2.25)
7= Jo
is a viscosity solution to problem
H(z,u;—1(x),Vu;)) =0 in Q\ K,, (2.26)
u; =0 on K. (2.27)

Here, we have used & (z,v) = o(z,u;_1(z),v) for all (z,v) € Q x R™.

Arguing as in the proof of Proposition [2.1] we can check that u; is Lipschitz continuous,
namely, [Vu;[ < o almost everywhere. A diagonal extraction argument allows to find
u € C(Q2) and a not relabeled subsequence u; such that

u; — v locally uniformly in . (2.28)
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Following closely the argument of Proposition [2.1] we can check that u is a viscosity
solution to problem ([1.1)—(1.2)) and that the representation formula ((1.9) holds. Indeed, for
all z € Q and v € L, we have

u(z) = lim () < lim [ o(y(s), uim1(7(s)),7'(s)) ds

1—00 i—00 0

- / o (1(5), u(1(s)),7/(5)) ds, (2.20)

by the continuity (2.23)) of o and dominated convergence, so that the right-hand side of (|1.9))

is an upper bound for u(x).

For all i > 1let y; € L, realize the minimum in (2.25)) and indicate by 5; € W1>(0, £;; R™)
the corresponding arc-length parametrization. Arguing as in Proposition [2.1] we can extract

without relabeling and find v € L, with arc-length parametrization 7 such that
£;
u(r) = lim u;(z) = lim [ o (Fi(s), ui-1(Fi(s)), 7i(s)) ds

1—00 1—00 0

- /0 o (A(s),u(3(5)),7'(s)) ds

where we used the continuity (2.23)) of o, the local uniform convergence (2.28)) of u;, and
dominated convergence. Together with the upper bound ([2.29)), this proves that

u(z) = / o (3(s), u(7(s)), 7(s)) ds.

Hence, the curve s € [0,1] — ~(s) := 7,(¢s) € L, realizes the minimum and the representa-
tion formula ((1.9) holds.

3. REGULARITY OF THE SUBLEVELS: PROOF OF THEOREM

We now turn to the proof of the John regularity of the sublevels U(t) of the viscosity
solution u to (1.1)—(1.2) given by the representation formula ([1.9). Setting

R = 20*0—:_0* min{rxo, 1},

the argument of [9, Thm. 1.1] ensures that for all 0 < ¢ < T and all z € U(Z) there exists an
arc-parametrized 7 : [0, £,] — € with y(0) = = and y(¢,) = x¢, such that

d(v(s),0U(t)\ 0Q) > rs Vs e [0,¢,], (3.1)
- M + UZ (3.2)

In order to prove Theorem , we need to complement by bounding from below the
distance of v(s) to OU(t) N OS2 by a linear term in s. This may however require to change
the curve «, as this may a priori be close, and even touch, U (t) at points in OU(t) N OS2,
Moreover, the John constant may also need to be reduced.
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Fix 0 < £ < min{z, d(zo, 0Q)}, set & := min{7/2, £0/max }, and define 7 : [0,£,] — Q as
F(s) = 7(s) + u(v(s)) (20 — d(+(s),092)) " Cs.
for ¢ :=K/ep. Note that 7 is Lipschitz continuous. In fact, for all s, ¢t € (0,¢,) we have that
[F(8) = F(s)] < [y(t) = v(s)] + [(v(8) = p((5))] (20 — d(3(t), 092)) " ¢t
()] (20 = A1), 09) " = (0 — dl(5), 02)) ¢t
+1u(y(s))l (20 = d(3(s), 00) " Clt = s

ensuring that
17| < 1+ ||V iel| oo E0Clmax + €0 max + €0C =: M. (3.3)
Moreover, 7(0) = v(0) = z, and, using also v(¢,,) = zo,
3(6,) = @ + plo) (20 — d(zo, 09)) " ¢L, = xp.
The lower bound and the triangle inequality allow us to control
s < d(v(s),0U(t) \ 99) < d(7(s),0U(t) \ Q) +[7(s) —(s)]
= d(3(s), 0U (1) \ 99) + (20 — d(3(s), 09)) " (s < d(F(s),0U(t) \ 9Q) + eoCs
entailing that
d(7(s),0U(t) \ 0Q) > (R — eoC)s > (2k —eo()s Vs € [0, 4] (3.4)
For all s € [0,¢,], if d(~(s),02) > ¢ we use the fact that (lmax = Klmax/c0 < 1 to find
d(7(s),00) > €9 > £(lmax > €0¢s. On the contrary, if d(7(s), Q) < gy we have
A(3(),09) = d(7(5),09) + (c0 — d(x(s), O)Cs

¢max<1

= (1 —=(s)d(y(s),02) +€0Cs > (1 — (lmax)d(7(s), 002) +e0(s > £o(s.
In both cases, we hence have that
d(Y(s),00) > eoCs Vs € [0,4,]. (3.5)

Putting and together we conclude that
d(7(s),0U(t)) = min {d(7(s),0U (t) \ 0),d(7(s),0U (t) N 0Q) }
> min {d(5(s), U (t) \ 9Q),d(7(s), 0Q)}
> min{2k — eo(,e0(}s = ks Vs € [0,4,]. (3.6)

0,05] = Qas (1) =

We conclude the proof by parametrizing 7 by arc-length. Define 7 : |
€ [0,6,] = [ ()] dr

7(s(7)) where s : [0,05] — [0,¢,] is the inverse function of 7 : s
Using (3.3)), for all 7 € [0, ¢5] we have that

T 7oAt At B mdt
)= [ vwa= [ ol = e = L wmar 60

Hence, by setting k := k/M we obtain

1F(r),0U () = dF(s(r)),0U(1) = 7s(r) = w7 V€ (0,6,
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This concludes the proof.
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