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1 Introduction

A constraint using a finite number of n-variable integer-coefficient polynomials f;,--- , f,:

N filzam) =0

is called a Diophantine equation. Determining the existence of integer solutions (1, , &, ) €
Z™ satisfying this is an important problem in number theory and computational theory. If an
algorithm exists for this determination, it’s called decidable; if not, it’s undecidable. It has been
shown by [MATI 1970] and [MATT 1971] that when there are no restrictions on the degree of the
polynomials or the number of variables, the problem is undecidable, even for a single polynomial.
This result is known as the negative solution to Hilbert’s Tenth Problem.

One the other hand, It has been shown by Grunwald [GRUN 1981] that the problem is decidable
when the constraint consists of only a single quadratic Diophantine equation. The auther sur-
veyed the details of the algorithm presented in [GRUN 1981] in their master’s thesis [Nakamura
2024].

Of course, the problem is undecidable for systems of multiple quadratic polynomials. Any polyno-
mial constraint can reduce the apparent degree within the equation by introducing new variables
and quadratic expressions (e.g., a new variable z and quadratic expression zy = z). This means
that, without loss of generality, each polynomial can be assumed to be at most quadratic. How-
ever, even in this undecidable case, the speaker showed that the number of natural number
solutions (x1,--- ,2,) € N™ satisfying the constraint can be expressed by an explicit formula
combining real integrals and infinite series([nakamura 2025]).

Chapter 2 of this paper will provide an overview of the survey content from [Nakamura 2024],
and Chapter 3 will present a little extension of it. Chapter 4 will provide the counting for-
mula for the number of natural number solutions (x1,---,%m) € N™ satisfying the constraint

Nicic, fi(z1, -+, xm) = 0, where f; are quadratic polynomials.
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2 Overview of the algorithm to solve a single quadratic
Diophantine equation

Consider the equation
Qz) + L(x) = c (1)

where Q(x) = x| Az represents the quadratic form for the quadratic terms of a single quadratic
Diophantine equation, and L(x) = b' x represents the linear form for the linear terms.

First, we would like to summarize some simple cases.

e In the case of one variable, solutions can be directly obtained using the quadratic formula

for quadratic equations.

e If A= 0, equation (1) becomes a linear Diophantine equation. Linear Diophantine equa-
tions can be solved by an generalized argument of the Euclidean algorithm. The condition
for a linear Diophantine equation byz; + - - - + by, = ¢ to have integer solutions is that
¢ must be a multiple of g.c.d(b1,--- , by, ), which makes it easy to determine the existence
of integer solutions. Furthermore, analogous to the Euclidean algorithm, a parametric

representation of the solutions can also be obtained (see [Nakamura 2024] 10.1).

o If detA = 0, the number of variables can be reduced by a basis transformation using

eigenvectors corresponding to the 0 eigenvalue (see [Nakamura 2024] 10.2).

o If A is positive definite or negative definite, it is easy to narrow down the candidate solutions
to a finite number using the spectral norm of the basis transformation 7' that diagonalizes
the quadratic form, such that Q(Tz) = g(x) = Y -, \iz? (see [Nakamura 2024] 10.3).

Henceforth, we can assume that the quadratic form has two or more variables, A is regular (non-
singular), and A is neither positive definite nor negative definite. The algorithm for determining

solvability is described based on the following proposition shown by Grunewald.

Propositon 2.1. ([GRUN 1981] Jroposition 1 )

Put d = detA, h = Ab, ¢* = 4d%c + Q(h),

then the equation (1) has a integer solution @ € Z™ < 3z € Z™ (Q(z) = ¢* A z = h (mod 2d))
(A is the adjugate matrix of A )

Proof. ©" Ah = &7 AAb = dL(x), Q(2dx + h) = 4d*(Q(z) + L(x)) + Q(h),s0
Q(x) + L(x) =c< Q(2dx + h) = c*

Here below, we present the rough flow-chart of the decision algorithm.



We assume m > 2 and Q is indefinite
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Obviously, whether ¢* = 0 is most important.

c* =0 case

We will solve the equation Q(x) = 0. In the case of 2 variables, we can obtain a para-
metric representation of the solutions to the equation by using the quadratic formula and
elementary number theory calculations. By projecting this onto mod 2det A, we can apply
Proposition 2.1. For 3 or more variables, we set e = 4(detA)? and compute the projected
image 7. (Sg) of the zero set of Q(x) modulo e. If @ is Q-anisotropic, then 7. (Sg) is only
the origin, so we determine whether the quadratic form is Q-isotropic ([Nakamura 2024] Def-
inition 3.35). By Hasse’s principle, to make this determination, it suffices to check whether
it is isotropic over the real numbers R and over the p-adic numbers Q, for each prime p
([CASS 1978] Chapter 6 Theorem 1.1). For the determination over R, we can use the quan-
tifier elimination algorithms proposed in [TAR 1951] and [COLL 1975]. Regular quadratic
forms with 5 or more variables are Q,-isotropic ([CASS 1978] Chapter 6 Corollary 1). In
the case of 3 or 4 variables, this can be determined by diagonalizing the quadratic form
via basis transformation and calculating Hilbert symbols ([Nakamura 2024] Section 5.3). If
Q(x) is Q-isotropic, then: 7.(Sq) = Urezjezme({x € Z™|x : primitive, Q(x) = 0mod e?})
([GRUN 1981] Proposition 4).

c* # 0 case
We compute a finite set of generators I't, for the orthogonal group I'g = {B € GL;,(Z)|Q(Bx) =

Q(x) for all x}, and a subset Ty, = {v € Tp|Q(v) = ¢} of a complete system of repre-

m2
sentatives Ty for the I'g-orbits. Let X = Ul(i%) Yagi g0 € o} Let

Tod : My (Z) — M,,,(Z/2dZ) be the natural projection. Then, by the pigeonhole principle,
m24(X) = m2a(I'q). Thus, for each element g € X and each element v € T¢), by checking



whether gv is congruent to h modulo 2d, the solvability of equation (1) can be deter-
mined. The orthogonal group I'g is an arithmetic subgroup of a Q-group (an algebraic
group defined over Q). Therefore, according to the discussions in [BHC 1962] and [GRUN
1980], a finite set of generators can be computed ([Nakamura 2024, Chapters 6-9). In
the process of computing the generators of I'¢, it is important to decompose the Q-group
Gqo = {B € GL,,(C)|Q(Bx) = Q(x) for all x} into a semidirect product of its unipotent

part and its reductive part. This decomposition corresponds to factoring the matrix group

1 * % %

)
into a product of a subgroup of the form { } (a group consisting only of

00 --- 1
upper triangular matrices with all diagonal entries equal to 1) and a subgroup of the form
GL,,(C) (0] 0] 0]

(0] GL,,(C) . 0]
:(C) }. Assuming G can be decomposed into a unipo-

(@) (@) -+ GL,,.(C)
tent part N and a reductive part H, a finite set of generators can be computed for each of
NNGL,,(Z) and H N GL,,(Z). Using these, a set of generators for I'g can be computed.
T, can be computed according to the discussion in Chapter 5 of [GRUN 1981]. In this
process, an algorithm that determines whether two quadratic forms are equivalent under
a change of basis by a matrix in GL,,(Z) is essentially used ([Nakamura 2024], Algorithm
4.25).

3 A little extension
If you want to solve quadratic inequality
Qx)+ L(x) <c (2)
you can use Lagrange’s four square theorem.

Propositon 3.1. every natural number can be represented as a sum of four non-negative integer

squares
All you have to do is to solve quadratic Diophantine equation
Q) + L() +uf +uj +uj +uj =c (3)
You can also solve quadratic Diophantine equation equipped with linear equations.
Q@)+ L(x)=cAli(x) =0A--- Alg(x) =0 (I; : linear)

As discussed in A = O case,solutions of a linear Diophantine equation is represented in linear
form of parameters. So you can substitute solution of each linear equation step by step and you

can get a single quadratic Diophantine equation.



4 Counting natural number solutions

Consider the system of quadratic Diophantine equations

>l + Y =
4,J k=1

Sy + 3 =
i.j k=1

According to the undecidability of the Hilbert’s 10th problem, of course, you cannot solve the
Diophantine equations (4) in general. Howevwer, [Nakamura 2025] showed that if using real
integrals and infinite series is admitted, you can count the number of natural number solution
e N".

Theorem 4.1. ([Nakamura 2025])
Choose ozfé), B,il) s.t. a;y) (l) + Ot( ) > 0, b/(l) ,(gl) + ﬂ,(j) > 0. Then, the number of number
solution of (4) is
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where g;; = > i, a/(l)k +b; A =0 a(l)k + ,6' @

5 Future works

It doesn’t seem that you can apply the result mentioned earlier to the case quadratic Diophan-

tine equation equipped with linear constraints including linear inequalities.

Q@)+ L(x)=cAli(x)=0A- Alp(x) =0AA(x) <OA--- Al () <0 (13,1 : linear)

l?J

Theory of convex polytope shows that the solution of system of linear inequality is represented in
the form x = Zli:1 = a;v; where v; are constant vectors and o;N are parameters([Loera 2013]).
We want to construct an algorithm to solve single quadratic equation in natural number. [Pia

2017] showed that quadratic inequality case

Qx)+ L(x) <cAli(x) =0A---Alp(x) =0A AN (2) <OA--- Al () <0 (1,1 : linear)

7,5_]



is decidable. Pia combines algorithms to solve QP(continuous relaxation of (2)) and linear
integer programing. We want to explore extension of Pia’s result to the case with two quadratic
inequalities since there exists a concise algorithm to solve continuous relaxation of this. If we
succeed in this extension, this become alternative solution to ¢* # 0,m = 2,3 case in a single
Diophantine equation.

Decidability of cubic Diophantine equations is one of the most difficult open problems. Since
cubic polynomials don’t satisfy Hasse principle, even specific cases (e.g. elliptic curves) demands
high-level knowledge of number theory.This is one example of big result in cubic Diophantine

equations

Propositon 5.1. (Siegel’s theorem)
Let C : F(z,y) = 0 be non-singular curve defined by a cubic polynomial. Then C has has at

most finite integer points.

If v variable § th-degree Diophantine equations are undecidable, such (v, §) is called ”universal
pair’. In general, there is a trade-off between v and §. A major method to explore universal
pairs is to explore Diophantine equation that can simulate universal Turing machine. [JONE

1982] surveys about universal pairs.
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