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ABSTRACT. This paper concerns the boundedness of the generalized spectral pro-
jections Py associated with the sub-laplacian on the Heisenberg group, viewed as
operators

Py: LiLP — L°LY.
We formulate a conjecture describing the range of exponents p, q for which these
projections are bounded, and we provide several motivations and partial results
in support of this conjecture.

1. INTRODUCTION

This article is a survey of the lecture I delivered at the RIMS conference “Recent
Developments in Representation Theory, Lie Theory and Related Areas.” It is a
pleasure to express my deep appreciation to RIMS for its support, and to the orga-
nizing committee of the meeting, in particular to Nagatoshi Sasano. His efforts and
generous hospitality contributed greatly to making the conference a most fruitful
and enjoyable event.

In Section 2 we establish the connection between the spectral theory of the Lapla-
cian and the restriction theory of the Fourier transform in RY. This section also
contains a brief introduction to the Fourier restriction problem.

In Sections 3 and 4 we turn to the Heisenberg group setting, discussing some
old and new results on the mapping properties of the spectral projections of the
sub-laplacian, and formulating a conjecture analogous to the one that arises in the
Euclidean restriction theory.
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2. RESTRICTION OPERATOR AND SPECTRAL DECOMPOSITION OF THE
LAPLACIAN

If fis a Schwartz function on R?, the Fourier inversion formula in polar coordinates
reads

fa) = [ e
= /oo ( f(rw) e2mirw e da(w)) ri=tar, (2.1)
0 gd-1

where do is the surface measure on the unit sphere S¢!, and
f© = | reta
R

is the Fourier transform of f.
Applying the Laplacian A in the z-variable to the inner integral in (2.1), we obtain

A f('rw) XY do(w) = —4mir? f(rw) T o (w).
Sd—1 gd—1

In light of this, (2.1) may be viewed as a spectral decomposition of f with respect
to A. Setting A = 27r, we can rewrite (2.1) as

r0) =g | ([, 7)ot ) wtan
= [ Pt

where
Ad_l R )
Puf(e) = G [ F2) 7o)

is the A-spectral component of f with respect to A. Following R. Strichartz [Str],
we call the operators P, the generalized spectral projections of A.

The key observation linking the spectral theory of the Laplacian with the restric-
tion theory of the Fourier transform is that

~

Porf () = fw)emet do(w) = S(f) (), (2.2)

gd—1
where S is the extension operator from the unit sphere, defined for a locally inte-
grable function g on S9! by

Sg(x) = /sd—l g(w) ™7 do(w).

The adjoint of S is the restriction operator R, which maps a Schwartz function f
on R? to the restriction f|ga 1.
In the 1960s, E. Stein observed that if p is sufficiently close to 1, then

||§I||L2(Sd—1) N HgHLP([Rd) (2-3)
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for all Schwartz functions g on R?. If f € LP(R?), we can use (2.3) to define the
restriction of f to S* ! (in the L? sense) as follows.

Since the Schwartz space S is dense in LP(R?), there exists a sequence {f,} C S
converging to f in LP. The Fourier transforms fn are Schwartz functions and hence
continuous, so taking their restrictions fn| ga-1 makes sense even though S¢~! has
Lebesgue measure zero. From (2.3), the sequence {f,} is Cauchy in L2(S*!), and
thus {f,|ga-1} converges in L2(S*!). We then define

Rf := lim fn|5d—1 in L?(S%),
n—oo

and call Rf the restriction of f to the sphere.

Some years later, Stein and P. Tomas independently proved the following theo-

rem.'

Theorem 2.1 (P. Tomas, E. Stein). The estimate
IR l|z2(sa-1) S 1l po(ray

2(d+1)
holds for all 1 < p < e

The range of exponents in this theorem is sharp, as follows from an example due
to A. Knapp.

The proof of the Stein—Tomas theorem is based on the observation that the bound-
edness of R : LP(R?) — L?(S%1) is equivalent to the boundedness of the composition

SoR: LP(RY) — L' (RY).
It is easy to see that
SRA@) = [ fw)emerdotw) = 1+ o)

where & is the Fourier transform of surface measure on S%1.
Comparing this with (2.2), we see that

Por f(x) = [ *0(x),
so the Stein—Tomas theorem can be rephrased as the statement that

2(d+1)

LP(RY) — LYV (RY) for1<p<
Po (RY) — (R") for1<p< d713

2.1. The restriction conjecture. From classical stationary phase estimates for &,
one deduces that

[fllzacsa-1y S [1fllzo ey (2.4)

Tomas first proved in [To] that the estimate holds for 1 < p < 2141) " Stein then reached the

d+3
221:31) by combining Tomas’s argument with complex interpolation; see [St].

endpoint p =
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fails whenever p > d2_-|[—i1' On the other hand, Knapp’s example shows that (2.4)
cannot hold if ¢ < % p'. In the mid-1970s, Stein conjectured that (2.4) should hold

precisely in the complementary range
1< p< 2 S d=1
=P=arr  fI=aat

For d = 2, Stein together with C. Fefferman [Fef], and independently A. Zygmund
[Z], proved that this conjecture is indeed true. For d > 3, however, the restriction
conjecture remains open.

3. THE HEISENBERG GROUP

As noted in (2.2), restriction estimates for the Fourier transform on R? can be
interpreted as mapping properties of the (generalized) spectral projections of the
Laplacian. This point of view underlies many works in which, in settings without
a natural global Fourier transform, one studies analogues of restriction estimates
via spectral projections of distinguished operators. This perspective was essentially
introduced by Strichartz in [Str].

As far as we know, the first systematic investigation in this direction is due to
C. Sogge, who in his PhD thesis [Sol] (see also [So2]) studied the mapping proper-
ties of the spectral projections of the Laplace—Beltrami operator on spheres. Later,
together with A. Seeger, he obtained analogous results for the Laplace—Beltrami op-
erator on compact Riemannian manifolds, proving an analogue of the Tomas—Stein
theorem in that setting [SeeSo].

Subsequently, V. Casarino derived similar bounds for the joint spectral projections
of the Laplace—Beltrami operator and the sub-laplacian on complex spheres in [Cal,
Ca2]. In this connection see also [CCi|, where the bounds for the complex sphere
obtained in [Ca2| are transferred to the reduced Heisenberg group. Related analyses
have been carried out on quaternionic and octonionic spheres; see [CCi3, BCCi, Ca3].

The first restriction-type estimates in a genuinely sub-Riemannian setting are due
to D. Miiller, who in [Mu] established an inequality for the spectral projections of
the sub-laplacian on the (2n + 1)-dimensional Heisenberg group H,,. For simplicity
we state this result on H;, which we simply denote by H.

We now fix notation (for more details, see [Th]). Topologically, H = R3. We use
coordinates (z,y,t) and define the left-invariant vector fields

X:@—%% Y:%+g% T =20,

Then [X,Y] =T, and all other commutators among X, Y, T vanish. Equipped with
this Lie bracket, R? carries the structure of the Heisenberg Lie algebra . We denote
by H the connected, simply connected Lie group with Lie algebra b, and refer to it
as the (reduced) Heisenberg group.

The sub-laplacian on H is the second-order differential operator

1
L=—-X?-Y?=-0.—0.+ (20, — yd,) 0, — Z(gs2 + y?) 07
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By Hormander’s theorem, L is hypoelliptic. Moreover, L admits a unique positive
self-adjoint extension on L?(H).
Let

flat) = [ Pattagtix
0
be the spectral decomposition of a Schwartz function f with respect to L, so that
LPyf =APyrf.

Our goal is to study the mapping properties of the operators P, between suitable
Lebesgue spaces.

As mentioned above, the first result on the Heisenberg group is due to Miiller
[Mu], who proved a Heisenberg analogue of the Tomas—Stein theorem. His result
is formulated in terms of mixed Lebesgue norms: for a measurable function f on
H 2= R3, we set

1/p

00 p/r
||f||L§L£,y = </[RQ (/ |f(tal'7y)|r dt) dl‘dy) 5

with the usual modifications when r = oo or p = cc.

Theorem 3.1 (D. Miiller). For every 1 < p < 2 and every Schwartz function f on
H, the estimate

1PAFll ey, S sz, (3.)
holds, where the implicit constant may depend on A but not on f.

Remark 3.2. Note that, in general, estimates of the form

[P f]

fail whenever (r,s) # (1,00). In particular, Theorem 3.1 is sharp with respect to
the time exponents.

LyLE, Sa Hf”LgLi,y

4. IMPROVING ON MULLER’S BOUNDS

Some years ago, together with V. Casarino, we obtained bounds that improve on
(3.1). Since the estimates (3.1), by interpolation, imply a family of estimates of
the same type with the exponent p’ on the left replaced by any larger exponent,
“improving” Miiller’s result means obtaining estimates in which the exponent p’ is
replaced by a strictly smaller exponent ¢, that is

1Pafllzgere, Sa lflleie,,  a<p. (4.1)
By duality, it is easy to see that (4.1) holds if and only if

||P>‘fHLt°°L§l,y S,)\ HfHL%Lgly

for exponents satisfying ]lo + ]% =1 and é + ? =1.
Using sharp estimates from [KR], we showed in [CCil, CCi2] that the exponent
on the left-hand side of (4.1) can in fact be reduced as far as ¢ = 2.
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Theorem 4.1. For every 1 < p < 2 and every Schwartz function f on H,
IPrafllegerz, Sallfllniee,

Analogous results hold on more general groups, such as the (2n + 1)-dimensional
Heisenberg groups H, and, more generally, groups of Heisenberg type.
Furthermore, by localizing the bounds, one shows that P, is bounded

P Lg,thl — L1 L

for

on H, and for

on H,.

By invariance under (twisted) translations there can be no estimates of the form
(4.1) with ¢ < p (see [H]). Moreover, analyzing the action of Py on radial functions,
one shows that there are no such estimates when ¢ < p := 2321.

On H we proved that the bounds hold in the full complementary range of expo-

nents [CCid].
Theorem 4.2. The estimate
1Psfleers, S0 g,
holds if and only if (1/p,1/q) lies in the interior of the pentagon with vertices
(1,0), (L), (1.2, (13) (3,0),

in the interior of the sides from (1,0) to (1,2) and from (3,0) to (1,0), and at the
point (1,0) itself.

We conjecture that the same picture should hold in higher dimensions.
To clarify what is known and what we expect on H,,, we include the Riesz diagram
for Pj:

1
1 7 o
1/p« |
1/5 | c E
12 | B
2 c
1/p’ + i
1
E p
© 1111 1 A1
p*, ﬁ, 2 13 D
In this picture p = 22‘11 and p. =2 321115
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We know that the estimates (4.1) hold in the blue region, fail in the two closed
red triangles, and we conjecture that they should hold in the grey “bowtie” region.
In the case of H (i.e., n = 1), we know that the estimates are indeed valid also in
the bowtie.
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