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ABSTRACT. In this survey article, we summarize the results of [BK], in which the authors
investigated the structure of multiple Eisenstein series. Specifically, it presents a large family
of linear relations among these series alongside a conjectural formula for their derivatives. In this
note, we provide an explicit derivative formula for the associated g-series and a self-contained
proof of the derivation formula in depth one.

1. INTRODUCTION

Multiple Eisenstein series are natural generalizations of classical Eisenstein series and provide
a bridge between the theory of modular forms and multiple zeta values. They are holomorphic
functions on the complex upper half-plane H, defined for integers k1, ..., k., > 2 by

1
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where the order > is the standard lexicographical order defined by
M= is= A\ — M E HUR>O

and where Zy; = {m € Z | |m| < M}. They are a hybrid of classical Eisenstein series and

multiple zeta values, defined for a larger set of indices, namely k1 > 2, ks, ..., k. > 1, by
1
C(klv"'akr> = Z T
ny>-->n.>0 nyt g

While the algebraic structure of multiple zeta values is conjecturally well-understood via the
extended double shuffle relations ([IKZ]), the structure of the space of multiple Eisenstein series
was less clear until the work [BK]. Denote the space of all multiple Eisenstein series by

£ = Q+ Spang{Ghr,,..k (7) |7 > 1, k1,... Kk > 2}

In a previous work [BI], formal multiple Eisenstein series were introduced to model these objects,
suggesting an underlying sly-algebra structure. As a consequence of this work, we have the
following conjecture.
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Conjecture 1.1 ([BI]). (i) The maps W, D, 0 defined on the generators of € by
WGy, (T) = (kL4 + k) Gy, (T),

d
D : Gy, g (T) — QWZEG;QWJW(T),

_%Gkg,“.,kr (T) ki =2,

0:G —
k17...7kzr(7-) {O by > 2,

gwe well-defined Q-linear maps &€ — £.
(i) The maps W, D, ¢ are derivations on E.
(111) (W, D,0) forms an sly-triple, i.e. we have the commutator relations

(W,D] =2D, [W,5]=-25, [5,D]=W

and thus € is an sly-algebra.

In particular, this conjecture implies that the space £ is closed under D = 2772'%. These series

possess a Fourier expansion with coefficients in the ring of multiple zeta values Z extended by
2mi. The building blocks of this Fourier expansion are given by the following g¢-series, which
can be defined for kyi,... k. > 1 by

k1—1 kr—1

_ Lo . mini+-+mpng,
mi1>-->me>0

ni,...,np >0

In the Fourier expansion of multiple Eisenstein series, the g¢-series g always appear together
with a power of —27¢, and therefore we set for ky,..., k. >1

Gk, ... k) = (—2mi)r T Fhrg(ky k) € Qi [q] -
Then the Fourier expansion of multiple Eisenstein series has the following form.

Theorem 1.2 (r = 1,2 [GKZ], r = 1 [Ba]). For ki = 3,ky, ...k, = 2 there exist explicit
afin € Z, such that for ¢ = €27 we have

Gy (7) = Clher, o )+ D g Gl )3, L) + 3R, k)
0<j<r

it dlp=ki ke
l122)l2,...,lr21

In particular, Gy, (T) = (b1, ... ke) + 20000 Oky,k, (R)G" for sSOmMe g, k. (n) € Z[mi].

The purpose of this note is to outline recent progress on the algebraic structure of multiple
Eisenstein series and to provide explicit, self-contained proofs for specific derivative formulas.
Previous work [BI] introduced formal multiple Eisenstein series to model these objects, which
suggested an underlying sly-algebra structure. In the joint work [BK], we aimed to make this
structure explicit. We will first review the main results of [BK], namely:

(1) A large family of relations among multiple Eisenstein series (Theorem 2.1).
(2) A conjectured formula for the derivative 2mi-LGy, 1, (7) (Conjecture 2.3).



In addition to summarizing these findings, this note details concrete derivative evaluations. For
the depth one case QWi%Gk(T), Turan already gave an explicit formula in his bachelor’s thesis
([Tu]). Here, we provide a self-contained proof of this result (Theorem 4.1). Furthermore, we
present an explicit formula for the derivative of the g-series g(k1, ..., k) (Theorem 3.1), a result
implicitly contained in [BKu] but not previously written down.
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results. This work was supported by the Research Institute for Mathematical Sciences, an Inter-
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supported by JSPS KAKENHI Grant 23K03030.

2. RELATIONS AMONG MES & CONJECTURAL DERIVATIONS

We start by recalling the basic algebraic setup. Let ! = Q(z1, 29, ... ) be the non-commutative
polynomial algebra in the variables z,. We identify indices (ki,...,k,) with words z, ... z,.
The subspace of indices with k; > 2 is denoted by $=? = Q(zy, z3,...), and the subspace of
admissible indices (k1 > 2,ka,...,k, > 1) is denoted by H° = Q + >, ., z:H". In H', define
the harmonic product for words w,v € $* and r,s > 1 by

2, % 250 = 2. (W * 250) + 25( 2w * V) + 2015 (w * V)

and 1 *w = w = w * 1, where 1 denotes the empty word. Notice that the subspaces H° and
$=? are closed under *, and we obtain commutative Q-algebras. With this, multiple Eisenstein
series can be viewed as algebra homomorphisms

G (5322,*) — &

W=z, 2, — G(w) = Gy g

e

2.1. The Relation Family R. Define the operator ¢ : §' — $' by the failure of the double
shuffle relation with z:

p(w) == w * 29 — w LU 25.

Using ¢, we define a bilinear map R : ' x $' — $' which measures the failure of ¢ to be a
derivation with respect to *:

R(u,v) = p(uxv) — pu) xv—ux*pv).

It turns out that for u,v € H2, we have R(u,v) € $7? ([BK, Lemma A.5]). One of the main
results in [BK] is that R gives relations among multiple Eisenstein series.

Theorem 2.1 ([BK]). For any u,v € H=%, we have
G(R(u,v)) = 0.

This provides a large family of explicit linear relations among multiple Eisenstein series. For
example, in weight 6, R(z9, 22) yields the relation 6G3 3 — 3Gy 2 — Gg = 0.



2.2. Derivatives and the Dropl Operator. In [BI], it was conjectured that £ is an sly-
algebra, implying the existence of a derivation corresponding to 27rz'd%. Theorem 2.1 suggests
that ¢ “should” give a derivation for multiple Eisenstein series, as the error R of being a
derivation is in the kernel of G. The problem is that ¢($=2) ¢ $=2, since the shuffle product
w W 2o usually introduces a letter z;. In [BK], we propose that we can remove this z; by
giving an explicit formula for this derivative using the “Dropl” operator introduced by Hirose,
Maesaka, Seki, and Watanabe [HMSW]. Their statement is as follows.
Theorem 2.2 ([HMSW]). There exists an explicit Q-linear map D : H° — $? such that

(i) For w € $H° we have ((w) = {((D(w)).

(ii) For w € $? we have D(w) = w.
Moreover, D(zy, - - z,) € Z(z2, 23, ... ).

For a precise definition, see [BK, Section 4.1]. Now define the map 6 : $° — $=2 by combining

Dropl with the operator :

0(w) = —D(p(w)).
We conjecture that 6 gives the derivative on the space of multiple Eisenstein series.
Conjecture 2.3 ([BK]). For any w € $H=2, we have
d

2mi——G(w) = G(0(w))

This formula has been verified for depth 1 and coincides with known results for Ga-.

Example 2.4. As an example for the derivatives predicted by Conjecture 2.3, we have

d
27Ti—G2 == 3G4 - 4G2,2,
dr
d
27Ti—G3 == 5G5 - 4G3,2 - 6G2,3.
dr

d
27Tid—7_G4 == 7G6 - 5G4,2 — 6G3,3 — 8G2,4.

d
27T71d—G2,2 = 3Gz + 3G 4 — 12G5 2 9.
T

3. DERIVATIVES AND RELATIONS OF ¢-ANALOGUES OF MZV
The g-series g(ki, ..., k) € Q[g] can also be defined via its generating series
ki—1 ke —1 T eNigm
o(X1, X)) = Y gk, k)X X = Y Hm
Ktk >1 my>e>me>0 j=1
from which one immediately obtains the explicit expression from the introduction:

r kj—1
g(kl,...,kr): Z thmﬂ%

mi1>-->my>0 j=1
n1,...,np >0



These g-series first appeared in the author’s master’s thesis and were subsequently studied
in detail in [BKu]. There, it was shown that the space

Z, = Q+spang{g(ky, ..., k) [r> 1k, ... k> 1}

is closed under the operator qdiq. We provide the following explicit expression for the derivative,
which was not given in [BKu].

Theorem 3.1. For ky,...,k. > 1 we have

T

d T
qd—qg(kl,...,kr) =92 k1, k) Y gk 20k k) Y gk, k2, k)
j=2

=1

— Z (a—l)g(k‘l,...,k:j_l,a,b,k:jﬂ,...,k:r)
1<j<r
a+b=k;+2

— Z kig(kl,...,ki—l—1,...,kj_1,a,b,kj+1,...,k:r)

1<i<y<r
a+b:kj+l

= kiglkr, ki1 K1)
j=1

+ (r =+ Dhg(ky, .k + 1, k)

i=1
r kj+1

+ Z Z 6a,kj g(ki, ... skjo1s @ K, k),

j=1 a=1

where the coefficients B, € Q are given for 1 <a <k+1 by

(e (515 (1 )

Proof. In [BKu, (3.2)] it is shown that the action of the operator qd% on g can be written as'

d r+1 d
qd—qg(Xl, LX) =92a(Xy, ., X)) — ; OK Y XY X ,XT)|Y:0

T

d
Y G Y X Y X X,

Y >‘Y:0'

j=1

Here we set X,41 =0, i.e., the case j = r + 1 gives the term g(X; +Y,..., X, +Y,Y) for the first sum on
the right.



Notice that this is equivalent to

d
qd—qg(Xl, c. 7Xr) = g(2>g(X1, c. ,Xr) — —Q(Xl + Y, Ce ,Xj -+ Y,Xj, . ,X,«)

Therefore, the action of qdiq on the g-series g is given by

d
qd—qg(kl, k) =92)g(ka,y . k) — gk, K 2)

— Z (a—1)g(k1,...,l{:j_l,a,b,kjﬂ,...,k,)

1<j<r
a+b=kj —+2

— Z kig(kl,...,ki—i—1,...,kj_l,a,b,kjﬂ,...,k,«)

1<i<y<r
a+b:kj+l

= kiglhr, .. k41, k1)
j=1

+3 =g+ Dkyglkr, . k41 k).

J=1

Moreover, the product can be evaluated by [BKu, Lemma 2.6] as

92)g(ky, .. k) =D glhr, ok 2 k) Y gk, k2, k)
j=0 j=1

(k411 ki+1—a Bitoa
2:2: R e ) e j . .
+ (( 1) < 29_4 ) ( L —a >> (k:j+2_a)!g(kl,...,kj_l,a,kj_;,_l,...,kr).

j=1 a=1
Combining this with the above yields the statement in the theorem. Il

Example 3.2. We provide a few examples for the derivatives of g(kq,..., k) from Theorem
3.1.

07-9(2) = 9(4) ~ 19(3.1) + 29(3) - 59(2)
07-9(3) = 9(5) = 20(3.2) ~ 69(4,1) + 39(4) = 59(3).

d

1



In the Fourier expansion of multiple Eisenstein series, the ¢-series ¢ only appear with all
entries > 2. We therefore define the space

Zqz2 = Q +spang{g(k1,.... k) |7 > 1k, ... k. > 2}
One can show that Z-? is also closed under multiplication (which is indeed not the case when

replacing 2 by any larger integer, in contrast to the usual harmonic product). By Theorem 1.2,
one directly obtains that C® & = C® Zqz2. Therefore, the question of whether £ is closed

under (2m’)d% is closely related to the question of the closure of Z7* under qd%. The latter was
also conjectured by Okounkov for a different model of g-multiple zeta values.

Conjecture 3.3. The space Z* is closed under qdiq.
Note that the formula in Theorem 3.1 does not give elements in Zqzz, even when one considers

the case kq,...,k. > 2. However, similar to multiple zeta values, there exist various relations
among the g-series g arising from an analogue of the double shuffle relations.

Proposition 3.4 ([BKul). (i) For ki, ky > 1, we have
k1+ko—1

g(k1)g(ka) =g(k1, ko) + g(ka, k1) + g(k1 + k2) + Z Ail ke T )‘kg k) 907)

j=1

where the rational numbers Ail’kQ are given by
; ki+ky—1—-3\ B ;i
_ ko—1 1+ K2 k1tka—j
= (B 170) B

ky—7 ky+ ko — 5)17
and where we use the convention ( ) =0 for k <O.
(i1) For ki, ko > 1 and k = ki + ky we have

() (e
i (lﬁ - 1) ( g (k: 22) gk - 1>) * hifiand(3),

1 i
where 9, ; = {0’ Z 7&] denotes the Kronecker delta.
y VFE]

As a corollary, we obtain the following formula, which shows that Conjecture 3.3 is true in
depth one.

Corollary 3.5. For k > 1 we have

k
1 7,9%) = 2k = Dgera(a) =Y (k+j—1)g(i.k+2—j) —g(k,2)
=2
+Z (3= Dgli) + (-1 Be ).
k+2— k!

In particular qd%g(k) € Zq22 for k> 2.



Proof. This can be shown by combining Proposition 3.4 for the cases ky = 1,ky = k — 1 and
ki = 2,ky = k — 1 and canceling out the appearing g(k — 1, 1) term. O

4. DERIVATIVES OF DEPTH ONE MULTIPLE EISENSTEIN SERIES

In this section, we present a self-contained proof of the derivative formula for multiple Eisen-
stein series in depth one. This result was established in the bachelor’s thesis of Can Turan [Tu].
Since this thesis is written in German, we give a self-contained proof here using the results
mentioned above.

Theorem 4.1. For any integer k > 2, we have

d k
QME#%() (2k — 1)Grya(T Z;k+j—1GH2”()—GM@y (4.1)

Proof. The proof relies on the comparison of the Fourier expansions on both sides of (4.1).
Recall that for £ > 2, the Fourier expansion is given by

Gi(1) = C(k) + ge(a),

where gi.(q) = (—2mi)* > 07, ak_l(n)(kqfnl)!. Applying the derivative 2mi-L = qd% to Gi(1), we
use Corollary 3.5 to obtain

k

d i

4 g9 = (k= Diisa - > (k4 J = Dirsaiy — Goi + Exla), (4.2)
7j=2

where & (q) denotes the error term involving products of single §’s given by

hE

&(q) = ik +2—7)g; + Xa((K)Ga,

J=2

and where the coefficients vanish for odd weights of (. Now consider the right-hand side of
(4.1). We define the linear combination

k
Li(7) = (2k = 1)Grya(r) = > (k4§ = 1)Griajj(T) = Gan(7).
7j=2

Using the Fourier expansion of double Eisenstein series (Theorem 1.2), we can decompose G, ,
into a constant term, an “odd” part (involving ((I) for odd [), and an “even” part (involving
¢(1) for even [ and gy, ,). The constant term of L (7) is given by

k
2k = )¢k +2) = > (k44— )¢k +2 = 4,5) — C(2,k)
j=2

which vanishes as a simple consequence of the double shuffle relations. This can also be seen
by multiplying (4.2) by (1 — ¢)¥*2 and taking the limit ¢ — 1. We examine the coefficients of



G1,¢(l2) in the expansion of Li(7), where Iy + ly = k + 2. The coefficient of g;,((l2) in Gy, k, is
given by C’ffhb. Thus, the coefficient of g;,((l2) in Li(7) is

k
C(la) = (2k = Dopyar, — > (k+j—1)CP,;, — O
j=2
If I5 is odd, we have, as a consequence of [GKZ, Corollary, p. 8], that
k
» (k+j—1)Chysj,; =—Cy.
j=2
Since Gj42 has no ((odd) terms, the first term (2k — 1)dx12,4, vanishes. The remaining terms
cancel exactly, so C(ly) = 0 for all odd ly. If [5 is even, the terms correspond exactly to the
error terms & (q) arising in the derivative of the generating functions gy. The remaining part
of the Fourier expansion comes from the g, x, terms. We have

K
Li(r) =+ (2k = 1)grs2 — Z(k + 7 = Drr2-jj — G2

j=2
This matches exactly the formula (4.2) for qdif] Jx (modulo the product terms which were handled

by the even [y case). Thus, both the constant term and the g-expansion of the LHS and RHS
of (4.1) coincide. O

REFERENCES

[Ba] H. Bachmann, Multiple Zeta- Werte und die Verbindung zu Modulformen durch Multiple Eisensteinreihen,
Master’s thesis, Universitdt Hamburg, (2012).

[BI] H. Bachmann, J.-W. van Ittersum, Formal multiple Eisenstein series and their derivations (with Appendix
by N. Matthes), Adv. in Math. 487 (2026).

[BK] H. Bachmann, H. Kanno: Relations and Derivatives of Multiple FEisenstein Series, preprint,
arXiv:2602.08176.

[BKu] H. Bachmann, U. Kithn: The algebra of generating functions for multiple divisor sums and applications
to multiple zeta values, Ramanujan J. 40 (2016), 605-648.

[BT] H. Bachmann and K. Tasaka: The double shuffle relations for multiple Eisenstein series, Nagoya Math.
J. 230 (2018), 180—212.

[GKZ] H. Gangl, M. Kaneko and D. Zagier, Double zeta values and modular forms, in Automorphic forms and
zeta functions, World Scientific, Singapore, (2006), 71-106.

[HMSW] M. Hirose, T. Maesaka, S. Seki and T. Watanabe: The Z-module of multiple zeta values is generated
by ones for indices without ones, preprint, arXiv:2505.07221.

[IKZ] K. Ihara, M. Kaneko and D. Zagier, Derivation and double shuffle relations for multiple zeta values,
Compos. Math. 142 (2006), no. 2, 307-338.

[Tu] C. Turan, Ableitungen von FEisensteinreihen und Erzeugendenreihen von Multiplen Teilersummen, Bache-
lor’s thesis, Universitat Hamburg, (2021).

GRADUATE SCHOOL OF MATHEMATICS, NAGOYA UNIVERSITY, NAGOYA, JAPAN.
Email address: henrik.bachmann@math.nagoya-u.ac. jp



