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1 Introduction

Schur functions sy and their skew generalizations s/, are fundamental objects in the theory of
symmetric functions. They play important roles in various fields of mathematics, ranging from
combinatorics to representation theory, integrable systems, and mathematical physics. In 1992,
Macdonald [M92] introduced the so-called “ninth variation” of Schur functions defined via the
Jacobi-Trudi formula, which includes various variants of Schur functions such as factorial and
flagged Schur functions. Subsequently, Nakagawa, Noumi, Shirakawa, and Yamada [NNSYO01]
studied a class of the ninth variation, denoted by S/(\T/)“(X ), using the Gauss decomposition of
the matrix of variables X. More recently, Foley and King [FoKi21| introduced another class,

SE/I{;;M(IU), via tableau expressions.

The aim of this note is to establish algebraic (mainly quadratic) relations for S’/(\;)/J(X ), based
on joint work [TY] with Wataru Takeda. These results yield, as specializations, corresponding
relations for SE/K#’M('w) and, furthermore, for the “diagonally constant” Schur multiple zeta

functions C/]\%(a) introduced in [NPY18]. In particular, we investigate a generalization of the

quadratic relation for s, obtained by Kleber [K01] via Pliicker relations to the case of S/(\T)(X ).
For detailed proofs of the results presented in this note, see [TY].

2 Schur functions and related variations

2.1 Notations

A partition is a non-increasing sequence A = (A1, ..., \;) of positive integers. The length and
weight of A are defined and denoted by ¢(\) := k and |A| :== Ay + - -+ + A, respectively. We
sometimes write A = (1™ MN2m2(N) ...y " where m;(\) is the multiplicity of 4 in A\. The Young
diagram associated with X is defined by D(\) := {(i,j) € Z*|1 < i < k,1 < j < )\;}, which
is depicted as a collection of square boxes with the i-th row having \; boxes. The conjugate
partition of A is denoted by X = (A}, XS, ..., A\},), where X, = #{j|\; > i}. A skew partition
A/ is a pair of partitions A = (Ay,..., \¢) and g = (uq, ..., ) satisfying A D pu, that is, k > 1
and \; > p; for all 7. If p is the empty partition @&, we identify A/p with A. We also associate
A/p with the skew Young diagram D(A/p) := D(X) \ D(p). We say that (i,7) € D(A/p) is a
corner of A\/p if (i +1,7) ¢ D(A/p) and (i, j + 1) ¢ D(A\/p), and denote by C'(A/p) the set of



all corners of A/p. A Young tableau of shape A/u over a set S is a filling T" = (), j)en(r/p)
of the boxes of D(A\/u) with ¢; ; € S. We denote by T(\/u, S) the set of all Young tableaux of
shape A\/p over S. In particular, a Young tableau (¢; ;) € T(\/p, Zso) is called semi-standard
if t;; <tij41 and t;; <t for all 4, j. We denote by SSYT(A/p) the set of all semi-standard
Young tableaux of shape A/u. Moreover, for M € N, SSYTj/(A/u) denotes the subset of
SSYT(A/p) consisting of all (¢; ;) satisfying t;; € [M] :={1,2,..., M} for all 4, j.

Throughout this note, A\/u is a skew partition such that A is contained in the r x s rectangle
(s") for some non-negative integers r and s. We set N = r + s. For a set .S, we denote by C[S]

the ring of polynomials over C in the indeterminates indexed by the elements of S.

2.2 Schur functions
For variables = {z} | k € [M]}, the skew Schur function is defined by the tableau expression
Sx/p = Sau(®) = Z H zy, , € Clz].
(ti;)€SSYTar (M p) (1,)€D(N 1)

It is known that s/, satisfies various algebraic relations expressed as determinants. Among
them, the following Jacobi-Trudi, dual Jacobi-Trudi, and Giambelli formulas are fundamental.

e Jacobi-Trudi and dual Jacobi-Trudi formulas:

S\/u = det [h)\i_ﬂj_i"'j} 1<i,j<e(N)

Sy/u = det [e ' ] ,
M M 1cig<eon)

where, hg := s and eq := sjay for d € Z- are the complete symmetric functions and

the elementary symmetric functions, respectively, with the convention that hg = ¢y = 1
and hg =¢eg =0 for d € Z.

e Giambelli formula: Let A = (aq,...,, | B, ..., Bp) be the Frobenius notation for A, where
a; = N\ — 1, B; = A, — i, and p denotes the length of the main diagonal of D()). Then,

sy = det [S(f%ilﬁj)] 1<ij<p’
Here, (a|B) := (a + 1,17) is a partition of hook shape for a, 8 € Zx.

For the general theory of the symmetric functions, including the relations above, see [M98§].

2.3 Ninth variations of Schur functions defined in [NNSYO01]

Let X = [z;,]1<ij<n be an N-by-N matrix, where each (7, j)-entry (X); ; = x;; of X is assumed
to be indeterminate. For subsets I = {i; < --- < i,} and J = {j; < --- < j,} of [N] with
cardinality r, we denote by &/ (X) = ;i;:(X) = det[z;, j,J1<ki<r the minor determinant
corresponding to the row indices I and column indices J. Write the Gauss decomposition of X
as

X =X_XoX,,

where X_| Xy and X, are lower unitriangular, diagonal and upper unitriangular matrices,
respectively, which are uniquely determined as matrices with entries in C(X), the field of
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rational functions over C in the variable z;; for 1 <4,5 < N. It is known that their entries
can be expressed in terms of minor determinants as follows:

EITN(X) o

X_ J = ot ‘7] Z 9 2.1
51 7777 ’L( ) .

Xo)is = 4t 1 <i<N), 2.2

(Xo): &H(X) ( ) 22)
§5(X) -

(Xp)ij = W (i <) (2.3)

In [NNSY01], Nakagawa, Noumi, Shirakawa, and Yamada studied the ninth variation of
skew Schur function SS?#(X ) defined by

S (X) = €1(X,) € C(X), (2.4)

where I = {i; < ... <4} C [N] with i, = ptyy1 o +aand J = {j; < ... < j.} C [N] with
Ja = Arp1-q+a are the Maya diagrams of y and A, respectively. We remark that S} (T) ( ) reduces
to the classical skew Schur function sy, (21, ..., z,) of n variables when X is the Vandermonde
matrix X = [wg_l} i jeN with variables {:ci}ie[N], under the specialization 2,1 = -+ = xy =
0, provided that r and s are sufficiently large. In what follows, for simplicity, we graphically

express S/(\;er) (X) for m € Z by using the Young tableau (m + c(i,j)) of shape
. (i-/)ED(M/ 1)
A/p. Here, (i, j) := j — i is the content of the box (i,7) € D(A\/p), and, for n € Z, m = n if

n > 0 and —|n| otherwise. For example,

23 o1
(r+1) o 1|2 (r—2) - 5|7
5(37372,1)/(1,1)(X) T (3l 5(47373,2)/(2,171)()() = ; ;
2] HE

Using the properties of minor determinants, one can show that S/(\T/)# (X) satisfies the following
Jacobi-Trudi and dual Jacobi-Trudi formulas.

Theorem 2.1 (|[NNSYO01, Theorem 1.1 and (1.25)]).

S(T) — det |:h(r+llj —j+1) X }
wulX) = de ( 1<i,j<t(n)

Ni—pi—i+]
(r) [(Tujjl)X]
Siyu(X) = det s (X) 1<ij<e(\)

where A (X) = S()(X) = €771, a(Xs) and € (X) = ST (X) = & ()
for d € Z, with the convention that h)(X) = €[)(X) = 1 and A’ (X) = ¢’ (X) = 0 for

d € Zy. Here, 7 indicates that the index i is omitted.

One can also establish a Giambelli formula for S/(\;)N(X ); the reader is referred to [T,
Theorem 2.3| for the precise statement and proof.
For a specific choice of matrices X, S} (T) ( ) admits a tableau expression, as described below.
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Theorem 2.2. (INNSY01, (2.59) and (2.64)]) For u = {u,(:) |k € [M], t € [N — 1]}, define the
upper unitriangular matrx Ups(w) of size N by Up(w) := UyUs - - - Upy, where

Uy = (E + U,(Cl)ELQ) (E + U,(f)Ez,g) S (E + U,(CN_DEN—LN> )

with F and E;; for 1 < 4,7 < N being the unit matrix and the matrix unit of size IV,
respectively. Then, we have

SCHIESEEDS [ wi eClul 29)

(ti,7)€SSYTr (M 1) (i,5)€ED(N/ 1)

2.4 Ninth variations of Schur functions defined in [FoKi21]

In [FoKi21|, Foley and King introduced another type of the ninth variation of the skew Schur
function, denoted by SE/I{;;M(w), for variables w = {wy. | k € [M], c € Z}:

Sj\?/lf’jM(w) = Z H wtiyﬁc(i’j) E C[w] (26)

(ti;)E€SSYTar (A /) (3,5)€ED(N/ 1)

This also provides a generalization of the classical Schur function: If wy . does not depend on

¢, then SE/KM’M(w) = sy/uwy, ..., wyr), where wy, = wy,.. Moreover, from (2.5), it is immediate

that S}\T/IEM(w) can be obtained as a specialization of SS})M(X ).

Lemma 2.3. For w = {wy.|k € [M],c € Z}, define u = {u,(f)|k: € [M],t € [N —1]} by

ug) = Wy—,. Then, for m € Z, we have

Sy (rmw) = S (Ui (), (2.7)

where 7w = {w\™ |k € [M], ¢ € Z} with w,(:Z) = Wk mte-

,C

As a corollary of Theorem 2.2, one obtains the following Jacobi-Trudi and dual Jacobi-Trudi
formulas for SE/I;’M(w), obtained in [FoKi21, Corollary 5.1 and Corollary 5.2].

SN (7 w) = det [R5

1<ij<t(n)

FK,M FK,M i
Sy, (1T w) = det [e/\, I A 1W] ,
/n iH i 1<i,j<0(V)

where h) M (w) = S(FCZI){’M(w) and e) M (w) = S(Flli)’M(w) for d € Z~(, with the convention
that by M (w) = eg" M (w) = 1 and b)Y (w) = M (w) = 0 for d € Z.,. Moreover, the
Giambelli formula for SE/KM’M(w) obtained in [FoKi21, Corollary 5.3| can be derived from the

corresponding formula for S’/(\;L(X ) obtained in [TY, Theorem 2.3|. Furthermore, it was shown

in [BC19] and [FoKi21| that SE/KH’M(w) satisfies the Hamel-Goulden formula [HG95, Theo-
rem 3.1, which simultaneously generalizes the Jacobi—-Trudi, dual Jacobi-Trudi, and Giambelli
formulas. More precisely, the Hamel-Goulden formula expresses SE/IZM('LU) as the determinant

of a matrix whose entries are given by SEXM (w), where v runs over the subribbons of a given
ribbon R that decompose /.



2.5 Schur multiple zeta functions

The skew Schur multiple zeta function, introduced in [NPY18], is a zeta-function analogue of
the skew Schur function. For an index s = (s;;) € T(A/p, C), it is defined via the tableau

expression
SOESEDS II

(t:,5)€SSYTrr (A ) (4,5)€D(N 1)

As shown in [NPY18, Lemma 2.1], the limit ¢y/,(s) := limp/_,oo C/]\V/[M(s) converges absolutely
for s € W, where

(2.8)

Re(s; ;) > 1 for all (4,5) € DA/ p) \ C(\/p)
Re(s;;) > 1 for all (7,5) € C(\/p) '

Wi = {(Sij) € T(A/n,C)

The Schur multiple zeta function is a simultaneous generalization of both Euler-Zagier type

multiple zeta-star function (*(sy,...,sq) = limpr oo (VM (s1,...,54), and the multiple zeta
functions ((sy, ..., 8q) == limys 00 (M (51, ..., 84), where
1 1
M M
(81,0 8a) 1= > s O (81, 80) = > e Tam—E
1<mi<-<mg<M 1 d 1<my<--<mg<M =1 d

in the sense that

C(d) () :C*(Slv"wsd)v C(ld) . :C<517"'7‘9d)' (29)

If ¢ i\?f M(s) is “diagonally constant”, that is, s € T%&(\/y, C), where

T8N/, C) := {(t;;) € TN, C) | tij = ty if (i, 5) = c(k, 1)},

then, it is easy to see that ¢ i‘/f ,.(8) can be realized as a specialization of S/I\:/I;(W) and, therefore,
of SE\?)H(X) via Lemma 2.3 as follows.

Lemma 2.4. For a = (a.)eez € CZ, let w = {wy.|k € [M],c € Z} with wy,. = k™%, and
w={u |k € [M],t € [N—1]} with u’ = wy;_, = k=% Define aly/, 1= (ac(i.;))(i)en(n/n) €
T4&(\/u,C). Then, for m € Z, we have

QLT yju) = SE(Fmw) = SU (U (w)), (2.10)
where 7™a = (agm))cez with o™ = Aeym, and Upr(u) was defined in Theorem 2.2.

For simplicity, we henceforth denote ¢ /]\V/Iu(a\ au) by € /]\V/[H(a). Then, the above specializations



are summarized as follows.

SRCTUIED SR ) (IR
(ti,7)€SSYTr (M 1) (i,5)€ED(N/ 1)

lu](f) = Wk t—r

FK,M [ _m
SA/M (T"w) = Z H Wi j,e(ing)
(ti,)€SSYTar (M w) (3,5)€D(N/ 1)
lwk,c = k7%

C,]\V/[u (Tma) _ Z H t;j“a(i,j)
(ti,5)€SSYTar(AN/ 1) (i,5)€ED(N/ 1)

Based on these relations, we shall investigate algebraic relations for S/(\Z)M(X ), which induce

corresponding relations for Sf}iM(W) and ( f\%(a).
3 Quadratic relations obtained from the Pliicker relations
In this section, we derive quadratic relations for S/(\r) (X) by applying the Pliicker relations for

determinants. In particular, we generalize the relations for Schur functions, obtained by Kleber
|[KO1]. First, let us recall the Pliicker relations.

Theorem 3.1. Let Z be a 2n-by-n matrix whose rows are indexed by 1,...,n,1’,...,n’ and
columns by 1,...,n. For 1 < ¢ < n, fix a set of row indices {t},...,t;} < {1,...,n'} with
t) < --- < t). Then, the Pliicker relations fixing the rows {1’,...,n'} \ {#},..., ¢} is given by
s1 Sp t/ ¢!
1,...n 1,...n' 1,.‘.,t7 ,‘..,tv’,.‘.,n 1., 3},,,_,‘9{,,_,”'
gl,...,n(Z)g U ) (Z) = Z 51 ..... nl ‘ (Z)gl ..... nl ‘ (Z) (31)

1<s1<<8p<n

Example 3.2. When n =3, ¢ =2 and (#},#}) = (1',3'), we have
155(2)a15%° (2) = &35 (D)655(2) + 6155 (2)El53 (2) + &5 (D)E55(2).

To state our results, we introduce some combinatorial terminology of Young diagrams. For
a partition A, the outer border of A is the strip whose cells contain all the cells not in D(\)
but immediately below and to the right of those in D(\). On the other hand, the inner border
of X is the strip whose cells contain all the right-most or the bottom-most cells in D(X). We
denote the outer and inner borders of A by OB()) and IB(\), respectively. For u,v € OB(\),
let add;(\) be the partition obtained by adding the substrip of OB(\) starting from u and
ending at v to D(A). Similarly, for u,v € IB(\), let rem¥(\) be the partition obtained by
removing the substrip of IB(\) from w to v from D(A). In both cases, we provide that the
resulting diagram remains a Young diagram. Assume that A has n corners. Then, it can
be written as A = (mi'my> " ---ml»""™-1) with my > my > -+ > m, > m,; = 0 and
0<r <ry<---<r, Thisimplies that C'(\) = {(r1,m1),..., (rn,my)}. For 1 <p <q<n,
put

D ._ (rp+1,mp) D . (rp,mp)
addy := add(rq+1,mq+1+1)7 remy = rem, "

Moreover, for 1 < p; < - <p < q < -+ < q1 < n, we define the iterated operators:

DPlseesPt PL oL Dt DP1yeesPt Plo. .. Pt
addp " = addj) o---oaddl), rem} =rem}! o orem?}’ . (3.2)
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Example 3.3. Let A = (5,4,2). Then, we have C(\) = {(1,5),(2,4),(3,2)} and

For the adding and removing operators, we have, for example,

[ ] |
[ []
add} ( [ ) = add(}?}) <add§§;§§ (__,','* )) = add(}?}) < * ) = ,
— *
[ 1] [ [ [ES
remi ([ ) = vems) (vem) (ERF ) ) = et (BT ) =B

In [KO01], Kleber obtained the following quadratic relations for s,.

>

Theorem 3.4 (|[KO01, Theorem 4.2]). Let A = (Ay,..., \x) be a partition with n corners. Take
1 < d < n and denote by ¢ the height of the d-th shortest column of \. Then, we have

min{d,n—d+1}
— t—1
SASA = Sx—(1)Sa+(10) + E (—1) E Saddhl 0t (A) Sremfl R (M) 0 (3.3)
t=1 1<p1<--<pr<d

d<g<-<q<n
where A (1) = (M £ 1, ., 021, Aegr, -, An).
The following theorem extends these relations to the ninth variation Sgr) (X).
Theorem 3.5. Let \ be a partition having n corners. Take 1 < d < n.
(1) Denote the d-th shortest column height of A as £. Then, we have

SOX)STI(x) =87 (X)) (X)

A—(19) A+(18)
min{d,n—d+1} . - (3 4)
* Z (-0~ Z Sa;dgi’fff’gf 0V (X)Sr':mgll’fff’gf ey (X)- .
t=1 L<p) <--<pr<d o .
d<qr<---<q1<n
(2) Denote the d-th shortest row length of A as ¢. Then, we have
(r) (r+1) _ o (r+1)
SIS 0) = S8 10 (XSG (X)
min{d,n—d+1} (3 5)

1yl (r) (r+1)
+ Z ( 1) Z S(addgll """ gtt()\’))’(X)S(remzll """ é’f(A’))’(X)'

— v e pyeg i YOV e
d<qt<--<q<n

By applying the specialization (2.10) to this theorem, we obtain the following quadratic
relations for the diagonally constant Schur multiple zeta functions ¢ (a).

Corollary 3.6. Let a = (a.).cz € CZ. Let X be a partition having n corners. Take 1 < d < n.



(1) Denote the d-th shortest column height of A as ¢. Then, we have

G(@)G (rla) = C%(ﬂ)(a)C,]\\i(ﬂ)(T_la)

min{d,n—d+1}

1 M M -1
o DT Y Gl @G (T a):

t=1 1<p1<-<pt<d
d<qi<-<q1<n

(2) Denote the d-th shortest row length of A as ¢. Then, we have

G (@)gy (Ta) = C(M,v_(lf))/(a)C(M,\/+(1£))/(7'a)

min{d,n—d+1}

t—1 M M
+ D> (= > Staaaztz ot 0y (B eempy ozt oy (T@)-

t=1 1<pi1<--<pt<d
d<g:<-<q1<n

Example 3.7. When \ = (3,22 1) and d = 2, we have

of1]2
o[1]2] [f]o]1] oft] [g]o]1]2] [o]1]2 o
— N —_ N — 1 _
il I 1 i I i B 1 il 5 R 1 E ST Tol-11
201 312 1 2 | 3121 2|70 ,,,
= - = = - 3|2(1
3] [ 4] 3] L4 ] 3121]1 =
1|3
o|1]2] 0|12
oli]2] [f]o]1] = -
1[0 3 L0 1[o]1 Lo
I 1211 — I B ey g e B o
+ =1z - + 21 1= sl1]ol 1)
2|1 3| - 2|1 p
= - 3|32 312[1
3|2 4] = -
1|3 1|3]3
1]2]3]
o[1]2] [1]2]3] T3 ols ol1]2 ol1]2]3
7o 0 (3:5) = - Tlola] [1]2]3] , [f]lo]1]2] [1]
—— = _10 10 _|_77 . _|_77 .
2|1 1]0 = T 2[1[0] | 0] 2]1(0 Iﬂ
= - 12| 2|1 o o
13 12 = 3l2]1 3121
3]
olil2] [1]2]3] [of1]2 oli1]2]3
t]o]1] ]o Tlof1]2 Tlofi]2
+ e o]y oo S CIENET)
21110 | 1] 21110 2|1]0]1
13 ] 2] 13 ] 3[2[1]0

(3.7)

The proof of Theorem 3.5 follows by mimicking the argument for Theorem 3.4, in con-
junction with the Pliicker relations (3.1). Specifically, (3.4) is obtained by considering the

(2k + 2)-by-(k + 1) matrix Z of the following form:

1 2 k k+1
Lol o0 0 0 7
R |10 O 0 (—1)’g
1 *

: (r)

k * ’
1 | %

: (r=1)

: Hy\10y(X)

k' Lx i




where

r r—j+1
H’(\ )(X) = [hf\i_iij)(X)] 1<4,j<k

is the matrix appearing in the Jacobi-Trudi formula (Theorem 2.1). Here, the entries denoted
by * are naturally determined by the indices of the corresponding rows.

Furthermore, by modifying the argument proof, one obtains the following quadratic relations
for S/(\r) (X) when A is a rectangle [p|q] := (¢”). To state the result, we employ the notation

plaly =g+ 1)L " k), [pla) :=[plqlh and [p|ql := [p|q]} for k,1 > 0.

Theorem 3.8. For p,q > 1 and a,b > 0 satisfying a < g and a + b < p + 1, we have

a+b o(r r—1
(=1) ' S[(pzrllq+b—1](X)S[(p_1)| q_a]pfafbﬁ—l(X)
_ al) (r=1) (r) (r=1)
= Sl g+5-11(K)Fp g 2ar1) (K) = 51 g—a) (KD S g (X (3.5)
a+b—3
t—1 () (r-1)
T Z (_1) S[p|q+b—1]q—a+t+1(X)S[p—l|q—a]P—t—1(X)'
t=0
Example 3.9. When p = g =3, (a,b) = (1,1) and (a,b) = (1,2), we have
of1]2
ToT1 [5To of1]2] [f]o]1 of1] [1]o]1]2
;IO-QTOZT()l-gjo—10-51012,
33| 1 21710 [3]2]1 211 |3]12]110
o[1]2]3 — — ol1]2]3
ToTiT2] [STol: ofi]2]3] [1]o]1 of1] [f]o]1]2]3 —ToliT2] [5To
_§T01'§T :TOIQ510_10'51012_5101.§T0
iy ey gy S 2171011 [3]2]1 211] [3]2]1]0]1 —T—1=
31211 3l2]1

Notice that the first equation can be also obtained by applying the Desnanot-Jacobi adjoint
matrix theorem to the Jacobi-Trudi matrix H\”(X).
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