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ABSTRACT. We focus on the double shuffle relations among congruent multiple zeta values as
studied by Yuan and Zhao. Their relation to cyclotomic multiple zeta values enables us to con-
struct an isomorphism over the cyclotomic field between their underlying algebraic frameworks.
This enables the construction of a double shuffle Lie algebra for congruent multiple zeta values
in the same fashion as Racinet’s double shuffle Lie algebra for cyclotomic multiple zeta values.
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1. INTRODUCTION
Multiple zeta values (MZVs in short) are real numbers defined by the following series
1
C(k’l,...,k’rr): Z ,kl—kr7
ny>e>ne>0 M1
where r, k1, ..., k, are positive integers with k1 # 1 ([13]). These values appear in the studies of

many subjects in mathematics and physics such as mixed Tate motives, knot invariant, the KZ-
equation and Feynman integrals to name a few (for example, the reader may refer to [2, 4, 14]
for a comprehensive presentation).

For a positive integer N, there ara mainly two level N generalizations of MZVs. The first
generalization (cf. [7]), called multiple polylogarithm values at N roots of unity (N-MPVs in
short), are complex numbers defined by the following series

z?l .. znT
: _ E r
(11) Ll(kzl,...,k,«)(zlv ceey Zr) = —k‘l T
ny>->n,>0 M1 T

where r, k1, . .., k, are positive integers and 21, . . ., z, are N roots of unity with (k, z1) # (1,1).
They are also called multiple L-values in [1], cyclotomic multiple zeta values in [11] or the colored
multiple zeta values in [3]. The second generalization, called N-congruent multiple zeta values
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(N-CMZVs in short) are real numbers defined by the following series

(1.2) Caod N (ko k) = Y ﬁ

ni>->n,>0 M

nj€a; 1<j<r
where 7, k1,...,k € Z=o with k1 # 1 and aq,...,ar € Z/NZ. They are also refered to as
the level N multiple zeta value in [12]. Denote by ¢ : [1, N] — Z/NZ the substitution that
identifies each element of [1, N] with its equivalence class. It has been established in [12, (8)]
that N-CMZVs (1.2) are related to N-MPVs (1.1) by the following formula
(1.3)

N N
mod N —2(mqe” 1(a1)+ mpe T 1(047‘))71'1 . 2mq wi 2mpmi
C(alv ( Iye-- Z Z Ll(klv-wk"r)(e N R N )

The values (1.1) can be expressed as an iterated integral as follows (see for example [7])
1
(1.4) Ligg, . gy (215 20) = /0 O/ ST 0 O T o O S

where Qy = % and Q, = —1—, for any root of unity z. Thanks to formula (1.3) and the iterated
integral expression (1.4), one deduces the following identity (see [12, p.185])

C(gnf,(.j..ﬁr)(klv N % /1 wk1—1wa1_a2 o 'wkr_l_lwar—l_arwkr_lwar7
where w = & and We = %w for any o € Z/N7Z. One may also check that [12, p.185]
N
(1.5) w=Qp and wy = Z C&mfl(a)ﬂez%ﬂ.
m=1

Using iterated sums and iterated integral expressions, one deduces linear and algebraic re-
lations between N-MPVs called the (regularized) double shuffle relations. To describe these
relations Hoffmann [8] introduced a word algebra setting whose letters are free noncommutative
variables assimilated to the differential 1-forms Qp and €, (¢ € puy). This setting has been
utilized by Racinet [10] to provide an algebraic frameworks for these relations using noncom-
mutative formal power series bialgebras. The fact that N-MPVs are related to N-CMZV by
identity (1.3) suggests that N-CMZVs also satisfy (regularized) double shuffle relations. In fact,
this has been introduced by Yuan-Zhao [12] and written down precisely by Kanno in [9] thanks
to the word algebra setting whose letters are the free noncommutative variables associated to
the differential 1-forms w and w, (o € Z/NZ).

In this note, we utilize identities (1.5) to construct an algebra isomorphism between the free
noncommutative series algebras with coefficients in the cyclotomic field Q(u ) associated to each
set of differential 1-forms (see Proposition 4.1). This enables us to introduce a dual equivalent
of the formalism of [9], which facilitates the formulation of double shuffle relations among N-
CMZVs within the formalism of [10]. We then show that this algebra isomorphism is in fact a
bialgebra isomorphism with respect to the newly introduced coproducts and the coproducts of
[10], thus establishing the relations between both formalisms. This enables the definition of a

Q-Lie algebra Dmt([)N] related to the (regularized) double shuffle relations among N-CMZVs and
establish the following result:
Theorem 1.1 (Theorem 5.8). There is a Q(un)-Lie algebra isomorphism

Q(pN) ®q Dmt([) —>Q(,UN) R omry™.
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Notation. Throughout this note, let N > 3 be a positive integer and pn be the group of complex
roots of unity. Denote by [1, N] :={1,..., N} and by ¢ : [1, N] — Z/NZ the substitution that
identifies each element of [1, N] with its equivalence class.

2. THE CYCLOTOMIC DOUBLE SHUFFLE Q-LIE ALGEBRA dmth™

Let QX)) be the free noncommutative series Q-algebra with unit over the alphabet X :=
{zo, 2, | z € un}. Let Q(Y)) be the free noncommutative series Q-algebra with unit over the
alphabet Y := {yi, | (k,2) € Z>o X pun}.

The Q-algebra morphism

(2.1) QUYY) = QUX), i xb Ly, for (k,2) € Zug X py

is injective. Therefore, throughout this note, we will treat Q((Y')) as a subalgebra of Q{(X)) by
identifiying it to its image by this morphism.
Recall from [10, §2.2.5] the direct sum decomposition (of Q-linear subspaces)

QX)) = Q(Y)) ® QX)) xo.

Let then 7y : QX)) = Q(Y)) & Q(X))zo — Q(Y) be the projection from Q(X)) to Q(Y)),
that is, the surjective Q-linear map such that it is the identity on Q((Y")) and maps any element
of Q(X))xg to 0.

In [10], Racinet introduces bialgebra structures on the algebras Q((X)) and Q(Y)). Namely,
the Q-algebra Q((X)) is equipped with a bialgebra structure with respect to the shuffle coproduct,
which is the algebra morphism Ay : Q(X) — Q(X)®? given by

ro—ro®1+1®xpand z, — 2, X1+ 1®x,, for z € uy.
The Q-algebra Q(Y)) is equipped with a bialgebra structure with respect to the harmonic
coproduct, which is the algebra morphism A, : Q((Y)) — QY )®? given by

Ve = ke QL+ L& Y+ Y Ykiey € Ykoyzgs f0r (K, 2) € Zog X piy

ki1+ko=k
Z120=2

Definition 2.1 ([10, Definitions 3.3.1 and 3.3.8]). We define dmth”™ to be the Q-linear subspace
of elements ¢ € Q((X)) such that

(1) (¥ | xo) = (¥ |x1)=0; (iif) ' (¢ |z, — 2,-1) = 0 for any z € pun;
(ii) ﬁm(¢)=¢®1+1®¢; (iV> 3*(¢*)=¢*®1+1®¢*;

where the notation (1 | w) means “the coefficient of the word w in ¢”?% and

_ —1)n1 _
v =mop () + 3 T gt € @),
n>2
with p being the Q-linear automorphism of Q((X)) given by

ki—1 ka—1 kr—1 krp1i=1y _  ki1—1 ka—1 kr—1 kry1-1
play' " xsxg> Ty Xy ) =" XXy Tz Ty Tz, T ,

for r € Z>o, ki1,...,kr41 € Z>o and z1,...,2 € un.

n [10], this condition is given as (Yo | 2§ ) = (=)' (¢u | 2§~ '@,-1) for (k, 2) € Zso x v, but thanks
to [10, Propositions 3.3.3 and 3.3.7], it is enough to have (iii) for k = 1 and any z € puy since this identity is
always true for all the other cases. By definition of . this is equivalent to the stated identity.

2and extend by linearity.
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In order to equip the space dmref™ with a Lie algebra structure, Racinet [10, §3.1.10.2] considers
on QX)) the bracket:

(1, 92) := dy, (V2) = duyy (Y1) + [¢1, 2],
where, for ¢ € Q((X)), dy is the derivation of Q((X)) given by

xo — 0, and z, — t,([z1,¢]) for z € uy,
with ¢, being the Q-algebra automorphism of Q{(X)) given by
(2.2) xo — xo, and x¢ > x.¢, for ¢ € py,
and [—, —] being the usual bracket on Q{(X)). We then have
Proposition 2.2 ([10, Proposition 4.A.i)]). The pair (dmeh™,(-,-)) is a Lie subalgebra of
QXD )

N
3. THE CONGRUENT DOUBLE SHUFFLE Q-SPACE Dmt([) ]

Let Q((X)) be the free noncommutative series Q-algebra with unit over the alphabet X =
{Z,%a | a € Z/NZ}. Let Q((Y)) be the free noncommutative series Q-algebra with unit over the
alphabet YV := {gr o | (k, ) € Z>o X Z/NZ}.

The Q-algebra morphism
(3.1) QYY) = QUX),  Gra — F i, for (k,a) € Zso x Z/NL
is injective. Therefore, throughout this notes, we will treat QY as a subalgebra of Q((X) by
identifying it to its image by the morphism.
One checks that we have the direct sum decomposition (of Q-linear subspaces)
QX)) = Q(Y)) & Q(X)z.
Let then g : QX)) = QUY) ® Q(X)Z — Q(Y)) be the projection from QX)) to Q(Y),
that is, the surjective Q-linear map such that it is the identity on Q(Y)) and maps any element
of QX ) to 0.
Lemma 3.1. (a) The Q-algebra Q(()Af» is equipped with a bialgebra structure with respect to
the shuffle coproduct, which is the algebra morphism Ag : QX)) — Q(X)®? given by
T—IR1+1RT and To — T ®14+1® Ty, for a € Z/NZ.
(b) The Q-algebra Q(Y)) is equipped with a bialgebra structure with respect to the harmonic
coproduct, which is the algebra morphism Az : QYY) — QY )®? given by

Jea = Uha @1+ 1@ ko + > ke ® Jryas for (k@) € Zog x Z/NZL.

k1+ko=k
Definition 3.2. We define Omt([)N} to be the Q-linear subspace of elements ¢ € Q(()? )) such that
() (13) = Caezna(® | 7o) = 0; (it)) (V] To = F-a) =0 for any a € Z/NZ;
(i) Am(¥) =¥ ®1+1® (iv) As(gs) =5 ® 1+ 1@

where the notation (QZ | W) means “the coefficient of the word w in ¢73, and
B ~ N N N (1)1~ N
Yz =mgoq () + Z Z Z Z N <1/} | fl_l!ib(a)) Tiur) " U1,un) € QUYD,
n>2a=1bj=1  by=1

3and extend by linearity.
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with q being the Q-linear automorphism of Q((f( ) given by

"‘kl—l

(@

k

~ Ske—1s  skep1—1\ _ ~ki—14 Sk 117 ~ke—1
Loy 1L T, 5170 =T Tny T T By 0, T

jal X jarjkr+l_17

for r € Zzo, ki,...,kry1 € Z~so and aq, ..., qp € Z/NZ

4. COMPARISON OF ALGEBRAIC SETUPS

Let Q(,uN) be the cyclotomic field, that is, the smallest field containing Q and puy. Set
en(k):=e e , for any k € [1, N].

Proposition 4.1. The Q(uy)-algebra morphism F : Q(un){(X) — Q(uy) (X)) given by

N
T x9 and Ty > Z ey (—m L_l(a)) T (m) for a € Z/NZ,

m=1

is an isomorphism whose inverse F‘is given by

- 1 -
zo = T and Tg, (1m) N ZgN(am)xb(a) form € [1, N].
a=1
Proof. 1t is enough to check that the composition of both maps is the identity of generators. It

is immediate that the image of the generators xg and Z by both compositions gives the identity.
Let us compute the image of the other generators by the composition. For m € [1, N], we have

N

1 _
Tenm) = 37 D EN(0M)Ti(a) = Tey(m) ZCN am ZeN (@) ey (hy
a=1 a=1 k=1

LN N N
NZ (am Z —ka)ze, (k) = NZ <z; en(a(m — k))) Te (k)

a=1 k=1 [¢]
1
NNxeN(m) = Ty (m)>

where the first equality comes from the identity ey (—k ¢~!(¢(a))) = en(—ka); the second one
from the identity ey (am)ey(—ka) = ey(a(m — k)); and the last one from the identity

N .
1) > en(Mj) = {N I

0 otherwise

applied to M = m — k, where in this case, N | M if and only if k£ = m.
On the other hand, for a € Z/NZ, we have

N
To > Z BN a)) Ten (m) Z EN (—m L_l(a)) N ZQN(am)jL(a)

m
_ N 1. .
S0 (z e = ) ) 0= N =
m=1

where the first equality comes from the identity ey (—m¢ ' (a))ey(am) = ey (m(a — " Ha));
and the second one from identity (4.1) applied to M = a — 1~!(a), where in this case, N | M if
and only if a = 17 1(a). O
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Proposition 4.2. The Q(un)-algebra isomorphism F : Q) (X)) = Q(un) (X)) restricts to
the Q(un)-algebra isomorphism Fy : Q(un){(Y)) — Q(un){(Y) given by

ykaHZeN ))ykeNm)for(k OL)EZ>0XZ/NZ
Its inverse Fy' - Q(un){(Y) = Q(un){(Y) is given by

N
1 N
Yken(m) 7 3 > " en(am)iiy,(ay for (k,m) € Z x [1,N].

a=1
Proof. Let (k,a) € Zso X Z/NZ. Thanks to the injection (3.1), the element gy o is identified
with 2¥1%,. Moreover,
N N
F(#*17,) = F(@)* ' F (& Y en (@) Zeymy = D en (=m 7M@) a5 e, ).
m=1 m=1

Finally, thanks to the injection (2.1), the element wlg_l

proving that the Q(ux)-algebra morphism F : Q(un){(X) — Q(un){(X) restricts to the mor-

phism Fy : Q(un)(Y) = Qun) (V). ~
An analogous argument proves that F~1 : Q(un){(X) — Q(un){(X)) restricts to the given

Frt Q) (Y) = Qun){(Y)- 0
Recall that for any set .S, one has

(4.2) Q(un)(9) ~ Qun) ® Q(S).

For any sets S and T and a Q-linear map f : Q(S)) — Q(T'), when there is no ambiguity, we
shall abusively denote by f the Q(uy)-linear morphism Q(un){(S)) — Q(un)(T")) induced by
this map.

Lemma 4.3. (a) We have (equality of Q(uy)-linear maps Q(un){(X) = Q(un)(Y))
Ty © F = ./."y OTg.

(b) We have (equality of Q(un)-linear maps Q(un){(X) = Q(un) (X))
p o ]: = ]: O a

T (m) 1s identified with yi o (), thus

Proof. Since all the maps are Q(uy)-linear maps, it is enough to check the claimed equali-
ties on a generators of Q(un){(X). Let 1715, 7% 17,, - 3% 17, #F+171 with r € Zs,,
ki,...,key1 € Z~o and aq, ..., € Z/NZ, be such an element.

(a) If k1 # 1, we have
Fy o W?(jk1—1;ﬁa1:ik2—lja2 A jkr_li‘ari‘kwrl_l) —0.
On the other hand,
Ty © .7-'( k1— lx jk liiaz o fkr_liarik’"“_l)
=Ty (f( k1— I:U $k 157042 _,_;’ikﬁr—lx )mlgr+1 1) —0,

where the second equality follows from the fact that F is an algebra morphism.
If kr41 =1 then

kg—l" ~k7~—1jar)

:BQQ""ZE

fY (e] W?(i‘kl_lilali‘ = ‘Fy(gkhal e gkrvar)
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N N
= - Z —mu (o) = = Mt (00) b e m) 7 Y ey ()
mi1=1 r=1

1
On the other hand,

Ty Of(i'kl_lfial.’ik2_1ia2 . '«%kr_l:iar) =7y (,F( k1— 1[E .’ik 15:042 . .’,Ukr_ljar))

N N
= Ty Z Z QN (_m1L 1(a1) — s — Nyl 1(0(7«)) 10€1 1:CeN(m1)--'JJ§T 1x€N(mr)>
mi=1 me=1
N N
— -1 -1
- Z e Z EN (_m'll’ ((Yl) — T Myt (O/T')) :l/klygN(ml) e ykr&]\r("“r)’
mi1=1 my=

thus proving the wanted identity.

(b) We have
Fo ’(vl(;ﬁkl_l ~a1 . kr 1— 1]70@ 1.%kr—1§:ar.%kr+1—l)
:]:( k1— 11%04 Cage ~kr 1— 133017» - arxkr—ljarjkr+1—l)
N N N
= Z —mhe ) + (my — mh)eHag) 4+ -+ (ml_y —ml) )
my=1ms=1
CB151 1ng(mll)Ilgz—lng(m,2) . x’ér 1 eN(m’T)xlng_l
N N N
= Z Z e Z QN(—mlfl(al) — m2fl(0¢2) — = mrfl(ar))
mi1=1mo=1 my=1

k1—1 ko—1 k-—1 kry1—1
Lo Tey(mi)To Tey(mitme) " To  Ley(mit-+mr)Lo )

where the last equality follows from the change of variable m; = m}, mg = mb) —m/, ...,
my = m) —m,_;. On the other hand,

po F(iM 1z, % g, - ihr iz, ahro Tt

N N N
- Z Z e Z en(—miHon) —mar Hao) — - — mp T (o)
mi1=1mo=1 my=1
k1—1 ko—1 kr—1 krp1—1

Lo Tey(m)To  Tey(mi+ma) " "To  LTey(mi++me)To )
thus proving the wanted identity.
O

Thanks to the isomorphism (4.2), for any set S and a Q-algebra morphism A : Q(S) —
Q((S)®2, when there is no ambiguity, we shall abusively denote by A the Q(uy)-algebra mor-
phism Q(un){(S) — Q(un){(S)®? induced by this map.

Lemma 4.4. (a) We have (equality of Q(u)-algebra morphisms Q(un) (X)) — Q(un) (X)®2)
AyoF =F%%0 A4
(b) We have (equality of Q(uun)-algebra morphisms Q(un)(Y) — Q(un)(Y)*?)
Ao Fy = Fi%o A
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Proof. (a) Since all the maps are Q(uy)-algebra morphisms, it suffices to check the identity on
generators of the algebra Q(un){(X)). The equality is immediate for Z. For o € Z/NZ,

Ay 0 F(a) en (=m 1 7H@)) Au(xey (m))

3
[}

[ I
Rﬂz i[™]=

(—m fl(a)) (ng(m) ®1+1® mﬁN(m))

m=1
N N
= Z en (—m L_l(a)) Tey(m)®1+1® Z en (—m L_l(a)) Te . (m)
m=1 m=1
= FO2 (a0 14+ 1R &) = F® 0 Ag(Za).

(b) Since all arrows are Q(uy )-algebra morphisms, it suffices to check the identity on generators

of the algebra Q(un){(Y)). For (k,a) € Zs¢ x Z/NZ we have

N
Ay o fY(gk,a) = EN (_m[‘_l(a)) A*(yk,gN(m))

M= iM-

EN (_m L_l(a)) (yk,gN(m) ®l+1® yk,gN(m) + Z ykl,gN(ml) ® ykg,gN(mg)>

k1+ko=k
mi-+mao=m

N

= en (=m ! (a)) Yken(m) ®1+11® Z en (—m 7 (a)) Yk,en (m)
m=1 m=1
N N
+ > en (=(m1+ma) 7)) Yrer (m1) D Ykep (o)
ki+ko=kmi=1mo=1
N N
=D en (=m HQ) Yrey ) ©1H1® Y ey (=m Q) Yoy (m)
m=1 m=1
N N
+ > en (=m1 7)) Yreym) © D en (—ma 1 7H@)) Ykey (ma)
ki+ko=kmi=1 ma=1
= F[ra @1+ 1@kt D Tk @ kaa) = Fy> 0 Ds(fra)-

ki1+ko=k

5. A Q-LIE BRACKET ON Dmtgv}

Let a € [1, N]. Define #, to be the Q(uy)-algebra automorphism of Q(un ) (X)) given by

i+ & and T, > ey(ar (@)@, for o € Z/NZ.

Lemma 5.1. For a € [1,N], we have (equality of Q(pn)-algebra morphisms Q(un){(X)) —

Qun) (X))
tEN(a) oF=Fo Ea.

where ten(a) 18 the Q(un)-algebra automorphism of Q(un){(X)) induced by the automorphism of
QX)) gven in (2.2).
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Proof. Since all the maps are Q(uy)-algebra morphisms, it suffices to check the identity on
generators of the algebra Q(un){(X)). The equality is immediate for Z. For o € Z/NZ,

N
Fo fa(joz) = ]:(QN(aL_l(O‘))fEa) =en(a L_l(a) §N(_mL_1(O‘))$eN(m)
m=1
N N
= ZEN(_(m_a‘)”_l TeN N ))TeN(m +a)
m=1 m/=1
N
= th(a) <Z QN(_m,L_l(a))xeN(m’)> = th(a) ° f(ia);
m/=1
thus proving the wanted identity. O

Recall that the Galois group Gal(Q(un)/Q) is canonically isomorphic to the multiplicative
group (Z/NZ)*, with an automorphism o}, corresponding to ¢(k) where k € [1, N — 1] such that
ged(k,N) = 1.

Lemma 5.2. The group Gy acts on the Q(un)-linear span of idey vy @nd (ta)acp,ny by

(5.1) o - ridy, ewy = o(r) idey )y foro e Gy andr € Q(un)
and 4
(5.2) o ta = Erl(@) for k € [1,N — 1] with ged(k, N) =1 and a € [1, N].

Proof. Tt is immediate that the mapping given in (5.1) is an action. For a € [1, N], the mapping
(5.2) is acts thanks to the identity

v"Y(al)k = akl, Vk,l € [1, N] with ged(k, N) = ged(l, N) = 1.
O

Proposition-Definition 5.3. Let a € [1, N]. Define T, to be the Q(un)-linear automorphism
of Q(un) (X)) given by

Then Ta € Ath_lin(Q«X»)'

Proof. Let o}, € Gy. For any 1 € Q(X)), we have

1 N N - 1 N . ~
o Ta(0) = 5 2 olen(-m'@) o 1) = 5 X ey (<7 EM)a) &1y ()

1 Y N
= N Z QN(_ma) tm(w) = Ta(ﬂ’)’

where the second equality follows from the identity ¢~ (km/) = km/ and from identities (5.1)
and (5.2) of Lemma 5.2. Finally from this equality we conclude that T,(¥) € Q(X)). O

4Recall that ak is not necessarily an element of [1, N], there we use the notation ak for the class in Z/NZ
instead of using the map ¢.
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Proposition-Definition 5.4. For ¢y € Q( X)), there exists a derivation JJ of QX)) uniquely
defined by

710, and Fo > Troro) ([Speznz 80, 0]) for o € Z/NE.
Proof. This follows from Proposition-Definition 5.3. O
Proposition 5.5. For ¢ € Q( X)), we have (equality of compositions of Q(uux)-algebra mor-

phisms and Q(uuy)-derivations Q(uun ) (X)) — Q) (X))

fod&:df(lz)of.

Proof. We prove this equality by applying both sides to generators & and Z,, (« € Z/NZ) and
showing that they yield the same result. The computation for Z being immediate, we will focus
on T,. We have

~{/;(ja) =Fo TL—l(a) ([ZBEZ/NZ g, QZ])

- % > en(—mi @) Foin <[ZBGZ/NZ 28, JD

3
I

QN(—mL_l(a)) te(m) ©F <[% EﬁeZ/NZ Ig, JD

m=1
N N
= > en(mi @) teyim (71, FD]) = D en(=mi (@) dy g (e, om)
m=1 N m=1
= d]:(,j) (Z QN(_mL_l(O‘)) $eN(m)) = d}-@) o F(Za),
m=1

where the third equality comes from Lemma 5.1 and the fourth one from the fact that F is an
algebra morphism. U

Lemma 5.6. The Q-bilinear map given by
(5.3) (1, 0h2) 1 (U1, )™ o= Ci{z;l(%) - dNJQ (1) + [¥1, ¥a).
is a Lie bracket on Q((X).

Proof. By definition, the triple (Q(XY,(—, —),d) is a post-Lie algebra. Therefore, the con-
structed bracket (5.3) is a Lie algebra bracket thanks to [5, Proposition 2.2]. O

Lemma 5.7. We have (equality of bilinear maps Q(un){(X)) x Q(un){(X) — Q(un) (X))
Fo(==)~ = (F(=),F(-)).
Proof. For ¥y, € Q(un){( X)), we have
f(@lalzﬁw) = f(d{/;l(%) —dg (1) + [{/;1,{52])
=y, (F2)) = dpg) (FOD) + F @), Flda)] = (Fh). F (o)),

where the second equality follows from Proposition 5.5. O
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Theorem 5.8. (a) The map F induces a Q(uy)-Lie algebra isomorphism

(5.4) (Qun) @g omef, (= =)~) = Q) ©g dmef™, (=, ).

~

(b) The Q-linear space Dmto forms a Lie algebra under the bracket (—, —)~.

Proof. (a) Let ¢ € Q(uy) ®g Dmtg ! Let us show that F() € Qun) ®g omey™.

First, we have (F(¢) | z0) = (F(¢) | F(Z)) = (¢ | #) = 0, where the last equality follows
from (i) of Definition 3.2. Next,

(F@) | 71) = (F@) | F(Coezvzda)) = Y, (@) =0,

Q€Z/NT.

where the last equality follows from (i) of Definition 3.2. Therefore F (@ZJ) satisfies condition
(i) of Definition 2.1. Next, for m € [1, N], we have

1 Y ~
:NZ (am (zp i‘b(a))

N
- %ZEN(am) <1Z\ i'_b(a)) = %;QN(—C””) (QZ | i’b(a))
= (FO) 1 F (§ 2 en(=am)in) ) = (F@) | 2oy om)

where the third equality follows from (iii) of Definition 3.2. Therefore F (1)) satisfies condi-
tion (iii) of Definition 2.1. Next, we have

A (f(qZ)) = F&2 (&H(J)) = Fe2 (gﬂ@ 1+ 1®J) = FOP) @ 1+ 10 F2(g),

(FO) |ty ) = (FOO) | 7 (3 S enlam)iga)

N—

where the first equality follows from Lemma 4.4 (a); and the second one from (ii) of Defi-
nition 3.2. Therefore F (7)) satisfies condition (ii) of Definition 2.1. Finally, we have

Fy (Yx) = Fy (77;7 oq (1Y) + ZZ Z Z - Nn+1 111 | 2" Ea) T1uie) - gl,b(bn))

n>2a=1b=1  b,=1
_ —1 ) ~n 1~
=myop (¥) - Z/’ \ Ty YT
n>2
1 n 1 1 ’
—myop W)+ Y (&1 F (e ui
n>2
:WYOp_l( (J: 0 )yll (P
n>2

where the second equality follows from Lemma 4.3. By Lemma 4.4 (b), and condition (iv)
of Definition 3.2, a computation analogous to the one on the shuffle coproducts enables to
show that F (1) satisfies condition (iv) of Definition 2.1.

With analogous arguments, one shows that

F U (¢) € Qun) @g ome,

for ¢ € Q(un) ®g dmef™. Thus proving that the map (5.4) is a Q(uy )-linear isomorphism.
Finally, Lemma 5.7 establishes that it is in fact a Q(uy)-Lie algebra isomorphism.
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(b) This follows from the claim (a) since for any ¢ € Q((X)), the map dNJ is, by definition, a

derivation of QX)) € Q(un){(X)). -

In conclusion, Theorem 5.8 implies that so far we only have a Q(u ) isomorphism between the
two structures. The best relization over Q is provided by [6, Theorem 3.16]. This observation
leads us to the following problem:

Problem 5.9. Are the Lie algebras Dmth] and dmeh”™ isomorphic over Q ?
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