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0. INTRODUCTION

This note is a survey of [5], which studies the regularization of elliptic multiple zeta
values. Elliptic multiple zeta values, introduced by Enriquez [3], are elliptic analogues
of multiple zeta values and are defined by iterated integrals on the family of punctured
elliptic curves. Fix 7 in the upper half-plane h. Elliptic multiple zeta values are given by
iterated integrals of the form

Pl = [ FE () e - f99 () d,
0<z1 < <2r<1

where the functions fT(”)(z) arise from the Eisenstein-Kronecker series. The integral con-
verges when k; # 1 and k, # 1; such indices are called admissible. If ky = 1 or k. = 1,
the integral diverges and one defines I (ky, ..., k,;7) by a suitable regularization.

Elliptic multiple zeta values appear naturally as coefficients of the elliptic associator,
which is defined from the monodromy of the Knizhnik—Zamolodchikov—Bernard (KZB)
connection on elliptic curves [1, 3]. In genus zero, the corresponding KZ associator has
coefficients given by regularized iterated integrals, and it was shown in [4, 6] that they
can be expressed in terms of convergent iterated integrals only. This motivates the study
of an analogous phenomenon in the elliptic setting.

The purpose of this note is to explain the regularization problem for elliptic multiple
zeta values and to describe structural results relating regularized values to those with
admissible indices. Full details and proofs can be found in [5].

1. DEFINITION OF ELLIPTIC MULTIPLE ZETA VALUES

Definition 1.1 (cf. [8]). Fix 7 € h. The Eisenstein—Kronecker series is the two-
variable complex function F; (¢) (o, z € C) defined by

0,(z + a)0.(0)
0,(2)0, ()
where 6, is the odd Jacobi theta function given by

QT(Z) = Z(_l)nq%(n+%)2wn+% (q — GQMT,’(U — 627riz)‘
nez

FT(Q) =

z

The Laurent expansion of F,(¢) at a = 0 is given by

F(2) =) f"(z)a"",

n>0
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which defines meromorphic functions f{") (z) on C. Restricting to the real interval 0 <
z < 1, the only singularities arise from fT(l)(z), which has simple poles at z =0 and z = 1.
For n # 1, the function fT(”)(z) is holomorphic.

Lemma 1.2 ([5]). When ki # 1 and k, # 1, the iterated integral

f0<21<,,,<2T<1 ff(kl)(m)dzl e T(kr)(zr)dz,« converges.

Definition 1.3 ([3]). For r > 0, k = (ky,...,k,) € Nj with ky, k. # 1 and 7 € b, the
elliptic multiple zeta value is defined by the following iterated integral:

(1.1) I (k; ) = / FE () dz - - fE(z,)dz,
0<z1 < <2p<1

We refer to k; + -+ - + k, as the weight of k, and r as the length of k. We treat () as the
index of length 0 and weight 0, and define I4(0;7) := 1.

Remark 1.4. In [3], another type of eMZV IP(k;7) is defined by the same iterated
integral (1.1) with the interval of integration [0, 1] replaced with [0, 7]. However, it can
be verified from [3, (26)] that

IP(k;7) = phtthber pA (e —1 /7).

As mentioned in [7, Remark 2.3.4], the definition of I(k; 7) agrees with one of the regu-
larizations of iterated integrals introduced in [2] for the tangential base points (0, (—2mi) ™' -2)
and (1, —(—2mi)~'Z). These base points correspond to (1, —-2) and (1, :2) on the Tate

9z ] o
iz and ¢ = e

curve C* /¢ where w = ¢ 2mir,

Definition 1.5. Let f : (0,1) — C be an analytic function. Assume f has an asymptotic
behavior of the form

N
(1.2) Fe) = cnllog(—2mie))" + O(€°).

n=0
for sufficiently small € > 0, where § > 0, N € Ny, and ¢y, ...,cy € C are constants. Then,

the regularized value as e — 0 is defined by
Reg 7' f(e) := ¢y € C.
Here, the branch of the logarithm is taken such that log(—i) = —%.

For any ki,...,k. > 0, the iterated integrals

/ P )z - 18 ()
€<z << zp<l—e

have asymptotic behaviors of the form (1.2).

Definition 1.6 ([3]). For any k = (ki,...,k,) € Nj, we define I*(k;T) by
(k) o= Res 25 | P ()2 £ (2,)dz,
<2< <2zp<1l—€
From now on, we write I4(k) for I*(k; 7).
Remark 1.7. When kq, k. # 1, since the limit

lim FE (z1)dz - f59(2,)dz,

0 Jecz<<zp<ioe
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converges, we have

Reg 2 / PO () - FO) (1)
e<z1<<zp<l—e

= lim FE (1) dzy - - f59(2,)dz,.

€0 <2< <zp<l—e

Therefore, Definition 1.6 agrees with Definition 1.3 in the case with ky, k. # 1.
Example 1.8 ([7]). The elliptic multiple zeta value I4(k) (k > 0) of length 1 is given by
_9 '
]’A(k) — C(k) (k %S eVGl’l),
0 (k is odd)
and it is independent of 7. Here, we put ((0) = —%.

2. SOME RELATIONS AMONG ELLIPTIC MULTIPLE ZETA VALUES

In this section, we collect some basic relations satisfied by elliptic multiple zeta values.
Proposition 2.1 ([3]).
(2.1) Iy, i) TP (gt i) = > T o), - - a(nam))
0ESn,m
where S, ,,, denotes the set of all permutations of &,y such that
o' <---<ot(n), o n+1)<--- <o (n+m).

Remark 2.2. Equation (2.1) is called the shuffle relation for elliptic multiple zeta
values.

Proposition 2.3 ([7]).
(2.2) A, o) = (<1 F 0 Ay )

Remark 2.4. Equation (2.2) is called the reflection relation for elliptic multiple zeta
values.

Finally, elliptic multiple zeta values satisfy, in addition to shuffle and reflection relations,
further relations known as Fay relations, which are derived from the Fay identity of the

Eisenstein—Kronecker series. As an illustration, an explicit formula in length two was
established in [7].

Proposition 2.5 ([7]). For any r,s € Ny with (r,s) # (1,1), we have:

[A(r,s) = —(=1°T40,7 +5) + Y (~1)*™" (r — ”) I(r+n,s—n)

r—1
n=0
. s—1+n
—1)" " —n).
+;( ) ( . ) (s+n,7—n)

More generally, Fay relations can be extended to higher length. To describe their
explicit form, we introduce the following combinatorial data. For I = (Iy,...,l,) € Nj, we
define the rational function Py(uq,...,u,) € Q(uy,...,u,) as follows:

r—1
Pyuy, . yuy) = e T ) (g — ) T Tl
=0
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Lemma 2.6 ([5]). For anyl = (ly,...,l,) € Ny, uy -+ u,.P(uy,...,u,) is a Z-polynomial
(i.e. uy---u.P(uy,...,u.) € Zuy,...,u,), and furthermore, it is a homogeneous poly-
nomial of degree Iy + -+ - + 1.

For k= (ki,...,k.), 0= (I1,...,1,) € Ni let c(l | k) denote the coefficient of ul - - - ukr
in uy -+ u-Py(ug,...,u,.). In other words,
uy - urP(ug, .. U, ch|kz

keN]

Theorem 2.7 ([5]). For any k = (ky,...,k.) € Ny where r =1 orr > 1, k. # 1, we have

T

(k) = Z(— ) O1ks -+ Oy O GO (Riy o K1)

—Z A kYA, .. 1),

leNj

3. REGULARIZATION

In this section, we introduce some notation and state the main regularization result for

elliptic multiple zeta values.
Let

EAZ = (I*ky,..., k) |r >0, ki,...,k € No)g

be the Q-linear space spanned by regularized elliptic multiple zeta values. The Q-linear
subspace £4Z,qm C £4Z is defined by

EA Zwam = UMKy, .. k) |7 >0, ki, .o ke € N, by ke # 1)g.
For w > 0, we also define the weight-w linear subspaces (£42),, and (€4 Z,4m)w by
(E2Z)y = (I (K1, k) |7 >0, koo ke €No, by 4+ k= w)og,
(E4 Zoam)w = (I (k1, ... k) |7 >0, by, ke € Noy ki ke 1, k4 - + ko= w)o.

It follows from the shuffle relations that both £4Z and £42,4,, are closed under mul-
tiplication, and hence form Q-algebras.

Theorem 3.1 ([5]). As a Q-algebra, the following equality holds:
EAZ = E'Zpqm[I* (K1, ... ko) | 7 € No, ki,... ke € {0,1}].

The proof of Theorem 3.1 relies on the Fay relations given in Theorem 2.7. For full
details, we refer to [5].
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