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1 g¢-generalized (r, s)-Stirling numbers

Let [n], denote the g-number, defined by

q"—1

= 1).

o=t @7
Its g-factorial is given by [n],! = [n]4[n — 1],---[1], with [0],! = 1. Let r be a positive
integer. The ¢- Version of r-Stirling numbers of the first kind with higher level (level s)

are denoted by |[ ] , and appear in the coefficients in the expansion
(l,)(r,s) _ i(_l)n—k H:’n,:”(r,s) xk (1)
w k=0 kg ’

where for r,s > 1, (x )(T %) is defined by
(’"s).—:CH:C— (n>r)

with (m)ﬁ’jf) =2". When r = s =1, s,(n, k) = (=1)"F [Z]((Jl’l) are the signed ¢-Stirling
numbers of the first kind (see, e.g., [8]), and I[Z]q = [2](1’1)

, are the unsigned ¢-Stirling
numbers of the first kind. When r = 1 and ¢ — 1, [*]® = [*]"* are the (unsigned)

k
Stirling numbers of the first kind with higher level ([18]). When s = 1 and ¢ — 1,

HEIH Y’l) are the unsigned r-Stirling numbers of the first kind ([5]). When r =s =1

and ¢ — 1, [7] = [}] 5171) are the unsigned Stirling numbers of the first kind.
The g-version of r-Stirling numbers of the second kind with higher level are denoted

by {{Z}}ff’s), and appear in the coefficients in the expansion
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Whenr =1and g — 1, {{ . }}(S) = {{ " }};178) are the Stirling numbers of the second kind

with higher level, studied in [19]. When r = s = 1, Sy(n.k) = {1}, = (-1 * {3 "
are the signed ¢-Stirling numbers of the second kind (see, e.g., [8]). When s = 1 and
qg—1, {Z} = {{Z}}Yl) are the r-Stirling numbers of the second kind. When r = s =1

and g — 1, {}} = {{Z}}gll) are the classical Stirling numbers of the second kind.
From the definitions in (1), the recurrence relation is given by

[[Z]]Z) = HZ:H(M) +(n—1,)° [[”; 1}](“) (3)

q q

with

Hﬂj$20(0§k§nn2@,

n (T’,S) O (T7'5)
Hkﬂq (n < k), Hoﬂq

By using the recurrence relation (3), we have expressions with combinatorial summations
([10]).

Lemma 1. Forr <m <n-—1andr > 1, we have

nqes) =1\’ 1
[[m]]q B ( [r— 1](1!) Z ([il]q aE [im—T]Q)S .

r<i1<-<im-r<n—1

Forn—m>r andr > 1, we have

L TS ()

q r<i)<--<tm<n—1
= > ([i]qlia + g - [t + m = 1]4)°
r<i1 <2< <im<n—m
n—m im 13 12
=Y (lim+m=109)" Y (fima+m—2g)" Y (2 +1]g)* > _([ia]y)"

From the definitions in (2), the recurrence relation is given by

{i }}Z) - {{ i 1 }}:) + ([K])" {{ " : }} :) (4)

{{Z}}Z):o O<E<r—1 n>k), {{8}}“’8):1,

q

with
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The ¢-Stirling numbers of the second kind with higher level can be expressed in terms of
iterated summations.

Lemma 2. Forr+1<k<nandr >1,

)7 B 5 o
ce Z([T + 2]q)(i3—i2)s Z ([’f’ + 1]q)(i2—i1)5([r]q)ils .

Forn—k>r>1,

{{ n ﬁ k }} - - > ([ia]qlielq - - - linlq)” -

2 ¢-Stirling numbers and ¢-multiple zeta values

Several different types of g-multiple zeta functions have been studied by many researchers
(see, e.g., [4, 23, 27, 28]). In [24] the function

> 1
B, PP gy (L )
is proposed. In [10], in the course of studying generalizations of the classically famous
Stirling numbers and their transformations, we naturally came to consider the following
finite multiple zeta values. This is the case where the multiple zeta values mentioned
above are finite and with s = sy = s = --- = s,,. Namely,

Sgms) = Y . (5)

1<i1<ip < <itm<n—1 <1 o q11)5<1 - qzz)s T (1 - qzm)s

is considered.
By introducing g-generalized (r, s)-Stirling numbers |[Z]]((;’S
values of the g-multiple zeta functions in (5), it is shown that

3u(Gusm, 1) = — (”‘1) (6)

) and applying them to the

m+1 m

together with some more specific values. Here, ¢, = e2™~1/n ig the n-th primitive root of
unity. It is noticed that from the first identity of Lemma 1 we have the relation

1 =Y o0
DRl e ol s e vl Y

r<i;<io<-<im<n—1 q



3 Bell polynomials

We shall use the following expression (see, e.g., [7, p.247,(6¢)]).
Lemma 3. Letn, M and K be positive integers with M > K. For g, := a+aj+---+a}y,
we have
1
Z Ajy gy = Ajpe = EYK(gla _1!927 2!937 _3!947 s ) ;
1<g1 <ja< < <M '

where Y, (x1, X2, ..., x,) s the (complete exponential) Bell polynomial, defined by

tTL

o0 tm o0
exp (Z :cm%> =1+ ZYn(ml,xg,...,mn)m.
— ! !

n=1
That 1s,

Yn(xh Lo, X3,. .. 7wn)

E T e G ()
- ol g r\1r o) — !
k=1 i1+2ig++(n—k+1)ip_j11=n 12} In—k+1° 1! 2! (TL k+ 1)'

i1 +igtig+---=k

For two sequences ay = 1,aq,a9,... and by = 1,b1,bs,... we have the equivalent
expressions (see [11, 17]).

Lemma 4. The following expressions are equivalent.

s ¥ () ()

i1+2i2+---+7nim:m
01,89 5enes i >0

a 1 o --- 0

1 a9 aq

(2) by, = oo 0
Up—1 Qm—2 -+ ap m—1

Ay Amp—1 - Q2 ay

b1 1 o --- 0

2by by 1 :

(TL — 1)bn_1 bn_g tee bl 1

nb;, b1 - by by

(4) mby = (=1)" by
i=1



n—1

(5) an="> (=1 "'bjan_; + (=1)""'nb,

J=1

4 The value 3,((:; 1, s)

If g, is replaced by 3,,((,;1,v), then we have

30 (G, 1) = —— <n - 1)

m+ 1 m

- 1 3n(4n;1,1)>“ (_Sn(cn;lﬂ))"z
- i1+2i22+:...m ialig! - - ( 1 2
(3G L3N (3G LN
3 4

In general, we have

3n(Crym, s)

B 1 302G 1, )\ [ 30(Cus1,25)\ 2
= > il!igl-'-< 1 )(_T>

i14+2ig4--=m ‘ }
(300G 1 39)\ P [ FnlGui L 4s)\ "
3 4 ’

By using the Bell polynomials, we have

Theorem 1.
3n(Crim, s)
— %Ym (3n(Cas 1, 8), —113,(Ca3 1, 28), 213,(Cns 1, 38), —3130(Gns 1,48), . ..)) -

By using the equivalent relations in Lemma 4 below, we also have the following deter-
minant expression.

Theorem 2. For integers n,m with n > 2 and m > 1, we have

3n<§n;m7 5)
3n(Cn; 1, 8) 1 0
1 3n(Cni 1, 25) 3n(Cni L, s) 2
= : 0
Bn(Cn;lv(m_l)s) 3n(én§1u(m_2>s 571((71;173) m—1
3n(§n,17m5) Bn(Cnalu(m_ 1)3 5n(<n7172s) 377,(477,7178)



Theorem 3. For integers n,m with n > 2 and m > 1, we have

3n(Cns 1, ms)
3n(Cns 1, 8) 1 0
23,(¢n:2,9) 3n(Cni 1, 8) 1

= : 0
(m_ 1)3n<§n7m_ 175) 3n<§n;m_275) 3n(<n7178) 1
m3,(Cym, s) 3n(Cuym—1,8) -+ 3.(G;2,8) 3n(Cal,s)

If we put s = 1 and m is replaced by s in Theorem 3, by using (6) we have the
determinant formula for 3,(¢,; 1, s).

Corollary 1. For integers n,s with n,s > 2, we have

nl 1 0
5(5) s :
3n(Cnil,s) = : 0
o e ) B
5—03—1 (n ) ;(Z—l) §(n2 ) %

5 The value 3,((,;m,s) for s =2,3

We can show an explicit formula for 3,,((,;m, 2).

Theorem 4. For a positive integer m, we have

semd = () e (200)).

Remark. For m = 1,2, 3,4 we have

a«mLm:_ﬂn—ZW—@,
3.(i2,2) = 2(n—1)(n — 22(!79 —12n +47) |

3,(n; 3,2) = 2(n—=1)(n—2)(n— 3)(;3 —22n2 + 179n — 638) |

3a(Cuid,2) = 2= D =D =3 = 4) (nio_, $on° 4 485n” — 33950 + 1274)

It is easy to predict the form of 3,,((,;m,2) for general m. However, what are the final
factors of the molecule, n — 5, n? — 12n 447, n® — 22n? +179n — 638, n* — 350 + 48512 —
3325m + 11274, ... 7 In fact, they are included in the sequences [22, A177938,A054655],
which can be written in terms of the r-Stirling numbers of the first kind. See Corollary 2.
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Corollary 2. For a positive integer m, we have

m (m+1,1)

!
@m+2!\ m )&= m+k+2],

We can also obtain an explicit formula of 3,,(¢,; m, 3).

Theorem 5. For a positive integer m, we have

3n(Guim, 3)
~wm 1 () * (o))

m+1
_iLiJm—XQk:+12fi(_3)m—2k—i+1 m—k+I1\N/m-2k+1\/n+m-—2k—3
n2 e - m—Fk+1 k i 3Im—3k+2 )

For the moment, we cannot find any simplified form of the second term.

By a similar technique as in the proof of Theorem 4, it seems possible to obtain
an explicit expression of 3,(¢,;m,4) too. However, the calculation to obtain a general
formula is more difficult than one might imagine.

6 Some generalized functions

The function in (5) can be modified or generalized in several directions. When gener-
alizing, it is also important to note that there exist corresponding generalized Stirling
numbers.

In [12], we considered the function

Ngms) = Y .

R e (1 _ qil)s(l _ qiz)s e (1 _ qim)s

and obtained explicit expressions of 3%((,;m, s) for some m and s. We used some prop-
erties of complete homogeneous symmetric functions.
In [20], we studied the function

1
tn(q’m’ 5) = Z 2i1—1)s 2i9—1)s 2im—1)s
reiiciiecn oy (L= @7 (1 = g7 ) e (1 = g2
and obtained the explicit polynomial forms when ¢ = (5,. This function has some close
relations with B-type g-generalized Stirling numbers ([3, 14]). In [6], this function was
further generalized as

1
tn,N,a(C]; m, 5) = Z (1 — qul—N+a)s(1 _ qug—N+a)s .. (1 _ qu'm—NJra)s

1<i1 <o <-<itm<n



and obtained the values when ¢ = (y,. Here, N and a are integers with N > 2 and
0<a< N.
Another approach is to consider the alternating sum. In [16], we studied the function

(—1)irtiz+tim

(1 — qil)s(l — qiz)s .. (1 _ qim)s :

3n(g;m, ) == >

1<) <ig<-<im<n—1

This function has some close relations with alternating Stirling numbers. See [22, A140956]
though the plus and minus are reversed. Then, in [15], we studied alternating g-multiple
t-function of general level

(_1)i1+i2+"'+irn

tn,N,a(q; m, 5) = Z (1 _ qul—N+a)s<1 _ q2i2—N+a)s L. (1 _ q2im—N+a)s

1<i1 <ia < <im<n

7 Some ¢g-multiple zeta functions whose denominator powers are
not uniform

We can consider a more general function

3n(q;s 81,82, ., 8m) = > . - (7

1<i) <ig < <im<n—1 (1 o qil)Sl(l o q12)52 o <1 o qi?ﬂ)Sm

In previous papers [6, 12, 13, 15, 16, 20], we have treated the function when s = s; =
- = Sy as 3u(gsm,s) = 3.(q¢;;s,...,8). One reason for doing so was the background

m
correspondence with Stirling numbers and their generalizations.

In fact, when the values of sq,...,s,, are not uniform, it is difficult to study because
we cannot directly use the properties of Stirling numbers or symmetric functions. Fur-
thermore, since we are taking ¢ as a root of unity, it is rare for the values to be purely
real, and an imaginary part appears, which is very cumbersome to handle. There are also
several related conjectures in [2], but they do not seem to have been proven yet.

In fact, it seems quite difficult to provide explicit polynomials for individual multiple
zeta values, but it appears that explicit formulas can be obtained for their sum or average.

For convenience, put

yn(sl,...,sm) = Z Bn(Can-):
TE(81,52,...,8m )

where the sum is taken over all distinct permutations of {s1,$2,...,Sm}.
Then, one of several new results is as follows.

Theorem 6. For an integer v with 0 < r < m, we have

bt =g (7) () 70 (i)



Remark. When r = 0 in Theorem 6, we have

yn<1,...,1>=3< " ):;(nn—ll) = 3G 1),

——— n\m-+1 m—+ 1

which is (6), that is, [10, Theorem 9.
When r = m in Theorem 6, we have

e E—— U )]

m

which is the identity in Theorem 4, that is, [13, Theorem 5.

Examples. When n =7, m =5 and r = 3, we have

Va(2,2,2,1,1)

= 3n(Gn532,2,2,1,1) + 30035 2,2, 1,2, 1) + 30(Gn53 2,1, 2,2, 1)
+30(6n351,2,2,2,1) + 30(6n532,2,1,1,2) + 3,(Ge552,1,2,1,2)
4+ 30(Gas51,2,2,1,2) + 3,(6552,1,1,2,2) + 3,(Gas 3 1,2, 1,2, 2)
+30(Gn;51,1,2,2,2)

= (—0.0853489 + 0.241918v/—1) + (0.116855 4 0.296646v/—1)
+ (0.214286 + 0.115717y/—1) 4 (0.112724)
+ (0.51392 + 0.406544y/—1) + (0.510709)
+ (0.214286 — 0.115717v/—1) 4 (0.51392 — 0.406544+/—1)
+ (0.116855 — 0.296646+/—1) + (—0.0853489 — 0.241918v/—1)

= 2.14286 .

On the other hand, by (S) =0

SO0 () -3

When n =17, m =5 and r = 3, we have

Wi2(2,2,2,1,1)

— (238.473 — 467.725v/—1) + (101.801 + 878.455v/—1)
+ (—104. — 313.494v/—1) + (20.7385)
+ (—446.473 + 3423.97y/—1) + (—640.34)
+ (—104. + 313.494y/—1) + (—446.473 — 3423.97/—1)
+ (101.801 — 878.455v/—1) 4 (238.473 + 467.725v/—1)

= —1040.

On the other hand,

1 5 16 16 10 - (4368 — 11440) 28585
4.17(3> ((5)“ )<9>> 117 7 040
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