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A RELATION BETWEEN THE RIEMANN ZETA FUNCTION AND
THE FRACTIONAL PARTS OF A GEOMETRIC PROGRESSION
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ABSTRACT. Kanado and the author found a relation between the Riemann zeta function
and the fractional parts of a geometric progression. Furthermore, we obtained a criterion
for the normality of algebraic numbers via the Riemann zeta function. In this paper, we
aim to give a simpler proof of the relation in easier cases.

1. INTRODUCTION

Let z > 0 and b € Z>5. We expand x as

o0

r=Y b, (g e€{0,1,...,b—1}),
which is called the base-b expansion of x. We say that x is simply normal in base b if for
every a € {0,1,...,b— 1}, we have

Furthermore, we say that x is normal in base b if z is simply normal to base b* for every
k € Z~o. Borel introduced the notions of simple normality and normality in [Bor09]. He
[Bor50] conjectured that all algebraic irrational numbers are normal in any base at the
same time. However, we do not get any examples of normal algebraic numbers. We can
not determine whether a given non-artificial number is normal or not. We refer [Bugl2]
to the reader who wants to study normal numbers.

In our previous research [KS25], we discovered a relation between the simple normality
of 2P/ and the Riemann zeta function. Before asserting the results, ((s) denotes the
Riemann zeta function, and {z} denotes the fractional part of z.

Theorem 1.1 ([KS25, Theorem 2.1)). For all co-prime integers p and q with 1 < p < q
and for all b € Z=o which is not a q-th power of an integer, we have

l 1 2min'\ e2mne/e
Z {bd+p/q} =355 Z ¢ ( ) +0p40(1) (asl— 0).

log b n
0<d<li 1<|n|<b!

Corollary 1.2 ([KS25, Theorem 1.1]). Let p and q be co-prime positive integers. Then,
2P/ s simply normal in base 2 if and only if

6271'mp/q

1 2min
115237 Z C(logZ) n =0
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We [KS24] improved our results from the simple normality of 27/ in base 2 to the
normality of general algebraic numbers in any base. The Benoulli polynomials play a key
role in this generalisation. We define the Bernoulli polynomials By(x), Bi(x), ... € Q[x]
by the coefficients of the Maclaurin expansion of the following generating function:

te® o= Bi()

= — gk
et —1 — k!
For example, By(z) = 1, Bi(z) = x — 1/2, By(x) = 2*> — x + 1/6. It is well-known that
. (k+1)! e2mion
(1.1) By({z}) = —]}@OOW sy
1<In|<N

for every k € Z>o. We [KS24] showed the following relation between the weighted discrete
mean value of ((s) and the mean value of the Bernoulli polynomials over the fractional
parts of a geometric progression.

Theorem 1.3 ([KS24, Theorem 2.2]). Let k € Zq, let d > 0 and 0 be real numbers.
Then for every integer N > 2, we have

(k; + 1)[ . 627ri6‘n

1<[n|<N
=—d" > Bena({e""}) + Oy ap(loglog N).
0O<h<dlog N

We also obtained a similar result for £ = 0 (see [KS24, Theorem 2.1]), but the big-O
term should be replaced by

; 1 2/3 5/9
Odv"( > mm(l’ He(h—l—é‘)/dHNe—h/d) + (log N)*/*(loglog N)** ).

0<h<dlog N

In [KS24], we simultaneously treated both cases k > 1 and k& = 0. The case k = 0 is much
more complicated than k& > 1 because the Fourier expansion of Bj(z) is not absolutely
convergent (see (1.1) with £ = 0). Thus, in this article, we aim to focus only on the easier
case k > 1 and give a simpler proof.

Combining Theorem 1.3 and the result for £ = 0, we found a criterion for the normality
of algebraic numbers via the Riemann zeta function.

Corollary 1.4 ([KS24, Corollary 1.2]). Let « be a positive algebraic irrational number.
Let b be an integer greater than or equal to 2. Then « is normal in base b if and only if
for every integer k > 0, we have

2min 6271"11n log,
—k = 0.
2 C( + logb) e

There are many analogues of a relation between special values of the Riemann zeta
function and the Bernoulli numbers. Theorem 1.3 can also be categorised as this analogue.

It is natural to extend our result to other zeta functions. Let us propose the following
related question for the readers.

Question 1.5. Can we prove an analogue of Theorem 1.3 for other zeta functions such
as the Dirichlet L-function, Hurwitz zeta function, Lerch zeta function, automorphic L-
function, Dedekind zeta function, p-adic zeta function, Multiple zeta function, and so
on?

2
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Notation 1.6. For every set A C R and a € R, we define A5, = {x € A: © > a}. We
also define A, in a similar manner. Let e(x) = ¢*™* and let log, z = (log x)(logb).

We say that f(z) = g(z) + o(h(z)) (as  — o0) if for all € > 0 there exists zy > 0 such
that |f(x) — g(x)| < h(z)e for all z > xy. If xy depends on some parameters €, ay, .. ., a,,
then we write f(z) = g(z) 4 0q,....a, (R(x)). We also say that f(x) = g(z)+O(h(z)) for all
x > xo if there exists C' > 0 such that |f(x) — g(x)| < Ch(z) for all © > . If C' depends
on some parameters ai, .. ., a,, then we write f(x) = g(x) 4+ Oy, .4, (h(z)) for all z > .

We note that f(X) < ¢g(X) and f(X) <a,...a, 9(X) as f(X) =O0(g(X)) and f(X) =
Oay....an(9(X)) respectively, where g(X) is non-negative. In addition, we write f(X) <
g() it F(X) < g(X) < F(X).

2. AUXILIARY LEMMAS

Lemma 2.1 ([Tit86, (2.1.8) and (4.12.3)]). For every s € C\ {1}, we have ((s) =
X(8)C(1 — 8), where x(s) = 2° 'w®sec(ns/2)/T(s). Further, for any fized o € R and for
sufficiently large t > 1, we have

x(o +it) = (2 /) T2 iltm/a) (1 + O (%)) .

Lemma 2.2. For all a,b € Z and finite intervals I C Z with length L > 2, we have

JRE

hel
Proof. By the periodicity of e(-), we have

bia/ab > el—ha) dSC:/Ol > e(—hx)

hel hel

L1 1-L~1 1
= (/ +/ —|—/ ) min(L, ||z|| ') dz
0 L1 1-L-1
L= 1 1/2
:L</ +/ )dx—i—Q/ x ldx
0 1-L-1 L1

< log L. O

Lemma 2.3 ([Tit86, Lemma 4.2]). Let f(x) and g(x) be real functions defined on [a, b].
Assume that f(x) and g(x) are twice differentiable on [a,b], and g(x)/f'(x) is monotonic

throughout the interval [a,b]. Suppose that there exists M > 0 such that for every x € [a, b],
we have |f'(z)/g(x)| > M. Then

| / g(0)e(f(x))da

Lemma 2.4 ([Tit86, Lemma 4.4]). Let f be a twice continuously differentiable real func-
tion defined on [a,b]. Suppose that there exists X > 0 such that for every x € [a,b], we
have

dx < (b—a)log L.

1
dx <</ min(L, ||z||~!)dz
0

<<1
U

()] > 252
Then,

b
[ eltands <2,

3
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where the implicit constant is absolute.

Lemma 2.5 ([Tit86, Lemma 4.5]). Let f(x) be a real function, twice differentiable, and
let f"(xz) > 1 >0 or f"(x) <r <0, throughout the interval [a,b]. Suppose that g(z)/f'(x)
is monotonic and |g(x)| < M. Then

/ g(@)e(f(z) < M2,

Lemma 2.6 ([Tit86, Lemma 4.10]). Let f(z) be a real function with a continuous and
steadily decreasing derivative f'(x) in (a,b), and let f'(b) = «, f'(a) = B. Let g(x) be
a real positive decreasing function, with a continuous derivative g'(x), and let |¢'(x)| be
steadily decreasing. Then

Y ey = Y [ ol - hos

a<n<b a—n<h<B+n

+0(g(a)log(8 — a+2)) + O(|g'(a)]),
where 1 1s any positive constant less than 1.

Lemma 2.7 (Stationary phase integral [Hux94, Theorem 2]). Let f(u) be a real function,
four times continuously differentiable and let g(u) be a real function, three times contin-
uously differentiable on the interval [a,b]. Let Ty, Ty, L1, Lo, B be positive parameters
with Ly > b — a. Suppose that for all x € |a,b] we have

f'(u) < =Ty/(B>LY)
and
fP )| < B'T/Ly, 199 (u)| < B*Ty/Ls

forr=2,3,4 and s =0,1,2. Assume that f'(u) changes sign from positive to negative at
u=c witha <c<b. If'T} is sufficiently large in terms of B, then we have

[ stwetsuan = LALO U g0l 0) _ lokelflo)

|f"(C)| + 27TZf/(b) 27Tif/(a>

B*LAT:
+0< 2 2((0—@)_3+(b—c)_3)>
Tl
BBL,T, L \?
L0 (_Tfﬂ (Hm) |

3. PROOF OF THEOREM 1.3

Let o, d, and 6 be positive real numbers. We set

o e(On
Sy = Z ((—o + 2midn) n(1+a>

1<n<N

for every positive integer N. We consider o, d, and 6 as constants, and so we omit the

dependency of these parameters.
4
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Step 1: Applying the functional equation. By applying Lemma 2.1, for every ¢t > 1,
we obtain

((—o + 2midt) = x(—o + 2midt)((1 4+ o — 2mwidt)
— (dt)" 2T it/ (1 4 o — 2idt) (14 O (1/1)).

By o > 0, the error term is

< trr+27ridt+1/2€i(27rdt+ﬂ'/4)C(l +o— 27T2dt) (1/t) <, t_1/2+0.

This implies that
e(0n)

nlt+o

Sy = Z (dn)a_zm'dnﬂ/2 !t/ (1 4+ 5 — 2midn)

1<n<N

+O(1)

e(log() +0n)

nl/2

=D Y ((1+ 0~ 2ridn)

1<n<N

where D = d°1/2¢(1/8). By the definition of ¢, we obtain

+0(1),

[e.9]

C(I—I—U—Qﬂidn):Z;:EMa

m1+0'—27rzdn ml-‘,—d
m=1 m=1

and hence

dnl On) >
Sy =D Z e(dnlog(F-) + On Zednlogm o)

1/2 140
1<n<N n / m=1 mit
1 e(Fm(n))
=D i 2 i TOW),
m=1 1<n<N

where Fy,() = dalog(%) 4 0.

Step 2: Transforming the exponential sum to an exponential integral. A simple

calculation leads to
m
F =dl — 0.

By applying Lemma 2.6 with a == 1, b:= N, g(x) :== 272, and f(z) = F,,(z), we have

e(F,,(n — hx
Z % - Z / xl/z )dx

1<n<N a—n<h<fB+n
+ O(log(B — a+2)) + O(1),

where 7 is any positive constant < 1, and we set

a=alm)=F (N)=dlog (%) +0,
(3.1) vd

3= B(m) = F,(1) = dlog (E> 4.
Since

g—a=d <log(%> log<dn]z[)> = dlog N,
5
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we obtain
e(Fn(n)) hz)
Z — = Z x1/2 dz + O(loglog N).
1<n<N a—n<h<pB+n
Therefore,
(32)  Sy=D Z > / 1/2 ") g2 1 O(loglog V).
a—n<h<p+n

Step 3: Truncating the range of the integral. Let X be a parameter of a positive
integer satisfying 2 < X < N'/2. We will choose X as a sufficiently large positive constant.
In this step, we show that

(3.3) Sy = DZ m1+a Z / xl/Q )dx+O(X1/2 loglog N).

a—n<h<p+n

To prove (3.3), we see that

Z / 1/2 — hz) dx

a—n<h<p+n
Z e(—hx)

< /1 pey
a—n<h<B+n

min(2",X)
< E 27T/ /
2

r—1
log X
1<r<| looggg 1

dz.

Z e(—hx)

a—n<h<p+n

Therefore, since the length of the interval of h is < log N, Lemma 2.2 leads to

S o /2 S e(—ha)

r—1
1<r<[P23] a—n<h<p+n

min(2",X)

dx

< Y 2loglog N < X'?loglog N.

log X
1§7”§f100g?]

Step 4: Restricting the range of h. Let
(3.4) B = B(m) = dlog (m/(dX)) + 6.
In this step, let us show that

> / 1/2 —h) e

a—n<h<a+2d

N e(F, hx
3 (Fin(z) — hz)

21/2

(3.5)
dx < X'?log X.

B—2d<h<B+n

To show these estimates, let

F(z) = frn(@) = F(z) — ha = dzlog ('Zj) 40— R,
6
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and it follows that

(3.6) fru (@) = dlog (- = )+,
(3.7) fmn(x) = —d/z.
Further, we set

(3.8) §=&nn= ¢ Zetn-0/d,

By a simple calculation, we have f{nh(:c) =0 <= z = ¢&. Furthermore, let

G(z) = xl/Qf,’n,h(x) = /2 (dlog <d ) +0— h)

Then we have

G'a) = —

1 m
1/2
S fra@) + 22 () = S (dlog (=2 ) +0— k).
Therefore, we obtain the following equivalences:
Gz) >0 <= z<¢  Gu)>0 < z<e %,

which implies that G(z) is

(1) positive and increasing on (0, e~%¢);

(2) positive and decreasing on (e™2¢, €);

(3) negative and decreasing on (&, 00).

In the case @« — n < h < a + 2d, we have

dlog(dN)—l—Q 7]<h<dlog(dN)+9+2d — Ne?< &< N,

We decompose the integral as follows:

/N e(f(@),, _ /N (f@), /N Vo) -1y 41y,

< xl/? . o2 iy T2

For Ty, the inequality e N < e~2¢ implies that G(z) is positive and increasing on
[X, e N], and hence
G(2)] = G(z) = G(X).

Lemma 2.3 leads to . .
T, < = B <1
PTGX) T X125 - h)

fora—n<h<a+2d.
For Ty, by partial integration,

fo= o [ el NN ey [ ([ ety
[ e+ [ | [ s

—iN —1N
By Lemma 2.4 and (3.7), we obtain Ty < 1. Therefore, we get

Z / 1/2 )dx<<1.

a—n<h<oa+2d°

< N~1/? dz.
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In the case 3 — 2d < h < 8+ 1, we have

dlog (dTZ(

We decompose the integral as follows:

/N e(f(@), /ef‘X (/@) /N @)y . F 41,

< T2 X 21/2 sy w12

)+e 2d<h<dlog( )+e+n e o< £ < XeR

d

For Zjl, by using the trivial estimate, we have T} < X'/2.
For Ty, the inequality £ < e?X implies that G(z) is negative and decreasing on [e3 X, N],
and hence

|G(z)| = —G(x) > —G(*X).
Lemma 2.3 leads to
1 1
= = <
—G(e3X)  e32XV2(h— (B —3d) X2

T, <
for B—2d <h<f+ 1. Therefore, we get

N J—
3 @) =he) ) 12100 x

i 71/2
B—2d<h<pB+n

since 8 — B = log X.

Step 5. Decomposing the integral. Combining (3.3) and (3.5), we have

—h
Sy =D Z m1+a Z / x1/2 %) dx

a+2d<h<f—2d

+0 <X1/2 loglog N + X'/%log X) .

We observe that
a+2d<h<f—2d — Xe*< &< Ne?

Let ¢ be a positive real parameter in (1/loglog N,1/2), which will be chosen as a suffi-
ciently small positive constant. We now decompose [X, N| into 4 intervals as follows:

[X, N] = [X,e %] Ule ™, (1 = 0)] U [(1 = 0)&, (1 +8)g] U[(L + )¢, V]
= 11U12U13U14.

In this step, let us show that

F _
(3.9) Z e(m() hx)dx < X Y2loglog N.

L UILUI /2
a+2d<h<f—2d4 " 1- 2

On [, the function G(z) is positive and monotonically increasing on [;. For each
he€(a+2d,—2d)NZ and z € I}, we have

G(2)] = G(z) > G(X) = X1/2(d1og(dX)+9 h):XW(B—h).
8
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Therefore, Lemma 2.3 leads to

e(F(z) — hx) X-1/2 12
Z ; Y5 dr < Z 5n <X loglog N.

On Iy, the function G(x) is positive and monotonically decreasing on 5. For each
he€(a+2d,—2d)NZ and = € I, we have

— G(x) > G((1 - 12 (dlog [ ) +0—n
610 = Gla) = G((1- 0)6) > € (o (52552 ) +
> 5612 > §m 201/ D).
Therefore, Lemma 2.3 leads to
e(Fn(z) — hx) 1 h—6)/(2d
Z /1 xl/2 dv < dml/2 Z eI
a+2d<h<f—2d " 2 a+2d<h<f—2d

(B-6)/(2d)
omiz€ < S5X1/2
where we apply 0 > 1/loglog N to the last inequality.

On Iy, the function G(z) is negative and monotonically decreasing. For each h €

(o +2d,5 —2d)NZ and x € I, we have

|G(z)| = —G(z) > —G((1 + 6)¢) > ¢Y/? (dlog (W) +h— 9)

a+2d<h<fB—2d a+2d<h<B—2d

< < X 2]oglog N,

> 06Y2 > omt/ 20—/ ()

Therefore, similarly with I, Lemma 2.3 leads to

3 (@) = ha) ) x-1/210g10g N,

1/2
Is zt/

a+2d<h<B—2d

which completes (3.9).

Step 6: Applying the stationary phase integral. By combining (3.3) and (3.9), we
have

> (1+0)¢ —
Sy =D Z 1 Z e(Fy,(z) — hx) i
m=1

1 1/2
mi+e g ) (1-90¢ z!/
a+2d<h<f—2d

(3.10)
+0 (XW loglog N + X'/2log X) .

The goal of this step is to show

Sy=D 2_:1 m11+0 Z e(—1/8)d?e(d¢)

a+2d<h<B—2d

(3.11)
+0 <5—3X—3/2 + X 12571+ X2 loglog N + X2 log X) .

For applying Lemma 2.7, let g(z) = z7/2, and on I3 = [(1 — )&, (1 + 0)&], the following
properties hold:

o fO(2) = —d/z =& =¢/€;
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o Ly (@)] <, €7 = ¢/€7 for r = 2,3,4;

o [gW(2)| < &7V =12 e for 5 =0,1,2;

e f'(x) changes sign from positive to negative at z = £ by (3.6);

e ¢ is sufficiently large in terms of d, o, and € because & > Xe?.
Therefore, by Lemma 2.7 with

(@) = fun(@), glz)=2""2 a=(1-08¢ b= (1+0)¢
Ti=¢ T=¢" Li=Ly=¢ ci=¢

we have

[ Ale) ), PO 1) 0 e

(1-0)¢ l’l/Q |f”(£)| 27TZf/(b) QWif/(CL)
d¢—1/ Y
(£ o (£E2).
In addition, we obtain
b~ e(f (D)) B a 'Pe(f(a)) —1/2( 1 1 ) ~1/25-1

mip®) | mipl o \F@+o9l a-sor) ¢ 0

and the other errors are
-1/ L1/
54121 25—35—3 + 5 ;{;/21 ’ < 5—35—3/2 + 5—17

and hence f(£) = d€ implies that

(140)¢ I3 o ) )
/ 6( m(::i)/Q hx)dl’ _ 6(—1/8)d_1/26(d€) + O<5—5€—5/2 + 6_1/25_1> )
(1-6)¢

For any fixed a > 0, we obtain

a d o, ¢ I m*

a+2d<h<B—2d a+2d<h<B—2d

Therefore, the proof of (3.11) is complete.

Step 7: Switching the sums and completion of the proof. By (3.11), we obtain

SR | _
= M (Tl
m=1 a+2d<h<B—-2d

+0 (5—3)(—3/2 + X267 4+ X2 loglog N + X2 log X) .

We decompose the interval [1, 00), which is the range of m, into
[1,dXe* Y4 U (dXe* %4 dNe 2791 U [dNe 27 o).
If 1 <m < dXe*?%¢ then B — 2d < 0. In this case, we obtain
1 B logm + log X
(6—h)/d = A Bl = Sl
> e 2L cmeVh <R s

1<m<dXe2—0/d B—2d<h<0 1<m<dXe2—0/d

< log X.

10
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If dXe> %4 < m < dNe 279 then 8 — 2d > 0. In this case, we similarly obtain

1 logm + log X
(0—h)/d et = et =Tl
2 i 2 dmeT < 2 e

dXe?=0/d<m<dNe—2-0/d 0<h<f—2d dXe?=0/d<m<dNe—2-0/d
< log X.

If m > dNe 277 then a4 2d > 0. In this case, we obtain

S LY e ¥ BV

m>dNe—2-0/d a+2d<h<f—2d m>dNe—2-0/d

Therefore, setting M = dNe 294 we have

Sy =d’ Z m11+°' Z e(me(e_h)/d)

1<m<M a+2d<h<0

+0 <5—3X—3/2 + X7V257 4 X2 1oglog N + X% log X) .

Recalling that a = a(m) = dlog(7%) + 6, we get

> o X e (me

1<m<M a+2d<h<0
e (me(e—h)/d)

= Z Y. — o

1)+2d<h<0 1<m<Meh/d
e (me(e—h)/d)

= > Y. — o),

—dlog N<h<0 1<m<Meh/d

Since
o(0— h)/d) »
)RD DI i P ST
—dlog N<h<0 m>Meh/d —dlog N<h<0
by exchanging h with —h, we have
me(t‘H—h)/d)

sy-a - el

0<h<dlog N m=1
+ O<(53X3/2 + X V2571 4 X2 )oglog N + X 1/2 logX).

By choosing ¢ as a sufficiently small fixed positive real number and X as a sufficiently
large fixed positive integer, we obtain

m o(0+h) /d)

Sy =d’ Z Z " + O(loglog N)

0<h<dlog N m=1
By substituting ¢ = k, we obtain

me 0+h) /d)

0
Y g(—k+2mdn)€7§133 = Y Z — 5 + Olloglog N).

1<n<N 0<h<dlog N m=1
11
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The Schwarz reflection principle yields that
‘ 6(9”) e me(@-l—h)/d
Z C(—k + 2midn) v d" Z Z % + O(loglog N).

1<|n|<N 0<h<dlog N |m|#0

The Fourier expansion of By, 1(x) (see (1.1)) completes the proof.
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