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KP CONJECTURE AND BERNOULLIZATION MAP

TUERRS: - BT EseAr L
Go Yamashita

Research Institute for Mathematical Sciences, Kyoto University

This article is a summary of the author’s talk, which is based on joint work [YY] with S.
Yasuda, presented at the conference “Analytic Number Theory and Related Topics 2025”
(October 14-15, 2025) at RIMS, Kyoto. We omit the proofs of the main results (see [YY]
and [Y] for details). Instead, we include many examples of holomorphic extensions of the
Bernoullization.

CONTENTS
1. Introduction. 1
2. Proof of KP conjecture 5
3. Series extension of Bernoullization map 5
4. Integral extension of Bernoullization map 7
5. Proof of complex KP conjecture 9
6. Maps other than Bernoullization 10
7. Further work (in progress) 11
References 11

We write N := Zsq. Let (2), := x(x+1)--- (z+n—1) denote the Pochhammer symbol
for n € N. We write n! := ng!---n,,!, and |n| := ng+- - -+n,, forn = (ng, ..., n,) € N+

1. INTRODUCTION.

We define the Bernoulli numbers B, (n > 0) as ) ., B, Y = 2t je., we use the

n! et—17
convention of By = +3. We also define the Bernoulli polynomials B, (x) (n > 0) as
> om0 Ba(2)5 = etfjtl. Let Q[B] denote the polynomial ring of a formal variable B with
coefficient Q. We define the Bernoullization map to be the Q-linear homomorphism
Ber : QB] - Q

determined by Ber(B™) := B, (More generally, in Section 6, we will also consider any
R-linear homomorphism ¢ : R[B] — R for a commutative ring R containing Q). We also
extend Ber to Ber : Q[B][[t]] — Q[[t]] by the Q][¢]]-linear manner. Then, we have
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Note that Ber((B — 1+ a)") = B,(a), since Ber(e(P~179") = (- 1+ Bey(eft) = L&
Classically, this map is studied in the context of the umbral calculus, where one infor-

mally writes it as “B™ = B,,” with the convention of By = —%, and expresses, for example,

the recursive identity » ", ( )B; = 0 of Bernoulli numbers for n > 1 as (B + 1)" = B",

the relation B,,(z) =Y ., (’Z B;x™~* with the Bernoulli polynomial as B, (z) = (B +z)",
and the sum formula }_" | i* = k+1 S T B (n )Rt as 30 ik = fonH(B—I—I)kd:E

(]
under the convention of B; = —5.

For n € N and n = (ng,...,n,) € N*™ we write
B)y
P.(B) := (n'> ., Pu(B):=P,(B)---P,, (B).

In their studies of linear independence results on special values of the p-adic Hurwitz zeta
function, Kawashima-Poéls proposed the following conjecture:

Conjecture 1.1. (Kawashima-Poéls, [KP, Conjecture 8.13]) For any n € N™*! with

m > 1,
On :=d t(B < “ . P)>> _mn! _
On 1= de er =
dB’ 0<i,j<m—1 (m + [n)!
holds.
Note that there are m + 1 parameters (i.e., ng,...,n,,) in the m x m-matrix case.

The reason for the number of parameters comes from Kawashima-Poéls’ studies of Padé
approximation of the p-adic polygamma functions, and this number of parameters is
crucial for the theory (see also [YY, Corollary 2.6, (ii), and Lemma 3.13, (ii)]).

One of the main results of [YY] is the following:

Theorem 1.2. ([YY, Theorem 2.9]) Conjecture 1.1 is true.

Remark 1.2.1. Kawashima-Poéls proved ©,, # 0, which implied some Q-linear inde-
pendence results on special values of p-adic Hurwitz zeta function by constructing Padé
approximants of p-adic polygamma functions.

Theorem 1.2 gives us the following corollary which was also conjectured by Kawashima,
in a private communication, from the point of view of multivariable beta functions:

Corollary 1.3. (Distribution relation, [YY, Corollary 1.3]) Forn € N™*! withm > 1,
we have O = Oni10,..0) +* + Oni,..01)-

Next, in [YY], we extend, in two ways, the definition of the Bernoullization map from
the polynomials in B to holomorphic functions in B satisfying certain conditions.

e One extension, which is called series extension and denoted by Ber*, is mo-
tivated by the fact that the Bernoulli numbers appear in the special values of
Riemann’s zeta function at negative integers, as ((1 — n) = —£2. (Philosophi-
cally, this motivation comes from “Re(s) < 0”.)

e The other extension, which is called integral extension and denoted by Ber/ )
is motivated by the fact that the Bernoulli numbers appear in the solution of the
classical difference problem for polynomials, i.e., for a given polynomial f(z), to

. n __ Bn Z‘+l
find a polynomlal F(z) such that f(z) = F(z + 1) — F(x), as 2" = % —

Bn+1

e ) (Philosophically, this motivation comes from “Re(s) > —17.)
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e We also show that, in the overlap of the domains of the definition of two extensions
of the Bernoullization map, the Bernoullization maps coincide (Belr2 = Ber/ )
which is called the comparison theorem (see [YY, Corollary 3.12]).
See Section 3 and Section 4 for the details of the definitions of the extensions.
We give an example of the holomorphic extension of the Bernoullization map:

Ber™(—log B) = Ber/ (—log B) = 7,

n 1

where v = lim, (31, 7 — logn) is Euler’s constant. More generally, B'(log B)’ is
related to the j-th derivative of Riemann’s zeta function at s = 1 —i. More precisely,
when i > 0 (resp. i = 0), for the unique f(B) € Q- B'+Q- B'log B+---+ Q- Bi(log B)
with 4L = Bi~(log B)? (resp. f(B) = (log B)?), we have

(=11~ ), if >0,
(1) _ (s —1)¢(s)), if i=0.

Next, we consider the complex extension of the KP conjecture. Note that P,(B) can
be extended to a holomorphic function

(1) Ber™(f(B)) =Berl (f(B)) = {

I'(B+s)
I'(B)I'(s+1)
in Bon C\ (—s+ Z<) for s € C\ Z.og. We write

Ps(B) := Py, (B)--- Ps, (B)

for s = (sg,...,8m) € (C\ Z-o)™. We also write s! := I'(sg+ 1) ---I'(s,, + 1), and
Is| == so+ -+ + sm. Fors € C\Rc_y and 4,5 > 0 with Re([s|) < ¢ — j, we can
also see that -L(Ps(B)P;(B)) is in the overlap of the domain of the definition of two
extensions of the Bernoullization map, hence the comparison theorem is applicable to it,

and, by the meromorphic continuation (cf. Section 3 and 4), we have Berz(dd—;i(Pst)) =

P,B) :=

Ber/ (dd—;i(Pst)) as meromorphic functions on C™*1.

The second main result of [YY] is the following:

Theorem 1.4. (complex KP conjecture, [YY, Theorem 3.20]) For m > 1, we have
‘ m!s!

d
O = det <Berf ( - (P, P; )) = —
dB? (F:F5) 0<i j<m—1 (m + |s|)!

as meromorphic functions on C™*1,

The original KP conjecture, which is now a theorem, gives us systematic determinan-
tal relations among Bernoulli numbers, and, by analytic continuations, the complex KP
theorem gives us systematic determinantal relations among some special functions. For
example, in the case where m = 1, by combining the comparison theorem, we obtain the
following identity

(8)n(t)n
B(s,t)=—Y S (s +n) +(t+n) — 20(n + 1))
n>0
for (s,t) € (C\ Z<p)? with Re(s+t) < 2, where B(s,t) is the beta function, and (s) :=
LlogI'(s) = ?/((j)) is the digamma function. After the author’s talk in the conference, W.
Zudilin kindly pointed out to the author that this equality could be shown by using Gauss’
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hypergeometric function Fj [“l’b}. The author sincerely thanks him for his observation.
On this occasion, we give an elementary proof of it (which is slightly different from the
one that Zudilin had in mind).

Proof. We have £ (x), = 4Metn) — Lebn) (4 ) — (2)) = (), (0(x + n) — (),

and o =~ (@a(U(e +n) = (a)) = ~g-(0(e +n) = ¥(a). Since Ll

s+n s+n—1/2 t+n t4+n—1/2 els
O(( - )((n+1)n751t1/)2)2 ) =0O(n Re(e+t)=

1) < 2, we can exchange the derivatives in the following infinite sum
d d d s, t d d d (8)n(t)n
2— F 2 "
(ds T dt * dc) 1’ 1{ c } (2) = (ds T dt * dc) z% (¢)nn! :

_Z P05 +n) 4 00+ 1) = 2000+ D) = (0) + 9(0) = 20D} Fy [sﬂ (2)

2) for n — oo by Stirling formula, and since Re(s+

L'(c)I'(c—a—b)

Tle—ayTeb) We have

for |z| < 1. By Gauss’ formula lim , 7 [*](z) =

z—1—

5 00 sy 0+ m) — 200+ 1)
(j + jt + 2di +p(s) +P(t) — 2w<1>> Ll

1T (c—s)T(c—1t)

_ P(li(i;)li(zt_)t) (—0(1—s—t)+ (1 —s) =1 —s—1t)+ (1 —1)

+200(1) +2¢p(1 — s —t) — 20p(1 — s) — 2¢p(1 — t) + (s) + ¥(t) — 2¢(1))

1 -s-1)
- F(l _ S)F(l _ t) (77/}<5> + w(t> - w(l o S) - 77/}<1 - t)) (*)
On the other hand, by taking the logarithmic derivative of the reflection formula I'(s)I'(1—

$) = =5 we have (1 — s) — ¢(s) = mcot ws. Hence,
I'(l—s—1) (1 —s—t) sinm(s+1)
== t twt) = —
. Il -5l - t)w(co ms + cot ) ['(1—s)(1 —t)sinmssinnt
[(s)I'(¢)
= ————7< = —B(s,1),
(s +1) (5,2)
as desired. .

Finally, for a function f(B), a € C, and a Dirichlet character y of conductor N, we
introduce Hurwitz variant °f(B) and Dirichlet variant X f(B) as

FB)=f(B-1+a), X(B) =5 S f(N(B-1)+a)

1<a<N
Note that
Ber(*(B*)) = By(a), Ber(X(B*)) = By,
since 7 Y1,y X(a)e (‘N“)t(iv@e? = ) 1<a<N Xe(Nltel , Where B,y (n > 0) is the general-

ized Bernoulli numbers for y, i.e., defined by Zn>0 B, L Xn, =D l<a<N Xe(N)ffit.
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2. PROOF OoF KP CONJECTURE

In this section, we only explain the strategy of the proof of Theorem 1.2. For the
details, see [YY, Section 2]. Theorem 1.2 follows from the following relations between the
On’s with the trivial fact that © g = 1:

Proposition 2.1. (Boundary relation, [YY, Proposition 2.7]) ©gn) = #Tm\@n'
Proposition 2.2. (Increment relation, [YY, Proposition 2.8]) Oni(10,..0) = #:‘IH@ )

These two propositions are proved after we show the preliminary relations, i.e., the
Wronskian relation ([YY, Lemma 2.1]), which works for any ¢ : R[B] — R, and the
Alternating relation ([YY, Corollary 2.6]), which works only for Ber.

3. SERIES EXTENSION OF BERNOULLIZATION MAP

The series extension is motivated by the following heuristic:

Ber : B* s By = —k((1—k) “=" - kY n'=

n>1

- 82§‘B:n
n>1

Definition 3.1. For a domain Q) C C satisfying Z>1 C 2, we define

FHa) = {

and the series extension of Bernoullization map

meromorphic function f(B) on Q s.t.
f has no poles on Zsy, and > 7, dB( n) abs. conv.

Ber* : F¥(Q) — C; f(B)'—>— 5{9( ).

Remark 3.1.1. For s € (C\ Zo)™"! with Re(|s|) < 0, we have P; € F*(C).

We also define the family version of Ber™*:

Definition 3.2. For a domain X C CV, we define

meromorphic function f on Q x X

MQ’E(X) =\ Vg € X\ Upsi(poles of f|p=n), U open nbd. of zy s.t.
> %(n)w converges uniformly and absolutely

and extend Ber™ to the M(X)-linear homomorphism
Bery™ : M®¥(X) — M(X) := {mero. fct. on X}.
Finally, we extend Ber** by the meromorphic continuation:

Definition 3.3. Let X C CN be a domain containing X. For f € M(Q x )Z'), if there
exist g € M(X) such that BerY™(flaxx) = glx, then we define Ber%z(f) =g.

Example 3.4. (Powers, [YY, Example 3.3, (i)]) For @ = C\ Ry and X = {s € C |
Re(s) >0} ¢ X =C, Ber%E (B~*) = s((s + 1). In particular,

Ber}™ (B~*) | __, = Bi = Ber(B"),

s=—k
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as intended, for k € N. If we write (—)l := F((;)le) (divided powers), then the functional

equation of Riemann’s zeta function can be written as
Q, s Q, —s
Belr)?E ((71’32)[ /2]) = Ber)?E ((WBQ)[(1 )/2]) .
More generally, a € C\ Z<, and a Dirichlet character x of conductor N, we have
Q,E a —s 972 —s
Ber (“(B™)) = s¢(s+ 1,a), Ber: (X(B™®)) = sL(s + 1, x).

Since, for k € N, Bery ™ (*(B¥)) = Ber(*(B¥)) = By(a) and Bery™ (X(B*)) = Ber(¥(B*)) =
By x(a), these recover the classical formulae

B B
(1 -kay= -2 gy = B
k k
Note that, in the above argument, we admit the formula ((1 — k) = —%, and although
the deduction of L(1 — k,x) = —B% from ¢(1 — k,a) = —B’“TW) is just taking a linear
combination, the deduction of ((1 —k,a) = —BkT@ from ((1 — k) = — is nontrivial.

Example 3.5. (Exponentials, [YY, Example 3.3, (ii)]) For Q = C and X = {Re(¢) <
0} C X = C, we have
te!

et — 1’
since —Zn>1d§—gt|32n = % for Re(t) < 0. For a € C, a Dirichlet character y of
conductor N, we have

at ot
B () = 2 B ey - 3 K

et — 1’ X el
1<a<N

Ber%x(eBt) =

We also have

o . eiBt _ e—iBt t
Ber 2™ (sin(Bt)) = Ber (T) =3
/iBt /—iBt t t
Ber%E (cos(Bt)) = Belr%E (%) =3 cot 7
Note that sin(2rnB) (n € Z) is an indefinite form “oco — 00” for the Bernoullization (see

Remark 3.6.1).

Example 3.6. (Logarithms, [YY, Example 3.3, (iii)]) By differentiating Ber%z( L) =

(B—14a)®
5¢(s +1,a) = —4-((s,a) with respect to s and specializing s = 0, we obtain
d d T(a)
Q,E a _ ! _ _
Ber 2™ (“(log B)) = s (0,a) = %logﬁ = 1(a)

for Q=C\Rpand X ={a € C||1—a| <1} C X =C, by Lerch’s formula.

By differentiating Ber%z(m) = s((s + 1,a) with respect to s and specializing

s = —1, we obtain

Ber%i(a(Blog B)) = —C(0,a) + C'(0,a) = By(a) + logM

V2r
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for a € C\ Z<p. It can be written as
['(a)
V21

For the quadratic character x = y g of conductor N associated to an imaginary quadratic
field K, by using class number formula and Chowla-Selberg formula, we obtain

Ber%z(x(BlogB — B)) = Z x(a)logT(a/N) + 10§;VN Z x(a)a

Ber%x(“(B log B — B)) =log

1<a<N 1<a<N
2hK 2w 1 _ 2}LK
=——log— +— 1 2m)*A(a)A(a™h)) — —1log N
ooy 7 e S log((2m)* Ala)A(a) -~ log
[a]eCI(K)
1 _
= — > log((2m)?A(@)A(a™),
6U)K
[a]eCI(K)

where CI(K) is the ideal class group of K, wg := #O5, hx is the class number of K, and
A is Ramanujan’s delta function (note that the value A(a)A(a™!) does not depend on the
choice of the representative a of [a] € CI(K)). Note that Ber%z(“(B log B)) has the “ex-

tra” term of By (a), however, it disappears in Ber%x(“(B log B—B)). Similarly, the “extra”

term of _21,?_;; log 2% in the Chowla-Selberg formula disappears in Ber%’E(X(B log B — B)).

This is related to the fact that -&(Blog B) is not equal to log B, but -5 (Blog B — B) is
(see also the condition of f(B) in the formula (1)).

Remark 3.6.1. ([YY, Remark 3.2.1]) (indefinite form “co—o0” for the Bernoulliza-
tion) In Definition 3.3, we defined the Bernoullization via the meromorphic continuation.
Then, the phenomenon of the indefinite form “oo — 00” appears for the Bernoullization.

For example, the Bernoullization of *™*5! is originally defined on Im(¢) > 0, and is ex-

tended as Ze’gﬁﬁﬁt to the whole plane by the meromorphic continuation, where it has a

pole at t € Z. Hence the Bernoullization of 2™ is not defined. Therefore, 278 — ¢=27iB
is an indefinite form (“co — 00”) for the Bernoullization.

As the usual phenomenon of the indefinite forms, if we resolve an indefinite form of the
Bernoullization by canceling the poles via meromorphic continuation, then the Bernoul-
lization depends on how to cancel them. See the following example:

627rth —e 2miBt 627rzB —e 2miB e 27rzt62th _ 627th€ 2miBt
IBer Ber 29 Ber[
v
2mite™ 2mit g t=1 : c_t=1  omit 2mite?™ :
e2mit 1 e2mit_1 2mit 211 7& —2mi Vemit 1 T eZmit—1 —2mit.

4. INTEGRAL EXTENSION OF BERNOULLIZATION MAP

Definition 4.1. For R > 1, 0 < € < 1, we write
Qp, = {B € C | either Re(B) > R — ¢ or (Re(B) > 1 — 2¢ and |Im(B)| < 26)}.

For an unbounded domain ) C C, we write .Ff(Q) for the ring of holomorphic functions
on Q with polynomial growth, i.e., there exists N € N such that |f(B)| < |B|Y on Q for

|B| > 0. Put Fjy, := FI(Qp).
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Remark 4.1.1. For s € (C\ R<_y)™"", Pilq,, € ]-"ée for suitable R > 1,0 < e < 1.

Definition 4.2. For f € ]:1{3
map by

R—e¢i l—e—ei 1—e+tei R+ei R+o001 ~ 27713
Ber = 2mi (/ / / / / ) eQmB l)de'
l—e—ei 1—e+tei R+ei

Note that (J;(Qi),%l)z exponentially decays for both Im(B) — +o0o, hence the integral

converges.

we define the integral extension of Bernoullization

76}

Remark 4.2.1. (weakening the growth condition and Reflection formula) We may
weaken the growth condition by the following condition: |f(B)| < e™®)l on Q for

IIm(B)| — oo for some 0 < a < 2. Then, the new féye is not closed under the product
any longer, however, we have more applicable function to the Bernoullization, and we can
show Reflection formula ([YY, Proposition 3.7])

Ber! (f(B)) = Ber! (f(1 - B))

for entire functions f(B) with the above weakened growth condition, which is a gen-

eralization of classical equality Ber(B*) = Ber((1 — B)*) (this formula follows from
Ber(eP') = 1& = et = = Ber(e!~P)1)). Note that any entire function of polyno-

mial growth is a polynomial, hence we need to weaken the growth condition to generalize
to non-polynomial functions.

By using the residue theorem, we can easily prove the following proposition:

Proposition 4.3. (Bernoullization via solution of difference problem) Let R > 1,

O<e<landfe .7-"{276. Assume that there exists F' € .7-"{376 such that f(B) = F(B+1) —

F(B). Then, we have

dF
Berl(£(B)) = 5],

Example 4.4. (nonnegative integral Powers, [YY, Example 3.3, (i)]) Let £ € N.
Since Byy1(r 4+ 1) — Biyi(2) = (k+ 1)z, we have

1

(B = e CBe)(B+ 1) = = (“B)(B)

for a € C. We also have =5(*By41)(B) € ,7-"}476 for any R > 1, 0 < ¢ < 1. Hence, by

dB"d;l (k + 1)Bg(z), we have

1 d

k—Jrld_B(aBk“)(B) T By(a).

In particular, for a = 1, we have Ber/ (B*) = By, as intended.

Ber! (“(BY)) =

Example 4.5. (positive integral Powers, [YY, Example 3.3, (i)]) Let k € Z-o and
|1 —a| < 1. Since I'(s + 1) = sI'(s), we have p* V(s + 1) — pFED(s) = —(_1)k;2(k_1)!,
where (" (s) := 424)(s) is the n-th polygamma function. Hence

(57 = S et 1) - et o),
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By Stirling’s asymptotic formula for gamma function, %“(zﬂ(k_l))(B ) EF ée for some
R > 1,0 < e < 1. Hence, we have

(-1 d (~1)-!

(k=1)Y\(B — ®)(q) = k¢(k+1,a).
SNB) = e = kGt 1.0)
Example 4.6. (Exponentials, [YY, Example 3.3, (ii)]) Let Re(t) < 0 and a € C. Since
a(e(B+1)t) a(eBt)

et—1 et —1’

Ber/ (*(B™")) =

a(eBt) —

a(,B
and e(f —

? € ]-"ée forany R > 1,0 < e < 1, we have
d a(eBt> teat
B f a( Bt N S -
e’ (*(e™) dBet—1lp=1 e —1
Example 4.7. (Logarithms, [YY, Example 3.3, (iii)]) Let a € C\ Z<,. Since I'(s+1) =
sI'(s), we have

“(log)(B) = “(logI')(B + 1) — *(log I')(B)
By Stirling’s asymptotic formula for gamma function, we have *(logI')(B) € F. Ae for some

R > 1,0 < e < 1. Hence, we have

Ber! (t(10g) (B)) = 7-*(logT)(B)|,_ = v(o)

" dB

Similarly as the series extension, we consider the family version of the integral exten-
sion, and we extend it by the meromorphic continuation.

Definition 4.8. For a domain X C CV, we define

meromorphic function f on Q x X ‘

M (X)) = Vxo € X,3U open nbd. of 79, Ry > 1,0 < ey < 1 s.t.
QRU,GU - Q’f|QRU,eU><U : hol. and
of polynomial growth uniformly w.r.t. U

and extend Ber™/ to the O(X)-linear homomorphism
Ber%f : M (X) = O(X) := {hol. fct. on X},
Definition 4.9. Let X C CV be a domain containing X. For f € M(Q x )Z'), if there
exist g € M(X) such that Bel"%f(fbx)() = g|x, then we define Ber%f(f) =g.
The comparison theorem is the following:
Theorem 4.10. (Comparison theorem, [YY, Corollary 3.12]) For domains Q C C,
X cCV, and f € MPP(X)N M2/ (X), we have Ber'y™ (f) = Bergz(’f(f).
5. PROOF OF COMPLEX KP CONJECTURE

The idea of the proof of Theorem 1.4 is based on the following idea. We use the
induction on the number of the parameters that are not nonnegative integers (the first
step of the induction is Theorem 1.2), and we apply classical Carlson’s theorem:
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Theorem 5.1. (Carlson, 1914) f(z) is a holomorphic function on Re(z) > 0 of order
el with k < m, and f(n) =0 forn €N, then f(z) = 0.

The difficulty is in obtaining the required estimate (see [YY, Theorem 3.19]).

6. MAPS OTHER THAN BERNOULLIZATION
Let R be a commutative ring containing Q, and
¢:R[B] - R

be an R-linear homomorphism. Note that ¢ is an R-algebra homomorphism if and only
if ¢ = ev, for some a € R, where ev, denotes the evaluation at a, i.e., ev,(B*) = a*. For

n € N™* we define
di
07 = det (gp (—.(PHP))) .
dpt ’ 0<i,j<m—1

The following is a corollary of Wronskian relation, which is mentioned in Section 2:

Proposition 6.1. (KP-determinants for algebra homomorphisms, [YY, Corollary
2.4]) For anym > 1, n e N™™ and a € R, it holds that

o5 = (Fa(a))™.
The following identity is remarkable from the point of view that it holds for any :

Theorem 6.2. (Contiguous relation, [YY, Theorem 4.2], Kawashima for m = 1,2)
Form >1 and n = (ng,...,n,) € N it holds that

for distinct ng, ..., Ny,

The proof of Theorem 6.2 is based on the following observation:
(n+1)P,1(B)P,(B) — (m+1)P,(B)P1(B)
= Po(B)En(B)((B + 1) — (B +m)) = (n —m) Poy(B) P (B).
We interpret this relation in terms of the generating function and differential operators.
By this interpretation, we show Vandermonde orthogonality (see [YY, Lemma 4.1})
for differential operators, and finally Theorem 6.2 is shown by using the Vandermonde

orthogonality.
We extend ¢ to ¢ : R[B][[t]] — R[[t]] in the R][[t]]-linear manner. We write

. o(B") .,
u(t) = ole?) = 3 A8 )
n>0
For ¢ satisfying ¢(1) = 1, we have f,(t) € R[[t]]*, and we define the dual ¢* of ¢ to be
the R-linear homomorphism ¢* : R[B] — R determined by

f@*(t) = 1/feo(_t)-

For example, we have ev; = ev, for a € R, and Ber"(B") = —, since 1/e™" = ¢, and

e t—1 _ et—1 __ tn
(=t)emt 7t ano (n+1)!"
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Theorem 6.3. (Duality relation for some KP-determinants, [YY, Corollary 4.6])

Assume that p(1) = 1. Form,m* > 1, n= (ng,...,n,) € N** andn* = (n§,...,n.) €
N with 0 < ng,ng, ..., N, 0t < 1 satisfying m* = |n|, and m = |n*|. Then it holds
that

07 = 0%,

The condition on the parameters in Theorem 6.3 is restrictive, hence a further gener-
alization should be expected. Theorem 6.3 is deduced from the skew-Young duality
(see [YY, Theorem 4.5]) which is a duality for skew-Young determinants, essentially due
to Macdonald. In the case where the skew-Young diagram is a rectangular, then the
skew-Young duality is a duality for Toeplitz determinants (see [YY, Remark 4.5.1]), i.e.,
the Toeplitz determinant for ¢ with center k of size n is equal to the Toeplitz determinant
for ¢* with center n of size k:

4 Bk—iti d Br—iti
t —_— =det || ————— ,
¢ (S0<(k_i+j)!>)1§i,j§n ‘ (’& <(n_i+j)!>>19}j§k

where go(%[) = gp*(%e) =0 for £ < 0. For ¢ = Ber, it is

det <Bk;l+j'> :det< L — '> ,
(k=143 ocijen (1 =i+ ) ocijcr

where % = m := 0 for ¢/ < 0. In the case where n = 1 or k = 1, this is the classical

determinantal identity for Bernoulli numbers.

7. FURTHER WORK (IN PROGRESS)

Finally, we would like to mention a little bit an elliptic analogue of KP-theory. For
R := C[Eisy, Eisy, Fisg] C (holomorphic functions on upper half plane), Eisensteiniza-
tion map is the R-linear homomorphism

Eis: R[B] = R; B* s Eisy,

where Eisy(7) := By — 2k ", o, ox-1(n)q" for k is even, 0 for k is odd (¢ := ™). We

have
2

) z d . d .
fris(2) = EISQ(T)E + za logo(z/2mi, ) = Z% log 011 (2 /27, T),

where o is Weierstrass’ o-function, and 61, is one of Jacobi’s theta functions. Note that
lim, ;00 Eis(B™)(7) = Ber(B") for n # 1. An analogous theory of [KP] for the elliptic
situation is a work in progress.
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