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1 Introduction

This article reviews the paper "The least prime with a given cycle type" [1] by the author, Lemke
Oliver and Zaman. Let k& be a number field, and K/k be a Galois extension with Galois group G.
The Frobenius density theorem (a precursor to the Chebotarev density theorem) implies that as
the prime ideal p of the field k varies, the cycle type of Frob, is equidistributed; more concretely,
it states for any cycle type A occuring in G that

#{Np < 2 : Frob, has cycle type A} ~ #{o € G : 0 has cycle type A}
#{Np < z} G|

as x — oo. Our interest is to bound the smallest prime p for which Frob, has cycle type A.
Among the results in [1], in this review paper, we introduce the following main result only.

Theorem 1.1. Let K/k be a Galois extension of number fields with Gal(K/k) = S, for some
n > 2. For a conjugacy class C C Sy, let b1,..., Ly > 2 denote the lengths of the nontrivial
cycles in C, and define

(6 —2)2572 11
Oz(S'mC) = 2m—1H(€ )E' + .

=1

Then for any € > 0, there is a prime p of k, unramified in K, with Frob, € C satisfying
Np <<n,[k:@]7e |DiSC(K)|a(SmC)+€'
2m H?;1(€i*1)
n![k:Q] :
Due to space constraints and the expository nature of this paper, most theorems and lem-

mas used here will only be stated, and their proofs will be omitted. However, we have clearly
highlighted the underlying logic and essential ideas behind the main theorem.

The implied constant is effectively computable if € >

2 The outline and ideas for the Proof of Theorem 1.1

People used to take advantage of zero-free regions for appropriate L-functions to bound the
smallest prime. In [1], we reduce this problem to First Sign Change problem. First, let us
introduce a new term: rational equivalence class. Given a finite group G, two elements g, h € G
are rationally equivalent if they generate conjugate cyclic subgroups. If g and h are conjugate,
then they are also rationally equivalent, so each rational equivalence class breaks up as a union
of conjugacy classes. In the symmetric group Sy, two elements are rationally equivalent if and
only if they are conjugate, so each rational equivalence class consists of a single conjugacy class,
but this need not be true for arbitrary G.

The following theorem states that if we can find characters with certain desirable properties,
we can obtain a strong bound.
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Theorem 2.1. Let K/k be a Galois extension of number fields with G = Gal(K/k). For a
rational equivalence class C' C G, assume there exists characters Vo and W_ of G such that:

1. the difference U — W_ is supported on elements of the rational class C;
2. the Artin L-function L(s, V) is entire apart from a simple pole at s = 1; and

3. the Artin L-function L(s,¥_) is entire.

For A > 2 and 0 < € < 1, there exists a sufficiently small constant b > 0 and sufficiently large
constant B > 0 which depend at most on ¥, (1), V_(1),[k:Q], A, and €, such that if

v > B((ResL(s, ¥,)) ™ max{a(¥,), (¥ )}"?) (2.1)

then there exists at least b(log a:)A prime ideals p of k whose norm Np is a rational prime not
dividing |Disc(K)| (and hence p is unramified in K ), and oy = C.

To obtain an effective constant for the smallest prime problem using Theorem 2.1, we need
an effective lower bound on the residue of Artin L-function L(s,¥,) at s = 1. For this, we
appeal to the following lemma.

Lemma 2.2. Let K/k be a Galois extension of number fields with G = Gal(K/k). Let x be any
character of G with (x,1¢) = 1. Let v(x) be the maximum multiplicity (x, ) over all trivial or
quadratic characters 1 of G whose Artin L-function L(s, ) has a real zero By > 1— m.
Fore >0,

€

Res L(s, X) >x()./al (k¢ [Disc(K)[™
)

where the implied constant is effectively computable if € > [;(X T

From Theorem 2.1, we can see that the crucial thing is to construct such characters with
small analytic conductors. The following lemma enables us to find candidates.

Lemma 2.3. Let G be a finite group, let g € G, and let (g) < G be the cyclic subgroup generated
by g. Let &: (g) — C* be the unique irreducible character of (g) such that {(g) = exp (%),
where n := |g|. Define a class function ¢q4 of (g) by means of the expression

b =L (1-¢), (2.2)

pln

and let Ay = Indg>¢g,
Then, as a class function of G, Ay is a non-zero function supported on the rational equivalence
class of g. Moreover, (Ag, x) is an integer for every irreducible character x of G.

Proof. We first observe that ¢4(g') = 0 unless ged(i,n) = 1, for if not, there is some prime
p | ged(i,n), and we would have £%/P(g") = 1 and hence that 1 — £"/P(g") = 0. As a result, ¢,
is supported on the generators of the cyclic group (g), and hence its induction A, is supported
on the conjugates of these generators, which together comprise exactly the rational equivalence
class of g. To see that A, is non-zero, we observe that (¢g, 1<g>><g> = 1, so that, by Frobenius
reciprocity, we find that (Ay, 1g)e = 1 as well. This implies that Ay # 0. The final claim follows
on observing that ¢, is a difference of characters, so Ay must be too. O
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By Lemma 2.3, we can take

IndG Z M fz ld p p
dn
and
S pA)” =i d) 50
dln

The drawback of these two characters is that they may share a common component. However,
even if we remove them, the property that the two characters take the same values—except on
our fixed rational equivalence class—is preserved. Under this observation, we may take

U= > max{{x,4,),0} x

x€lrr(G)

and

o=— ) min{(x.A),0} x

Xx€lrr(G)

If we know that L(s, Uy ) is entire except at s = 1 and L(s, ®_) is entire, we can use them. In
general, however, we cannot guarantee their holomorphicity. In S;, case, we overcome this issue
by adding a suitable character to them.

In some cases, we can determine the multiplicities < x, Ay > of characters x in A, explicitly.

Lemma 2.4. Let G, g, and Ay be as in Lemma 2.3. Then for any irreducible character x of G
that is constant on the rational class of g, we have

(Ag,x) = x(9)-

In particular, if the rational class of g comprises a single conjugacy class, then Ag is |Ca(g)]
times the indicator function of the conjugacy class of g, where C(g) denotes the centralizer of
g inG.

Also, we need a good upper bound for analytic conductors g(¢) of the character ¢ over k.
We can reply on the following lemma.

Lemma 2.5. Let x be a character of the finite group G. Then

vp(fx) < 2|XT(|1)1’p(©K/k)-

Proof. For a general character x of G, not necessarily irreducible, the Artin conductor f, is an
ideal of k defined locally by
fe = oo™, (2.3)
p

where

G
vp () Z||G0|| x(1 |G|Z (2.4)

>0 ceG;
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with G; for i > 0 being the (lower) ramification groups associated with a prime of K lying over
p [3, VI §2 Corollary 1|. Using the trivial inequality |x(o)| < x(1), it follows from (2.4) that

wli) = — 37| (6l - Dx(1) = 3 (o)
|Gol i>0 oeG;
o#l

1
< m;wn(lal -1

= Q‘XG(T) Op (D /i)

as claimed. |

We are ready to prove Theorem 1.1. We consider only the case of n-cycle C = [(1,2,3,4,...,n)]
only. For a general conjugacay class, we refer the reader to the original article [1] under review.

By means of their cycle decomposition, conjugacy classes of S,, are in correspondence with
partitions p of n. As is standard, we will write p F n to denote that w is a partition of n.

The irreducible characters of S, are also naturally in correspondence with partitions of n,
and if A F n, then the hook length formula gives a formula for the degree of the character y)
associated with A. Consider the Ferrers diagram associated with A\. A hook n in A is associated
with a cell in the Ferrers diagram, and consists of the cell, all cells below it in the same column,
and all cells to its right in the same row. The length of the hook is the number of cells in the
hook, which we shall denote by |n|. There are n hooks n,...,n, associated with any partition
A n, and the hook length formula |2, Formula 4.12] states that

n!
[Ty Iml
As examples of particular importance to us, for any 0 < i < n — 1, let A\; - n be the partition
consisting of the single part n — 4, together with ¢ 1’s. Thus, the Ferrers diagram of ); is itself

a single hook, and the characters associated with these \; are sometimes referred to as hook
characters. Let x; := x), be the character of \;, we find by the hook length formula that

xi(1) = (n ; 1)-

In particular, xo is the trivial character, and x,—1 is the sign character.

xa(1) =

Lemma 2.6. Let n > 2 and let g € S, be an n-cycle. Let x be an irreducible character of Sy,.
Then x(g) = 0 unless there is 0 < i < n — 1 such that x = x; is the character of S, associated
with the partition \; F n given by \; ;== (n—1i)+14+1+4---+ 1, where there are i 1’s. Moreover,
for any 0 <i <n—1, we have x;(g) = (=1)" and x;(1) = (”fl),

(3
Lemmas 2.4 Lemma 2.6 imply

Lemma 2.7. Let n > 2 and for each 0 < i < n — 1, let x; be the irreducible character of Sy
from Lemma 2.6. Define characters Wy and Y_ of S, by

v, = Z xi and V_ = Z Xi-

0<i<n—1 0<i<n—1
i even i odd

Then the difference V. — W_ is supported on the conjugacy class of an n-cycle, and we have
U, (1)=T_(1)=2"2,
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At this point, we cannot guarantee that the Artin L-functions L(s,x;) and L(s, ¥_) are
holomorphic. We resolve this issue via the following lemma.

Lemma 2.8. Let n > 2, and for each 0 < i < n — 1, let x; be the character of Sy as in
Lemma 2.7. Then x;—1 + x; s a monomial character of Sy for every 1 <i <n —1.

We define

1—1
Ui=xot+ Y, 2[ 5 —"Xz'

1<i<n—1
=xo +2(x2 +x3) +4(xa + x5) + -,
where the summation above ends with (n —3) - (xn—3 + Xn—2) + (n — 1)xn—1 if n is odd and with
(n—2) - (xn—2 + Xn-1) if n is even. In either case, since both yo and x,—1 are 1-dimensional

characters of S;, and hence monomial, it follows from Lemma 2.8 that ¥, is a non-negative
integral linear combination of monomial characters. We also define

vo= )y (2{1‘;1J+1>-xi

1<i<n—1

=(x1+x2) +3(x3+x4) +-.-,

where the summation ends with (n — 2)(xp—2 + xn—1) if 7 is odd and with (n — 3)(xn—3 +
Xn-2) + (n — 1)xn—1 if n is even. As with ¥, Lemma 2.8 implies that ¥_ is a non-negative
linear combination of monomial characters. Moreover, the difference ¥4, —W_ = xo—x1+Xx2—- ..
is Ay by construction (where g is an n-cycle), so the difference W — W_ is supported on the
conjugacy class C'. Finally, we observe that

and that
n—1

n—1
\IJ+(1)+\I/_(1):1+Z(2i—1)< ):2+(n—2)2"—1.
=1

1
Hence, U (1) = ¥_(1) = 1 + (n — 2)2" 2, nearly completing the proof if C' is an n-cycle. It
remains only to note that, since sgn = xpn—1, (U4, sgn) = 2[252] < n— 1. However, we also find
it convenient to note here that (U_,sgn) =2|2:2] +1<n—1 as well.
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