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HALF-INTEGER INDICES FOR ONE-DIMENSIONAL
GAPLESS QUANTUM WALKS

YOHEI TANAKA
DEPARTMENT OF MATHEMATICS, GAKUSHUIN UNIVERSITY

§1. INTRODUCTION

These notes are based mainly on index theory for chiral-symmetric unitary operators. More
precisely, we shall focus on an abstract unitary operator U on a Hilbert space H, which satisfies
the following algebraic condition;

U*=rur, (D)

where I' can be any unitary self-adjoint operator on H. Let us call (1) the chiral-symmetry
condition, and (I", U) a chiral pair on H. Note that the unitary self-adjoint operator I" allows
us to decompose the underlying Hilbert space H into an orthogonal sum of the form H =
ker(I" — 1) @ ker(I" + 1) as is well-known, and that the spectrum of U, denoted by o (U), is
symmetric about the real axis by (1).

If R := (U + U*)/2 denotes the real part of U, then it follows from (1) that the self-adjoint
operator R can be written as a diagonal block-operator matrix of the form R = R; @ R, with

respect to H = ker(I" — 1) @ ker(I" + 1). We obtain
ker(U=F1)=ker(R¥1) =ker(Ry ¥1) ®dker(R, ¥ 1). (2)

This motivates us to introduce ind . (I, U) := dimker(R; ¥ 1) — dimker(R;, F 1). Note that this
formal index is well-defined, if +1 does not belong to the essential spectrum of U, denoted by

Tess(U) :={z € T | U — zis not Fredholm}. We get |ind .(I",U)| < dimker(U F 1) by (2).

§2. A CONCRETE EXAMPLE

We consider the following block-operator matrices on the Hilbert space ¢>(Z, C?) = ¢%(Z) &

€%(Z) of square-summable C?-valued sequences on Z :

o 1 0 p 1-p2\(1 O - a V1 -a? 3)
“lo 1 1-p2 —-p o L) CWiter -a )
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where L is the left-shift operator on £2(Z), and where p = (p(x))rez and a = (a(x))rcz are
two arbitrary sequences taking values in (-1, 1). Here, p,a are viewed as the multiplication
operators on £?(Z) in the obvious way. Since I", I are unitary self-adjoint by construction, the
unitary operator U := I'I"" satisfies the chiral-symmetry condition (1). This unitary operator
is often referred to as the time-evolution operator of the so-called (one-dimensional) split-step

quantum walk.
Theorem A. Let us assume the existence of the following limits for each x = —co, 400 :
p(x) = lim p(x), a(x) := lim a(x). (A1)
X—>% X—>k

Then +1 ¢ 0o (U) if and only if p(*x) F a(x) # 0 for each x = —c0, +c0. In this case, we have

sign (p(+00) F a(+00)) —sign (p(—o0) F a(—))

(A2)
where sign denotes the sign function.

The aim of the current section is to prove the index formula (A2).
§2.1. Preliminaries.

§2.1.1. A unitary transform through the half-step decomposition. Note first that the indices
ind . (7", U) are unitary invariants. More precisely, it can be easily shown that for any unitary
operator € on H we have that ind.(/",U) = ind.(e"T'e, €'Ue), provided that oess(U) =
Tess(€°U€) does not contain +1. We shall prove the following technical lemma with this result

in mind;

Lemma 1. There exist two unitary operators €,1 on £>(Z, C?), such that the following decom-

positions hold true with respect to €*(Z,C?) = (*(Z) & (*(Z) :

1 0 1 0 1 0 1 0
€le= , n'l'n= €Ue = (n"e)” (n%e). 4
0 -1 0 -1 0 -1 0 -1

More explicitly, if we let {+ := /1 £ for each { = p, a, then the unitary operators €,n are

given respectively by

1 (1 O\[ps —p- 1 [ar —a-
e L . oa=L . ®
V2\o *)\p- p. 2\a- a4
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Proof. Note first that we have the following unitary diagonalisation for each { = p, a and each

X €Z;
L) @\ 70 (L) -
T T g(x) 1 - {(x)z T T 1 0

) W@ w52 &2 o

This result motivates us to introduce the unitary operators €, defined by (5). Indeed,

N _ 2\ (2 2=
e*Fe:\/E V2 p 1 p V2 \E:l 0’
LR % —2 - p= px _
v v W=t = A ) 0 A
ar za\" V] =2\ [ za-
n*r,n:ﬁ v a l-a v \/2:1 0.
e a | \V—g2 - a-  as _
5 v l-a a 5 v 0 -1

Finally,
) 1 0 1 0
€Ue=€TTI"e=(eTe)(en)(eTe)(n"e) = (n"e)” (n%e).
0 0

O

With the notation introduced in Lemma 1, it is easy to see that the operator F' := n"€ is given
explicitly by
P 1 pras+ a_L*p_. —p_a,+a_-L'p, _. A_ x . ©)
2 —-psa-+aL*p- p_a_+a.L*p, Ay *
It follows from [CGWW21, Lemma 3.2] that U ¥ 1 is Fredholm if and only if A is Fredholm.
In this case, we have

ind.(I',U) =ind . (e"T'e, e"Ue) =ind A,, (7

where the first equality follows from the unitary invariance of the indices ind ., and where the
second equality follow from [CGWW?21, Lemma 3.2]. Therefore, it remains to compute the

Fredholm index of AL = Fp,az+p_(-—1)a.L*, and we shall make use of the standard Toeplitz

index theorem.

§2.1.2. The Toeplitz index theorem. The Hilbert space L?(T) of square-summable functions on
the unit-circle T admits the standard complete orthonormal basis (ey) ez defined by T 5 z
7* € C. The Hardy-Hilbert space H>(T) is the closure of the linear span of {e, | x > 0}. Let
¢ : H?(T) — L?(T) be the inclusion mapping, and let f € C(T). Then the Toeplitz operator Ty
with symbol f is defined by

Ty =My, ®)
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where M : L*(T) — L*(T) is the bounded multiplication operator by f. The Toeplitz index
theorem states that the Toeplitz operator 7y is Fredholm if and only if the curve T > z +—

f(z) € Cdoes not pass through the origin, and that the following equality holds true in this case;
indTy = —wn(f), )

where wn( f) denotes the winding number of the continus function f.

Lemma 2. For each x = —co, +o0, let

cx(%) = (L+ p(x)(1 T a(%)), (10)
re(%) := (1 - p()(1 £ a(%)), (11)
Ai(z,%) = Feo (%) +ro(%)z, z€eT. (12)

Then the operator A, is Fredholm if and only if the continuous function T 3 z —> A, (z,%) € C

is nowhere vanishing for each x = —oo, +co. In this case,
ind A, = wn (Ai(-,+oo)) —wn (Ai(-,—oo)). (13)

Proof. Here, we only give a sketch of proof, since an analogous argument can be found in the
existing literature (see, for example, [Mat20] or [Tan21, Theorem A]). The underlying Hilbert
space £2(Z) admits a natural orthogonal decomposition £?(Z) = fﬁ(Z) & fﬁ(Z), where

G(Z):={g e () | Y(x) =0Vx =0},  (2(Z) = {y € (*(Z) | y(x) = 0V¥x < O}.

For each § = L, R and each (bounded) operator A on £%(Z), we let Ay = L;ALﬁ, where ¢y denotes
the inclusion mapping ¢4 : f; (Z) — £>(Z). Here, each Hilbert space {’ﬁz (Z) can be naturally
identified with the Hardy-Hilbert space H*(T) via unitary transforms %, : H*(T) — ((Z)
and Fr : HX(T) — (%(Z) defined by Fie, = 6_,—1 and Frey := 6, for each x > 0, where
(6x)xez, (ex)x>0 are the standard bases for £2(Z), H>(T) respectively.

An operator A on ¢%(Z) is said to be strictly local, if it is a finite sum of the form A =
Z;f:_n a,;L’, where each a; = (@;(x))rez is a bounded sequence viewed as a multiplication
operator. It is easy to show that the difference A — AL @ Ag is finite-rank, if A is strictly local.

A stricly local operator of the form A = }; a; L/ is said to be uniform, if each sequence

n
j==n
@; = (@;(x))rez does not depend on the choice of x € Z. In this case, we can define the Fourier

transform of A by A(z) := 7=—n a jzf for each z € T. It follows from a direct computation that
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%

for each ff = L, R the operator Ay = L

Aty on é’ﬁz (Z) can be viewed as a Toeplitz operator via

T; =L,
.%*Aﬁ.% =

TA(_*), ﬁ = R,
where A(—*) denotes the continuous function z —> A(z*). Recall that the Fredholm index is
invariant under unitary transforms and compact perturbations, and that the difference A—Ap ® Ar
is of finite-rank. As such, we have that the uniform stricly local operator A is Fredholm if and
only if Ay, Ar are Fredholm if and only if the Fourier transform T 5 z +—— A(z) € Cis nowhere
vanishing. In this case, we have ind A = ind Ay + ind Agr = 0, and ind Ag = wn(A(-)) by the

Toeplitz index theorem.

Finally, let A = Z;f:_n @, L’ be a strictly local operator with the property that each @; has
the limit o () := lim,_,, @;(x) for each x = —oo, +c0. Note that for each * = —oco0, +0c0 we
can construct a uniform strictly local operator of the form A(x) := 7=—n a; (x)L/. Since

AL ® AR — A(—00)p, @ A(+00)R is compact, it follows that the operator A is Fredholm if and only
if the continuous function A(-, %) defined by A(z, %) := 3"

hen @) (*)z/ is nowhere vanishing

for each * = —o0, +00. In this case,

ind A = wn (A(-, +oo)) —wn (A(-, —oo)) , (14)
where ind (TAi(—*, *)) = wn (Ai(-,*)) for each * = —oo, +00. Clearly, the above formula is
applicable to the strictly local operators A_, A, and so the claim follows. O

§2.2. Proof of Theorem A.

Proof of Theorem A. It remains to compute the winding number of the continuous function
z — A.(z,%) in (13). The image of A.(z,*) = Fci(*) + ro(*)z* is a circle with centre
Fc+(*) and radius r.(%). If the notation < simultaneously denotes the three binary relations

>, =, <, then the relation c. (%) < r. (%) is equivalent to

(1+p(*))(l¢a(*)) -

= \Tzam S1 & px) talx) =0,

where the last equivalence follows from the fact that the increasing function A defined by
(=1,1) >t (1+1)/(1 —1) € (0,00) has the property that A(¢)A(¢") < 1 if and only if

t+t S 0foreacht,t’ € (—1,1),since A(t)A(t') = A((t+1")/(1 +1t’)). It is then geometrically

(%)
ry (%)

=
>

obvious that the circle z —> A, (z, %) does not pass through the origin iff p(x) F a(x) # 0.
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Moreover,
_sign(p(x) Fa(x)) -1
= 5 .

Theorem A now follows from Lemmas 1 to 2. O

ind (TAi(_*’*)) — wn (Ai(-,*)) (15)

§3. A GENERALISATION OF THE INDEX FORMULA

A bounded operator A on H is called trace-compatible, it A*A — AA* is of trace-class. For
such A, we define

ind,(A) := Tr (e = 71447, teR.
If the limit w(A) := lim,_, - ind,(A) exists, then we call w(A) the Witten index of A. It is
well-known that if A is a trace-compatible Fredholm operator, then w(A) = ind A. In this case,

w(A) =ind A = dimker(A) — dimker(A*) = dimker(A*A) — dimker(AA™),

where Hy := A*A and H := AA* are often referred to as superhamiltonians (this construction
comes from supersymmetric quantum mechanics [BGGSS87]). The purpose of the current
section is to show that the index formula (A2) can be genralised by replacing ind .. (", U) by

w(A.). In order to do so, let us first consider the following simple example;
Example 3. Let us compute the Witten index of the Toeplitz operator T,. Let ¢ : H*(T) < L?(T) be the inclusion
mapping, and let P := «*. We have T; T, = t"M - PM .. For each x > 0, we have
T;T,ex = U'MpPMtex = UMy Peyy = ey = ex.
Similarly, T,T; = "M, PM-t, and so
T.T;ex =tU'M.PM_tex ="M Pe,_| =
We get T;T, = 1 and T, T} = 1 —{eq, —) ep. It follows that the operator T is a Fredholm trace-compatible operator,
and so w(T,) is well-defined. We get
e—tT;TZ _ e—thT£ —e ! _ e—l(l—Po) — e_[(l _ e[PO) — e_[(l _ et)Po — (e—t _ I)PO.

It follows that ind,(T,) = e =1 — —1 as t — oo. In fact, T, is Fredholm with w(T,) = indT, = —1, since
T > z — z € C does not pass through the origin. On a side note this result is not surprising, since 77 is nothing

but the right-shift operator, since T, e, = ey, foreachy > 0.
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Recall that the Freholm index of the Toeplitz operator T _. ,, is given by (15), and that this

(_*’*
operator fails to be Fredholm if p(x) ¥ a(x) = 0. We are now in a position to compute the

Witten index of T _(_. 3

Lemma 4. The following assertions hold true for each x = —oc0, +0c0 :
(i) The Toeplitz operator Tj (—onls trace-compatible.

(ii) The Witten index of Tj (— x) 18 given by

‘ - -1
w (TAi(_*’*)) _ sign (p(*);a(*)) ’ (16)

where we define sign (0) := 0.

Note that (16) is equivalent to

-1, p(x) Fa(x) <0,
W (Th o) = =172, p(x) T a(x) =0, (17)
0, p(x) Fa(x) > 0.

Proof. (i) We get
TAi(_*,*) = L*Mici(*)+ri(*)z*t =0 (Mq:ci(*) + ’”J_r(*)Mz) L= Tici(*)+ri(*)TZ = FeL (R)+rL (%71,
where the last equality follows from 7%, (4) = Fc.(x). We have

T

Ai(—*,*)TAAi(_*’*) = $C:|: (*)2 + $Ci (*)ri (*)TZ + $Ci (*)ri (*)TZ* + ri (*)ZTZ*TZ’

Th,— T4, ey = Feo(3)2 + Fer(R)re(3) Ty + Fee(R)re (3T, + 14 (%) > T, Ty
Therefore,

TAfi(_*’*)TAAi(—*,*) - TAi(—*,*)TAfi(_*’*) = _ri(*)Z(TZ*TZ - TZTZ*) = _ri(*)z <60’ _> €0,

where the last equality follows from 73T, = 1 and T, T = 1 — {eg, —) e¢ (see Example 3). It
follows that 74 _. ,, is trace-compatible.

(ii) To prove the formula (17) it remains to show w(TAi (=, *)) = —1/2 under the assumption

p(*) Fa(x) =0. In this case, we get c.(*) = ri(*) =1 —a(x)? # 0, and so

Ti (o = FCe(X) + ()T = c. () (T 7 1).

+
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Therefore, it remains to compute the Witten index of the operator 7, ¥ 1. We shall only consider

T, + 1 in what follows, since the other case can be proved similarly. We get
(T, + 1) (T,+ 1) =TT, +T+T,+ 1 = (T, + T,») + 2,
(T, + )T+ 1) =TT +T,+Ty+1= (T, +T,;») — (ep,—) ep + 2.
We have
ind (T, + 1) = Tr (¢(T4T=)42) _ (=t((TeAT2)=(eo,-eo+2))
= —e ATy (¢~ THTer=(eom)e0) _ pt(TetTen))

— _e—ler (e—IHl _ e—l‘Ho),

where the two hamiltonians Hy := T, + T,- — {(eo,—) eg and Hy := T, + T,» have a one-rank

difference, and so the associated spectral shift function can be explicitly computed;

0, x| > 2,
E(x) = (18)

—s-cosH (%) x| <2

This spectral shift function satisfies the following trace-formula;

1 5 1 2 e—tx
Tr (e 1 — ¢71H0) = /f(x)(e_tx)'dx = 5¢ r_ —/ dx.
R

2w J2 V4 —x2

Therefore,
1 1 2 —(x+2)t
ind, (T, + 1) = —=+— | <
2 2o Na—x2

1
d ——=+0
X = o+

ast — +oo by the dominated convergence theorem. It follows that w(7, +1) = —1/2 as required.
On a final (18) can be proved as follows. The spectral shift function is given by the well-known
formula &(x) = 77! limy_, .0 Arg Ay, /u,(x + iy), where the perturbation determinant Ay, /, is
of the form Ay, /5, (z) =1 - (eo, (Hp — z)‘1e0> . We can then compute <eo, (Hop — z)‘le()} , and
take the limit. An analogous argument can be found in the existing litrerature (see, for example,

[MSTTW23, §3]). O
We are now in a position to prove the following generalisation of Theorem A;

Theorem B. Let U be the time-evolution operator of the split-step quantum walk, and let us

assume the existence of limits of the form (Al). We also impose the following additional
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assumption;
Do 1E(=x) = L(=00) [ + Y [¢(x) = {(+e0)| < 0, {=p,a. (B1)
x=0 x=1

Then A. is trace-compatible, and the Witten index w(A.) is given by the right hand side of
(A2), where we define sign (0) := 0.

Proof. For each x = —o0, +00 let

AL (%) 1= Feo(*) +ra(%)LF,

Ai(z,*) = Fea(x) +ro(%)77, zeT.

It is shown in the proof of Lemma 2 that the two-phase assumption (A1) implies the compactness
of Ay — AL(—0co) & A.(+00)R. Similarly, the additional assumption (B1) implies that the same
operator is of trace-class. Since the Witten index is invariant under unitary transforms and

trace-class perturbations as with the Fredhom case, we get

w(As) = w(Ar(=00)L) + W(AL(+o0)R) =W (TAi(—*,+oo)) -w (TAi(—*,—OO)) :

The claim now follows from Lemma 4. O

§4. CONCLUDING REMARKS

Recall that the two indices ind _(I", U), ind (I, U) we introduced in §1 are associated with
the real part of the chiral unitary U, but there is in fact yet another index ind (7", U) which can
be assigned to the imaginary part of U (see, for example, [Tan21, §3.1]). If neither —1 nor +1
belongs to oess (U), then we have ind (7", U) = ind _(I", U) +ind + (I, U). These indices naturally
arise in the context of (discrete-time) quantum walks on the one-dimensional integer lattice Z, and
there is extensive amount of literature [CGSVWW16, CGGSVWW18, CGSVWWI18, Suzl19,
ST19, Mat20, AFST21, Tan21, CGWW21]. Note that the main theorem of the present article,
Theorem B, extends integer-valued ind . (/°, U) to half-integer-valued w(A.), and this result
was entirely motivated by [MSTTW23, Theorem 1.3] with an analogous extension method for
ind (1", U). The main difference comes from the fact that Theorem B deals with strictly local
operators of the form @ +SL*, while one needs to consider an additional term y L in [MSTTW23,

Theorem 1.3].
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There are some open problems associated with the extension methods described above. For

example, the operator A, comes from the unitary transform € we constructed in Lemma 1, but it

is not known to the author whether or not w(A.) depends on €. Some geometric perspectives of

the index formulas might also be worth considering; indeed, the formula (17) seems to suggest

that the Witten index can be understood as the half-integer-valued winding number. What has

been described so far is a work in progress (joint work with Y. Matsuzawa, A.Suzuki, and

K. Wada).
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