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Inverse Scattering on the Metric Graph for
Graphene

Kazunori Ando (Ehime University)

1 Introduction

We denote by I' = (V, ) the graph, where V is the vertex set and £ is the edge
set, respectively. We assume that I' is periodic. We omit the definition of the
general periodic graph I', as we only treat the hexagonal lattice whose definition
will be given later. We can regard the edge as a segment; for convenience sake,
we identify e € £ as a closed interval [0, 1]:

e={(1—=z)e(0)+ze(l); 2z €[0,1]}, e(0),e(l)eV, (1)

which means that e can be regarded as a directed edge. The metric graph is the
graph equipped with one-dimemsional Schrodinger operator —d?/da? + qe(x)
on each edge e € & for a real-valued function ge(x) € L?(0,1) with suitable
boundary conditions on every vertices. We assume that ge(z) is symmetric on
any e € &, i.e., ge(x) = ¢e(1 — x), and ge = 0 except for a finite number of
edges. If g = 0 for all edges, the Schrodinger operator is the metric Laplacian
on &. It is worth mentioning that the choice of direction of each edge does not
affect the results.

Let u = {Ue}ocg, Where ue(x) is defined on e, 0 < x < 1. We define
the Hilbert space L*(£) = GeceL?, where L2 = L%(0,1), equipped with the
following inner product:

1
(U, 0) 2y = Z (te:Ve)r2(0,1) = Z/o Ue (T)Ve () d.

ecé& ecé

The Sobolev spaces H*(€) on &, s € R, are defined in a similar way:
H*(€) = GeeeHe,

where HS = H*(0,1).
For u = {ue} g, we define the normal derivative deu(p) at the boundaries
p=-e(0),e(l) €V as follows:

' (0 if p=-e(0 e

deu(p) = u"‘(/ ) 1 p=el0), where ul, = du

_ue(1)7 ifp= 6(1), dz

For u = {ue} ¢, the Kirchhoff condition is given as follows:
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(K-1) w is continuous at any vertex v € V,
(K-2) > oce Oeu(v) = 0 at any vertex v € V.

The Kirchhoff Laplacian H éo) is a metric Laplacian which satisfies the Kirhhoff

condition: ,

0
Hé Ju = {—u! cce Where uy

= zate
Dom(Héo)) = {u € H*(€); u satisfies (K-1) and (K-2)}.

It is easy to see that H éo) is self-adjoint on L?(£).
For the Kirchhoff Schrédinger operator on the metric graph, we impose the
following assumption on the potential ¢ = {ge}

(Q-1) ge € L?(0,1) is real-valued for every e € ;,65
(Q-2) ge = 0 except for a finite number of edges in &,
(Q-3) ge is symmetric, i.e., ge(1 — ) = ge(x) for every e € £.
Then the Kirhihoff Schrodinger operator Hg is defined as follows:
Heu = {—uy + qetle}ocg With Dom(H¢) = Dom(Héo)),
where ¢ = {ge} ¢ satisfies (Q-1), (Q-2) and (Q-3). One can easily see that He
is self-adjoint on L?(€); moreover, oq.(He) = 04 (H éo)) (see [3]).

2 Schrodinger Operators on the Hexagonal Met-
ric Graph

2.1 Hexagonal Lattice

Fron now on, we consider the hexagonal lattice I' = (V,€) which is a two
dimensional periodic graph. Let us define V and £ as follows.

Take points p(") = (1,0) and p( = (2,0), and the vectors v; = (3/2, —v/3/2)
and vy = (3/2,v/3/2). Put v(n) = nyjv; +ngws, where n = (nq,nz) € Z2. Then
the vertex set V of the hexagonal lattice is defined by

V=VUVs, V;={pP +vn);necz?}, j=1,2.
Take the edges e; = (e;(0),e;(1)), j = 1,2,3, as follows:
€ = (p(2)7 (5/27 _\/6/2))7 €2 = (p(2)7 (5/27 \/5/2))* €3 = (plap(Q))

Put e; + [n] = (e;(0) + v(n),e;(1) + v(n)), 7 = 1,2,3. The edge set & of the
hexagonal lattice is defined by

E=E UEUEs, gj:{€j+[7l];TL€Z2}, 7=1,2,3.
The fundamental domain F'r of the hexagonal lattice is defined by
Fr = {y1v1 + y2v9; y1,72 € [0,1)},

which is shown as the gray area in Fig.1 of the hexagonal lattice.
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Figure 1: The hexagonal lattice and its fundamental domain

2.2 Fourier Transform

Denote the flat torus by T? = R?/27Z% We define the fundamental graph

. = (Vi &) of the hexagonal lattice I, whose vertex set is V, = {pil),pf)}

and the edge set is & = {e1«, €2x, €34 }, see Fig.2.

€1x

‘ )
e N o

€2

Figure 2: The fundamental graph of the hexagonal lattice

We define the unitary operator Us = (Usg 1,Ug 2,Us 3) : L*(E) — L*(T?x &)
as follows: for f = {fe}oce = U§:1 {fej+["]}n622’

1 —in-:
(Ugﬁjf) (f»x) = E Z € gfej""[n] (ZE) (5,1’) € TQ X [07 1]'
nez?
The adjoint operator of Uz ;18

* 1 in-
(Ugng)eﬁ_[n] (z) = %/W e gg(ﬁ,a:) d€
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for the function g on T? x [0, 1].
Let us define the index of the edges as follows:

(1,0), if e = ey,
Ind(e) = 1 (0,1), if e = e,
0,0), if e = es.
We also define

1, ifv=e;.(l),
IOEE S
0, ifv=e;.(0).

Put I:Igj) = Z/lgHéo)Z/lg with domain Dom(I—AIgj)) =Us Dom(Héo)) on L?(T? x
&.). By the Floquet-Bloch theory, H gj) has the direct integral decomposition

(cf. [3]): .
10 - [ B0

2

where for 4 = Ugu = {ﬂej*(é,x)}jzl, (¢,z) € T2 x [0,1],

0,

(f,II?) = _ﬂgj* (va)7 '&gj* = o2 (f,II?)

(11)2)

For @ = {e,. (&, x)}jzl, the Kirchhoff condition (K-1) and (K-2) are transfered
as
e—iéjvlnd(ej*)fﬁe_*(& (5J(’U)) _ e_iék(v)lnd(ek*)‘gﬂek (5’ 6k(v)),

for a common end point v € V, of e;, and e, and

o Dt
(_1)51(17) e—z5j(v) Ind(ej*)-ﬁ,&/e (5753(11)) _ 07 ’LALI (51) _ % (LL',.’I)),

o €«
1

3

J

for v € V,.

2.3 Spectrum of Metric Laplacian
Let us define the twisted discrete Laplacian Ay, (€) on V, as follows:
1 . 5, (v’
(A @) =5 > IVt g e 2).

(’U,U’)EE*

The eigenvalue problem of H, gj) is closely related to that of —Ay,_(€) on £2(V,).
The equation —Ay (£)Y = u(€)y holds if and only if

8 el -
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where for £ = (&1,&2) € T?,

(T+e ™ 4e2).

Wl =

p(§) =

Then we have
o(=Ay, (§) = {£p@I}-

Here we note that

Ip(&)| = %\/3+200s§1 +2cos& +2cos (& — &) € [0,1].

Put p1(€) = — |p(&)] and pa2(&) = |p(§)]. The corresponding normalized eigen-
functions are

S SRR o Dy (3) _
(6) mp@d p(©) ] k=2

The spectrum of H ) (§) is well-known (cf. [3], [4]). Define

(€)= 2(§) + 7, if j is even,

S (m — 2z (€)) + mj, if j is odd,
where

2k (€) = arccos (—uk(€)) € [0,7], k=1,2.
Then, we have A A )

1 () = AR () © Y. (8),
HE©) =D (m)* PP€), HE©= . 2O PL(©),
jz0 §>0, ke{1,2}
2

where }A’fk(é) and Pjvk(f) are projections to eigenvalues (mj)° and 2k (€)7.
Therefore, we have

O —
O'ac(Hé‘ )) = O'ac(Hf,‘) = UjZO,kE{1,2}[Aj,]ga )\Ik] = L_J[()7 OO),
where ,
A — (zi + 7)), , if j is even,
PR (=2 + )7, if s odd.

Moreover, we have the eigenvalues of infinite multiplicities:
o (HY) = {(ﬂ-j)2;j - 1,2,...}.

The spectrum of H, éo) is shown in Fig.3.

2
For )\;k <A< )\;:k, it holds that 0 < (cos \/X) < 1. We define the Fermi
surface

M (cos VA) = {5 € T% |p(§)[* = (cos \/X)Q}’
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Figure 3: The spectrum of H g)).
and

M;,(cos VA) = {5 € T%; (&) = cos \/X} , k=12

Let 7 = O'fb(Hé-O)) U {)\ > 0; cos VA = 0,i1/3}. Then,

e
Veno) =5 | i T8 2o

for € = (£1,&) € M(cosv/)\). Therefore, for \ € [)\J_k, 47k] \ T, M(cos V)

is one dimensional real analytic submanifold of T2. See Fig.4.

Figure 4: The Fermi surface M (cos v/A) is the level set of [p(£)|°.

3 Scattering Theory

We define the weighted L>norm on & for f = U3_, {fe, 4}, e

3
2
||f||L2vS(£'):Z Z ].+|’I’L| |fel+n]||L201)v SER
I=1 nez?
Then the weighted L2-space is
L25(€) = { F=U {Fesin brege s 1) < oo} .
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We also define the Agmon-Hormander spaces B(E) and B*(€) by the following
norms:

1/2
3 oo
1/2 P
1fllsee) = ZZ"’/ > MfermlFzon s o ro1=0,1r;=27, j>1,
=1 j7=0 ri—1<|n|<r;
1 3
2 2
ey = sup 237 3 it 201

I=1 n|<p

We note that for s > 1/2,
L¥5(&) C B(E) ¢ L¥Y2(&) c L*(&) ¢ L>~Y2(&) C B*(E) c L>%(&).
We define B (E) by the totality of u € B*(£) such that

3

o1 2
Jim =37 D7 e 200y = O

=1 |n|<p

The correspoondig function spaces on T? x £* is defined by passing them to Us.

Let R(go) (k) = (Héo) — K,)_l for Kk € C\ [0,00). Then the weak* limits
RO (A +i0) = limeyo R (A +ic) exists in B(B(E), B*(€)) for A € (0,00) \ T,
ugg) = Réo) (A£1i0)f is said to be outgoing (+) and incoming (—) in view of the
singularity expansion on the Fermi surface (cf. [1]).

Let he = —d?/dx? + g, with the Dirichlet boundary condition at e(0) and
e(l)forec & Put T = TO U (Ueesgo(he)).

Let Re(k) = (He — Ii)il for kK € C\ R. By the resolvent equation, we have
Re(k) = R(go) (k)(1— qRéO) (k). We put Qe (k) = 1— qRg(x). Then the limiting
absorption principle holds, i.e., Rg(A£i0) € B(B(E),B*(€)) for A € (0,00)\ T.
We also call uy = R(go)()\ +40) f outgoing (+) and incoming (—).

Then we can prove the following theorem. For the proof, see [2].

Theorem 3.1 (Rellich Type Theorem) Let A € (0,00) \ T. Suppose that
u € B(E) satisfies (Hs — X\)u = 0 and u is oulgoing (or incomming). Then
u = 0.

3.1 Scattering Amplitude
We define the Hilbert spaces hi(\), k= 1,2:

By — L2(My(cos VA) x £,.). if A€ (A, Af,), 5 > 0.
{0}, otherwise.

We put h(A) = h1(N)a1(€) @ ha(N)az(€), where ag(€), k = 1,2, are the normal-
ized eigenfuncsions of the twisted Laplacian —A,, (§). The distorted Fourier
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transformation F(©)()\) = (.7-"1(0)(/\),.7-"2(0) (N) € B(B(£),h())) associated with
H éo) is defined by

- r . — + /.
]:(O)f — }j]{/k()\)f’]\/fk(cos V)’ if A€ ()\j,k7)\j,k)7 J=0,
F {0}, otherwise.

We note that F(O(\)* € B(h()\),B*(£)). Then we have the following lemma.
For the proof, see [2].

Lemma 3.1 For A € (0,00) \ 7, we have
« FO(N) diagonalizes HY, i.c., FO()) (Héo) —\) =0,
o FOYN)*¢ for any ¢ € h()\) is a generalized eigenfunction of Héo).

The distorted Fourier transformation F(*)()\) = (fl(i)(A),fQ(i)(A)) associ-
ated with Hg is defined by

FEN =FONQe(A+i0), k=12
Then we have the following lemma. For the proof, see [2].
Lemma 3.2 For A € (0,00) \ T, we have
o FE(N) diagonalizes Héo), i.e., FE(N)(He — X) =0,
o FE(N)*¢ for any ¢ € h(N) is a generalized eigenfunction of He in B*(E).
Define the scattering amplitude A(\) by
AN = FHqrOMm)*, Xe (0,00)\ T.

Let P,.(H éo)) be the projection on the absolutely continuous space of H éo)_ It is
well-known that the scattering matrix S()\) associated with the wave operator

. itHe —it HY (0)
W = s-lim e e™ % Poo(Hg ")

is written by S(A\) = 1 — 2miA(N).

4 Boundary Value Problem

We take the bounded domain Q' = (Vi,£%), Vi = VU 9V', as Fig.5:
« V'is “the internal points” of Q7
o OV'is “the boundary points” of Q¢

Here we impose the additional assumption on the potential ¢ = {ge}c¢:
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Figure 5: Bounded Domain in the Hexagonal Lattice.

(Q-4) supp(q) C {e C & e(0).e(1) € V'}.
Let us consider the Dirichlet boundary problem on E'. We define the differ-
ential operator —Az + ¢ on Q° by
(_ ;? + q) U = {_ulé + qeue}eegi ;
with
Dom(—A% + q) = {u € H*(£"); u satisfies (K-1) and (K-2), u‘aw‘ =0}.
Let op(—d?/dz? + ge) be the Dirichlet eigenvalues of —d?/dz? + qe on e. We

put

T = Uegcsgiop(—d?/dz? + qe).
We note that 7 is a discrete set. We also note that there may exist Dirichlet
eigenfunctions of Hg = —AL+¢ supported on cycles of edges (ex. the eigenfunc-
tions associated with flat band spectrum og, (H, éo))). These Dirichlet eigenvalues
of Hg are embedded in the continuous spectrum oeont (Hg) = [0, 00).

For A € C\ op(—AL + ¢) and f € (2(0V"), there exists a unique solution
U = {Ue}ocei Of the following boundary value problem:

(— g—l—q)u:Oiné‘i, u= f on dV'.
We define the Dirichlet-Neumann (D-N) map AL (A) as follows: for f € £2(9V?),

(ALN)f) (p) = —Beulp), pe V', ec & NE,
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where u is the solution of the above boundary value problem.
Taking into account of the Kirchhoff conditions at v € V*, one can obtain
the Green’s formula by integration by parts:

= [ (k0,7 e B, @

= > (AEW) - T®) - f) - RENN®)) -

peEDV?

We remark that AL () f is regarded as the outer normal derivative in this sense.

By using the D-N map A%(\), one can construct the outgoing solution u to
(Hg — A)u = 0. If the scattering amplitudes A% () and A%2(\) for ¢; and go
coincide, the outgoing solutions satisfiy u? —u?? € B§(£). By using the Rellich
type uniequeness theorem, we have u?* = u?. Then the D-N map for ¢; and ¢
coincide. Therefore we have

Lemma 4.1 Suppose that q; and qo satisfies (Q-1) - (Q-4). Then AT = A%
if and only if AZ""(N) = AF"(N).

For the proof of the lemma, see [2].
Then we have the following main theorem.

Theorem 4.1 Suppose that we know the scattering amplitude A(X) associated
with the Schrodinger operator Hg for N € I, where I is an open interval in
(0,00) \ T. Then we can determine the potential ¢ = {qe}oce uniquely.

In view of the Lemma 4.1, we only have to derive a reconstruction from
AL (X) to determine ¢ = {ge}ocgi-

Inverse Boundary Value Problem: Given AL()) for A € C\ op(—AL +¢q),

can we determine the potential ¢ = {ge}¢:?

4.1 Inverse Spectral Problem on Finite Interval
Let us consider the Dirichlet problem on [0, 1]:
=y +qy=ry in (0,1), y(0)=y(1)=0. (2)

Let k(q) = {K1, ko, ... } be all the Dirichlet eigenvalues of (2). If ¢ is real-valued
and symmetric, then x(¢q) and ¢ is one-to-one by the Borg’s theorem (cf. [5]).

Theorem 4.2 (Borg’s theorem) Let E = {q € L*(0,1); q(1 — z) = q(x)}. Then
E : q— k(q) is one-to-one.

10
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Figure 6: Labeling of the boundary 9V* = U;l-:lBj

4.2 Special Solution ofo Cauchy Problem on (2
Split the boundary of QF into parts OV* = B; U By U B3 U By, where

By ={b1,...,b,}, Ba={byy1,...,ba},

Bs = {bayt1,...,b3}, Bo={bsyt1,...,bs}.

See Fig.6. We can construct a special solution of the Cauchy problem by the
D-N map, which grows to a paticular direction.

We identify f € £2(0V) with f = [f(b1), ..., f(bs)]" € C*¥. So we can re-
gard the D-N map A% ()) as 4v x4y matrix. We write f(B;) = [f(bg—1)v+1)s-- - f(bj)]
Let A(\; Bj, Bi) be a vxv submatrix of the D-N map such that A(X; B, By) f(Bx) €
0%(B;). Then we split AL()) into block matrix expression:

T

AN B, By) AN B, Ba) -+ A(XN By, By)
, AN Ba, Br) AN B2, Ba) -+ A(X;Ba, By)
;L‘,'(A) = N N t. .

AN By, Br) AN By, Bz2) -+ A(X;By.By)

Suppose f(B;) =0, j =1,2,4 and (AL(\)f) (B1) = 0. Then we can construct
the solusions on all the edges e € £ uniquely as ue = 0 from By to Bs. See
Fig.7. We note that A ¢ Ugcgiop(—d?/dz? + ge). Thus we proved the following
lemma. For the details, see [2].

Lemma 4.2 IfA € C\ (op(—A%L +q) UT), then the matrices A(X; By, Bs) and
A(X; Ba, By) are retular.

As a consequence of the Lemma 4.2, we have the following fact.

11
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Figure 7: Construction of the solutions for the Cauchy problem.

Corollary 4.1 Let A € C\ (op(—AL +q)UT). If g(B1) € C” and f(B;) € C¥,
j=1,2,4, are given, then there exists a unieque f(Bs) € C” such that

(Afs(/\)f) (B1) = g(B1).

Moreover, we have

F(Bs) = AN By, Bs)™! | g(B1) — > A B1,B)f(B)) | - (3)

j=1,2,4

In vew of the corollary, f(Bs) is determined by the D-N matrix A%()) and the
given vectors g(B1) and f(B;), j =1,2,4. See Fig.8

In the same way, if g(B2) € C¥ and f(B;) € C”, j = 1,2,3, are given, then
there exists a unieque f(B4) € C” such that

F(Ba) = AN Ba,Bo) ' [ 9(Ba) = > AN Bo,B)f(By) |, (4)

§=1,2,3

which means that f(B4) is determined by the D-N matrix A% ()) and the given
vectors g(B2) and f(B;), s =1,2,3.
Then we have the following theorem.

Theorem 4.3 Let I C (0,00)\ (op(—A%L +q) UT) be an open interval. If the
D-N map A%L(X\) is given for any X € I, then the potential ¢ = {qe}ocgi is
determined uniequely.

The reconstruction procedure consists of several setps. At Step 1, we put the
Cauchy data f(B;), j =1,2,3, and g(B2) as in Fig.9. Then, using the formula
(4), we get f(Bs). Moreover, we have the following:

12
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Figure 8: the unieque special solution of the Cauchy problem.

o Since the D-N map is given, we can compute the value u(Q) at ¢ € V°.
o u(o) = 0 by the special solution of the Cauchy problem.

o Consider —u, +getie = Aue on the edge ®. Put e(0) = o. Then we obtain
the fundamental solution ue(x, A), satisfying ue(0,A) =0, u,(0,A) = 1.

« By the analytic continuation of AL(\) with respect to A € C, we know all
the zeros of ue(1,A) (i.e., all the Dirichlet eigenvalues on e).

¢ By the Borg’s theorem, we can determine ¢, on ®.

To be more specific, there are two types of edges e of ®1 and ®2 in Fig.9
whose reconstruction procedures slightely differ.

Step 1 on e of ®1:

Let e = ®1, and e(0) = o, e(1) = ¢. Then u, is the solution of
—ull + gette = e in (0,1), ue(0) =0, u,(0) = f1(N\), ue(l) = g1(\),

where f1(A) and g1 () are analytic for A. Put e = ue/f1(A). Then v is the
solution of

91(A)
Hi(N)
By the analytic continuation of fi(\)/g1(\), we know all the zeros of te(1)

which are Dirichlet eigenvalues on e of ®1. By the Borg’s theorem, we can
determine ¢, on e of type ®1.

— + Getbe = e in (0,1),  e(0) =0, $L(0) =1, ve(1) =

13
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Figure 9: The reconstruction procedure of Step 1.

Step 1 on e of ®2:

Let e = ®1, and e(0) = o, e(1) = ¢. Then u, is the solution of
—ul 4+ qetie = Mg in (0,1), ue(0) =0, ue(l) = ga(N), uL(1) = f2(N),

where fo(A) and go(\) are analytic for A. Put e = ue/f2(A). Then 1. is the
solution of

g2(M)
f2(N)’

By the analytic continuation of fy(A\)/g2(A), we know all the zeros of 1)e(1)
which are Dirichlet eigenvalues on e of ®2. By the Borg’s theorem, we can
determine ¢, on e of type ®2.

We can repeat the above procedures for e of ®j, j = 3,4,..., right below
the line £ in Fig.9.

At Step 2, using the formula (3), we follow the same procedure as Step 1.
See Fig.10. Then we can reconstruct the potentials ¢ for e = ® right below
the line £’ in Fig.10.

At Step 3, we already know the potential ¢, for e = x in Fig.11. Then,
using the formula (4) as Step 1, we can reconstruct the potential g for e = ®
in Fig.11. Repeating this procedure, we can reconstruct the potential g, for
e = x in Fig.12 right above the line £’ before Step 4.

At Step 4, using the formula (3) as Step 2, we can reconstruct the potential ge
for e = ® in Fig.12. Repeating this procedure, we can reconstruct the potential
ge for e = x in Fig.13 right above the line L.

So far, we arrive at one size smaller unknown region where the potential
ge’s are unknown. Then we can restart Step 1 to Step 5 in the smaller region.

— + ethe = Me in (0,1),  1e(0) =0, (1) = ve(l) =1

14
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Figure 10: The reconstruction procedure of Step 2.

Figure 11: The reconstruction procedure of Step 3.

15
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Figure 12: The reconstruction procedure of Step 4.

Figure 13: The reconstruction procedure of Step 5.

16
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Finally, we can reconstruct all the pontential e, € € £'. For the details of the
reconstruction procesure, see [2].

5 Acknowledgement

This is a joint work with Hiroshi Isozaki (Univeristy of Tsukuba), Hisashi
Morioka (Ehime University) and Evgeny Korotyaev (St. Petersburg University).
This work was supported by the Research Institute for Mathematical Sciences,
an International Joint sage/Research Center located in Kyoto University. This
work was also supported by JSPS KAKENHI Grant Number 20K03655.

References

[1] Kazunori Ando, Hiroshi Isozaki, and Hisashi Morioka. Spectral proper-
ties of Schrodinger operators on perturbed lattices. Ann. Henri Poincaré,
17(8):2103-2171, 2016.

[2] Hiroshi Isozaki Kazunori Ando and Hisashi Morioka. Inverse scattering on
the metric graph for graphene. preprint, 2024.

[3] Evgeny Korotyaev and Natalia Saburova. Scattering on periodic metric
graphs. Rev. Math. Phys., 32(8):2050024, 51, 2020.

[4] Peter Kuchment and Olaf Post. On the spectra of carbon nano-structures.
Comm. Math. Phys., 275(3):805-826, 2007.

[5] Jirgen Péschel and Eugene Trubowitz. Inverse spectral theory, volume 130
of Pure and Applied Mathematics. Academic Press, Inc., Boston, MA, 1987.

17





