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Abstract

In this conference proceeding’s paper we briefly present the spectral and scattering theory
of the Casimir operator acting on radial functions in L?(SL(2,R)). After a suitable decom-
position, these investigations consist in studying a family of differential operators acting on
the half-line. This material is mainly borrowed from the joint paper [3] with H. Inoue to
which we refer for the details . This work has been a first attempt to connect group theory,
special functions, scattering theory, C*-algebras, and Levinson’s theorem.
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1 Origin / motivation

We consider the group G = SL(2,R), and let ¢ :
Haar measure dg. For m,n € Z with m —n € 2Z,

condition

f € jfm,n — f(u91 9“92) = ei(m61+n92)f(g)
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University.

= L*(G) = L?*(G,dg) endowed with a left
we define the subspace J7,,, C J by the



046

cos(0) sin(6)

for g € G and 61,6, € [0,27), and where uy := (_Sin(e) cos(6)

). Then, one has
H b A= b Lry
m,neZ,m—ne27 m,nel,m—ne27

Consider now the Casimir operator €2 on SL(2,R) and set H = —(2 4 1) for its realization
in J# as a second order differential operator. Then, through the same reduction and unitary
transformations one gets

H

1%

@ d? N m? +n? — 1 — 2mn cosh(2z)
da? sinh(2x)?

m,neZ,m—ne27

By setting p := ‘mz_ " and v = ‘m; n‘, and using hyperbolic function identities one gets the

differential operators D, , acting on Ry and given by

d? 1 1
Dyyim ——— (2= = 22—
H a2 (M 4) sinh(z)? cosh(z)? v )cosh(:c)2

These expressions are well defined for any p, v > 0, and we shall consider this generality in the
sequel. Observe that the potential is defined by the function V,, : Ry — R satisfying

o Vyu(x) ~ (p* = 3) ;12— near 0,

o Vyu(2) ~4(p? —v?)e ™  near +oo.

Due to the singularity of the potential at 0, there exist several self-adjoint realizations in L?(R, ),
see for example [1]. For our purpose, we fix the self-adjoint realization defined by

dom(H,,) = {f € dom(D}J%) [ Jc € C st f(x) — cxith e dom(DEfiVn) near 0} ,
HH’V = Dlrﬁix‘dom(H#,,,)

where dom(DfEiVn) and dom(D}]'}¥) denote the standard minimal and maximal domains for the
operator D, ;.

2 Aims of the study
Let us now enumerate the aims of these investigations.

e Study the spectral and the scattering theory for the self-adjoint realization H, , in L*(R.),
e Look at the interactions between scattering theory, special functions, and C*-algebras,
e Lstablish an index theorem for the operator H,, ,,

e Get a topological Levinson’s theorem in representation theory, and look for its meaning,
as inspired by [2] ?



047

3 Spectral theory

We briefly sketch the spectral theory for the operator H, ,. For ¢ € C\ R with R(¢) > 0,
consider the equation

—u" () + Vo (z)u(r) = —Cul(), reRy.
Its solutions are given by the functions

x— Ly, (x,Q) = tanh(m)%ﬂ’ cosh(z)SF (o — (/2,8 — (/2;1 + p; tanh(x)?),

T M,W(:U, () := tanh(g;)%—ﬂ cosh(a:)—CF(l /2,1 - B ()21 C;cosh(x)_Q),

with « := 1—+"2‘i >0 and 3 := 1—+'L2ﬂ € R, and where F = 5F} is the Gauss hypergeometric
function defined for |z| < 1 and ¢ € C\ {0,—1,-2,...} by

. T . T(a+n)T(b+n) 2"
Fla,bc;2) = T(a)T(b) > T(ctn) nl

n=0
The notation I' denotes the usual I'-function. The Wronskian for these two solutions can be

computed and one gets
201+ p)T(1 +¢)

Wuu(C) = — :
) = e NG ¢/2)
The resolvent R,,,(z) of the operator H,,, can now be expressed in terms of these functions.

Lemma 3.1 (Resolvent). For ¢ € C\R with R(¢) > 0, the kernel of the resolvent Ry, ,(—(?) :=
(Hpup + ¢t is given by

Ry (—C%a,y) = —

1 L,u,,l/(xa C)J\/[u,l/(yvc) Zfo <x < Yy
Wu,l/(C) L;J,,l/(y7 C)J\/I,u,y(xyg) if0<y<um.

In addition, by studying the Wronskian one infers an explicit expression for the number of
bound states (eigenvalues) for the operator H,,. Note that all eigenvalues are located on the
half-line (—o0,0).

Proposition 3.2 (Number of bound states). The number of eigenvalues of H,, 1is given by

0 if p=1 s,

=] i p=t <o,

#Up(Hu,V) = {

where the ceiling function [-] is defined by [t| := min{m € Z | m >t} fort € R.

The next result is related to the continuous spectrum of the operator H,,. A limiting
absorption principle corresponds to a control of the resolvent of this operator near the real axis.
In the statement, the spaces L3 (R.) correspond to the usual weighted Hilbert spaces with
the weight defined by z — (1 + xQ)iS/ 2. We also introduce three new functions, obtained by a
limiting procedure of the functions already introduced, namely

2I(1 4+ p)I'(1 F ik)
D(a Fik/2)T(6 Fik/2)’

Lyy(z, k)= tanh(:z:)%ﬂ‘ cosh(z)T*F(a £ ik/2, B £ ik/2; 1 + p; tanh(z)?),

Wi (k) = lim W (vV=(2 £ 1)) = =

Miy(x, k) := tanh(m)%_“ cosh(:z:)iikF(l —aFik/2,1— B Fik/2;1F ik;cosh(z)?).

Note that the expressions for £, ,(x, k) is independent of the £-sign chosen in the r.h.s.

3
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Proposition 3.3 (Limiting absorption principle). For k > 0 and —(? = k? £ ic the limits
lime o Ry (k2 £ie) =t Ry, (k*£1i0) exist in the sense of operators from L2(Ry) to L? (R4 for
any s > %, uniformly in k on each compact subset of Ry. In addition, their kernels are given by

R”,V(/f2 +i0;z,y) = —

1 {cu,y(x,kwiy(y,k) if 0<az<uy,

WMiV(k) »Cu,V(?lvk)Miu(ka) if 0<y<u.

Based on these expressions, one can introduce the notion of spectral density. More precisely,
for k£ > 0 we define the spectral density by

1 . )
puv(k?) = %(ij(k2 +10) — Ry, (k* — i0))

which exists as a bounded operator from L2(Ry) to L? (R, ) for any s > 1/2, and has kernel

L
™ Wik (B)?

1

= ST D . )

pw,(kQ;:c,y) = ﬁu,u(%k)ﬁu,u(yak)

= ﬂfju(x k)fu V(y7k)7

with

Fr(a,k) 2ﬂ’f\/> W ik Loz, k).

Even if the spectral density is uniquely defined, let us mention that the expressions for F, ;fl,(a:, k)
are not unique, and a suitable choice has been made.

4 Generalized Fourier kernels

We now start the investigations on the scattering theory. We firstly derive a new expression for

Fuw(@, k) for x,k € Ry

Frow (@, k)

_27% D(a—ik/2)T(B — ik/2)
T V2r T+ p)D(1 —ik)

tanh(x)%ﬂ‘ cosh(z)*F(a —ik/2, — ik/2;1 + p; tanh(z)?)

, 1 ' —ik/2)I(B —ik/2 1
= 2_”%\/; (Oé‘(ll+/u))F((16— sz)/ ) tanh(z)2 T cosh(z)** F (o — ik /2, o + ik /2; 1 + p; — sinh(z)?)

= _i{]:lh’/(x’ k)UW,(k) - ]:p,l/(l" k)}

with
Fuv(x, k) == \/12_ tanh(r)%Jr“(ex +e )k F(a—ik/2,8 — ik/2;1 — ik; cosh(z) )
T
and
['(a—ik/2)T(8 — ik/2)T(1 4+ ik/2)(1/2 + ik/2)
ouv(k) =

T(a + ik/2)T(B + ik/2)T(1 — ik/2)T(1/2 — ik/2)’

4
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Note that several relations involving the hypergeometric function have been used in this com-
putation. We also concentrate only on F, ,(z, k) but similar formulas exist for .7-"; ,(z, k). Note
also that the function o, is defined by continuity at some singular points, and that it takes
values in the set of complex numbers of modulus 1. In fact, the only dangerous factors are
[(B F ik/2) for k0.

Let us now state two results about the asymptotic behavior of this function.

Lemma 4.1. Locally uniformly in k > 0 one has as x — o0
—i
V2T

In the next statement, we use the notation J, for the usual Bessel function. Note that the
first statement is rather well-known [6], and has been studied extensively in [4].

‘7:;1_,1/(:67 k’) — (eikxo_%l/(k) o e—z’kx) + O(e—2x)‘

Lemma 4.2. For any fized x,k € Ry one has
- T 2 : T
lim 7, (e, k/e) = e"z(“‘”\/;%uk) = o 50V J, (k).

. _ —1
eliglo ]:W,(em, kje) = E

Uu,u(o) = {_1 Zfﬁ c _N. (1)

(eikxgujy(o) _ e—ikx)

with

Clearly, among all possible values for 5 € R, the case § € —N corresponds to the exceptional
case, while the case 8 € —N corresponds to the generic situation.

For f € L*(R;) and k > 0 we can now define the generalized Fourier transforms by the
relations

Fr i) = [ FE R @) e = [ R k)@,
and the Mgller wave operators

Wi(Hyy. Hp) = (Fi,)" Fo.

with (Fpf)(k) := \/gfooo sin(kx) f(z) dz the Fourier sine transform. Here D refers to the
Dirichlet Laplacian Hp. The following statement makes the link between the various stationary
expressions introduced so far, and the time dependent version of scattering theory.

Proposition 4.3. The following equalities hold:

. it H —itH
Wy(H,,, Hp) = s-lim erve b,
:I:( Vs D) oo

In addition,
Suy =Wy (H,,,Hp)*"W_(H,,, Hp) = UM,V(\/H )

The following equalities are well known:

selim o0 W (Hy,, Hp)e 0 = 1 (2)
tS—_>14i-I£o e!tHip W_(Hy,,. Hp) e b — Sy 3)
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We shall supplement them with other relations of the same type. For that purpose, let {U;} cr
denote the dilation group in L*(R,) acting on f € L?(Ry) and for z € Ry as

[U:f](2) = €72 f(eTa), (4)

Then, motivated by Lemma 4.2, it is natural to look at the following limits:

[U_.W_(H,,, Hp) U, f](x) = /O h Foo (e 2, k) [Fo f](k) dk

L e BN FE,Fof](x)  asT - o0, (5)
2, {[m(x) L
[iFnFof](z) if B € -N,
with
(Fuf) (k \f / Tk f
and

(Fnf) (K \/7/ cos(kz) f(z)dz.

In the first expression, J, denotes the Bessel function for dimension 1, as introduced in [1,
App. A.4] and defined by

™

Tu() =[5 Jul2).

The transformation F), corresponds to a Hankel transform, while /x denotes the Fourier cosine
transform. The pointwise convergences mentioned in Lemma 4.2 do not allow us to deduce a
useful convergences in the above expressions. For that reason, we mention these convergences
as motivations for the operators defined by the r.h.s. In the next section, these operators are
going to play an important role.

5 C(C*-algebras and an index theorem

Let us denote by A the generator of the dilation group introduced in (4). Then, the following
equalities can be proved:

iFnFp = — tanh(mA) 4 i cosh(wA) ™!,

D(E5 — i) (3 + id)
DT+ 3) T - )

FuFp =

=: 9, p(A).

In addition, if we set T := {z € C | |z| = 1} one readily observes that the following properties
hold:

e —tanh(7) + i cosh(r)~! € C([—o0, +o0]; T),
e U,p € C([—o0, +o0]; T) with ¥, p(—00) = ci5(=3), Ypu,p(+00) = ei5(h=3)
e 0, € C([0,+00]; T) with 0y, (400) = emim(h—3), 0,,,(0) provided in (1).

6
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(0, +00) (400, +00)
R=o0(A)
(07 —OO) (—|—OO, _OO)
Ry =o(Hp)

Figure 1: Representation of &

Thus, the first two functions have limits at d-oo, while the last one has limits at 0 and at +oc.
Furthermore, they all take values in the set of complex numbers of modulus 1.
Based on these observations, let us introduce a C*-subalgebra of %(L*(R4.)):

&=C" (ni(A)T/)z(HD) | m; € C([—o00, +00]), i € C([07+00])>-

This C*-algebra can be thought as an algebra of functions living on the square [ represented
in Figure 1.

Clearly, the three operators — tanh(wA) + i cosh(mA4) ™!, ¥, p(A), and 0,,, (vHp) belong to
the algebra &. Let us now state a conjecture, which has been proved for several other scattering
models [5], but which could not be proved yet for this model. The difficulty is coming from the
two convergences (5) and (6) which are not fully understood.

Conjecture 5.1. For any p,v >0 one has W_(H,,, Hp) € &.

This conjecture can also be represented on the square, as illustrated in Figure 2. In addition,
if we let A1, Ao, A3 and A4 denote the restrictions on the boundaries of the square, then the
relations (2), (3), (5), and (6) lead to the following identifications for s € R and k € R4:

NP L it 3¢ —N
R —tanh(ws) +icosh(ms)™t  if B € —N,

Ao (k) == oy (k),
As(s) = e 312y, p(s)
Ay(k) == 1.

Then, the main result of this construction reads:

Theorem 5.2. For any p,v > 0 the function A, := (Al,Ag,Ag,A4) s a continuous function
on the boundary of the square and takes values in T. In addition, the following equality holds:

Wind(A,,,) = #0p(Hyy) = —ind (W_(H,., Hp)), (7)
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where the L.h.s. denotes the winding number of the function & — A(£), while the r.h.s. denotes
(minus) the index of the Fredholm operator W_(H,, ,, Hp). This Fredholm indez is also equal
to (minus) the number of bound states of H,, , .

Let us emphasize that the proof is based on an explicit computation, but the statement
would hold automatically if the conjecture is proved, with K-theoretic arguments. In the results
presented above, scattering theory, special functions, and this index theorem complement and
stimulate each other. On the other hand, what can we infer from (7) about the representation
theory of SL(2,R) is not known yet.

(0, 4+00) > (400, +00)
A2 = O-IMV
Al“ W—(H/.L,V7 HD) "Ag = e_’%(“_%)ﬁp,D
Ay=1
(0, —o0) < (400, —00)

Figure 2: W_(H,,, Hp) € & and its restriction on the boundaries
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