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SNAPSHOT PROBLEM FOR THE WAVE EQUATION
TOMOYUKI KAKEHI

ABSTRACT. Let us call a smooth solution u(t,x) of the wave equation on R™ a wave.
Suppose that we take several snapshots of a wave u at several different times. Then we
arrive at the question: Can we reconstruct a wave u from those snapshot data? Roughly
speaking, our answer to the above question is as follows. If we take 2 snapshots at t =0
and t = 1, then we can uniquely determine the wave at any integer time. If we take 3
snapshots at t = 0, 1 and t = «, and if the 3 snapshot data satisfy a certain compatibility
condition and « is an irrational number and not a Liouville number, then we obtain a
unique solution of the wave equation, namely, we can determine the wave uniquely at any
time. We also consider a similar problem for the shifted wave equation on the sphere S™.
This article is a brief summary of the joint work with Jens Christensen, Fulton Gonzalez,
and Jue Wang. (See [CGKW24].)

1. INTRODUCTION

In this article, we consider the uniqueness and the existence of the solution to the wave

equation
Otu(t, ) — Au(t,z) =0, (t,z) e R x R",
with the condition
u|t:t1 = fI? e 7u‘t:tm - fm

Here tq,--- ,t,, are m given times and fi,--- , f,, are m given smooth functions on R".
Our question is as follows.

When does the above equation have a unique solution?
As is well known, the motion of a wave u is described by the wave equation 9?u — Au = 0.

Suppose that we take several snapshots u|—;, = fi, - ,uli=y,, = fm of the wave at
t=ty, -+ ,t =t,. Then we arrive at the problem.

Can one find the solution to the wave equation with given snapshots?

For m given times t,, - - - , t,,, and for m given functions f;,--- , f,, on R", let us consider

the following problem
O2u(t,x) — Au(t,z) = 0, (t,x) e R x R™,

(SP) . .
u|t:t1 - fla e 7““1‘,:1‘,771 - fm-

We call the above problem (SP) the snapshot problem for the wave equation and the
set of m functions {fi, -+, fi} the snapshot data of (SP). In addition, we sometimes
call the snapshot problem with m snapshots the m-snapshot problem.
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Throughout the article, we assume that fi,---, f,, € C>*°(R"). However we do not
assume any decay condition on the snapshot data {fi,--- , f,,}. It is because any solution

to the wave equaition has the finite propergation property.

As is well known, the Fourier transform sometimes plays an important role in the
study of wave equations. However we note that since each function f; (1 < j < m) of
the snapshot data does not necessarily decrease at infinity, we can no longer apply the
Fourier transform to each f;. This is one of the difficulties of the snapshot problem.

Let us first consider the case m = 2. The snapshot problem for the wave equation was
first studied by F. John.

In his book “Plane Waves and Spherical Means Applied to Partial Differential Equa-
tions” [Johb5], he considers the snapshot problem in the case n = 3 and m = 2.

For simplicity, we may assume that ¢; = 0, ¢t = 1 and let u|4—g = fo, u|;=1 = fi. Then
he showed the following.

Theorem 1.1 (F. John). While the solution of the snapshot problem is not unique, the
solution at any integer time is uniquely determined by the snapshot data { fo, f1}.

For the details, see Page 118 of the above book.

2. THE 2-SNAPSHOT PROBLEM

Next, let us consider the 2-snapshot problem for general n. As in the John’s case, we
may assume that t; =0, {5 = 1.
First of all, we see easily that the uniqueness for the 2-snapshot problem does not hold.
In fact, if we take any ¢ € C* with ¢ - ( = 7% and put
u(t, r) = sin(rt)e”,
then u(t,x) satisfies u(0,2) = w(l,z) = 0 and it also satisfies the wave equation
O?u — Au = 0.
What’s interesting is that even though the uniqueness does not hold, the solution u at
any integer time is uniquely determined.
Let uli—o = fo, ult=1 = f1. In addition, let us define a compactly supported distribution
o sin(k|¢])
where Uy, denotes the Chebyshev polynomial of the second kind. (Here U_; = 0 and if
k < —1 define Uy, by Uy_1 = —U_§_1.) Then we have the following.

Theorem 2.1 ([CGKW24]). Suppose that u be a solution of the snapshot problem with
the snapshot data {fo, f1}. For any integer k, let u, = u(k,-) be the snapshot of u at
t = k. Then uy 1s explicitly determined by the formula

up = frx Vg — fox Wy
In the above formula, x denotes convolution.

Fot the proof and related results, see Section 2 of [CGKW24].
In the same way as above, k € Z and for s € R, we define a compactly supported
distribution Wy ; by

= Uk_1(cos [&]) £ e R,

— . sin(ks[¢]) _ cos(s .
Fra(6) = o) = U eos(le) ¢ <R
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Suppose that u is a solution of the wave equation. For T' € R, let uy = u(7),-) be the
snapshot of v at t =T.
Then by time-translating and scaling, we have

Corollary 2.2. For a, b € R with a # b and for any integer k, we have

Uatk(b—a) = Up * Uip—a— U * Vi_1pq-

3. UNIQUENESS FOR THE 3-SNAPSHOT PROBLEM

Next, let us consider the uniqueness of the snapshot problem in the case m = 3.
By time-translating and scaling (¢, x), we may assume that t; = 0,1, = 1, {3 = «,
where av # 0, 1. So let us assume that

uli—o = u|i=1 = uli=a = 0.
By the theorem and the corollary above, for any integers ¢, k, we have
Up = U * U — ug x Yy =0, Upe = Ug ¥ Yoo — g ¥ Wy_1 o = 0.
Again by the above corollary,
Uptta = Upa * V1o — Up * Yoo = 0.

If o is an irrational number, the set {k + ¢ |k, ¢ € Z} is dense in R. So by density
argument, u = 0. As a result, we obtain the following.

Theorem 3.1 (Uniqueness for the 3-snapshot problem [CGKW24]). If « is an irrational
number, then a solution u of the wave equation is uniquely determined by its snapshots
u|t:07u‘t=17u|t:a;

Again by time-translating and scaling (¢, z), we have

ty —

Corollary 3.2. If the ratio L is an irrational number, a solution u of the wave

2 — 11
equation is uniquely determined by its snapshots wli—y, , Wli=ty, U|i=ts,
4. EXISTENCE THEOREM FOR THE 3-SNAPSHOT PROBLEM
We assume that t; =0, t, = 1, t3 = o, where a # 0, 1.
Let us consider the snapshot problem.
OPu(t, ) — Au(t,z) = 0, (t,x) e R x R™,
(SP) | .
U|t:0 — f()> u‘t:l = fl; u‘|t:a = fa

We note that the above (SP) is overdetermined. In fact, for two given smooth functions
fo, 9o, the Cauchy problem for the wave equation

(cP) OPu(t, x) — A{u(t, x) =0, (t,z) € R x R™,
uli=o = fo, Oiuli=o = go.

has a unique solution. So we need a compatibility condition on three functions fy, fi
and f,. As is well known, the solution to the Cauchy problem (CP) is given by

u(t,x) = (foxS")(x)+ (go * Si)(z),
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where S; and S’; are compactly supported distributions on R™ whose Fourier transforms
are given respectively by

(4.1) Se) = ED G e = costle]).

By the above formula,
fi = ulim1 = fox 51+ go * St fo = tlt=a = fo *x S'a + go * Sa-
Namely, we have
go* S1 = fi — fox 5, 9o * So = fo — fox S
If there is a solution of (SP), then fy, fi and f, satisfy
(fi— foxS1)xSa=g0*S1 %Sy =go*SaxS1 = (fo— fox5a) x5
Therefore, we have

Proposition 4.1 (Compatibility condition on the snapshot data). If the snapshot problem
(SP) with the snapshot data {fo, f1, fo} has a solution, then fy, fi and f, satisfy the
following compatibility condition.

(fi— foxS") % So = (fa— foxS's) xSi.

Let us go back to the snapshot problem (SP).
(SP) { OPu(t, ) — Au(t,z) = 0, (t,z) € R x R",

U\t:o = fo; U|t:1 - fl; U\t:a - fa-

Our question is as follows.
When does the snapshot problem (SP) have a unique solution?
As we stated before, we need to assume the following.

(1) « is an irrational number.
(2) fo, f1 and f, satisfy the compatibility condition.
(fl - f() * S/l) * Sa - (fa - f() * S/c\z) * Sl-

Question: Are these two condtions sufficient?
Let us now state our main theorem.

Theorem 4.2 ([CGKW24]). Let o be an irrational number and not a Liouville number.
Suppose that fo, f1 and f, € C(R™) satisfy the compatibility condition (f; — fo*S5'1) *
Se = (fo — fox5"w) % S1. Then the snapshot problem
(SP) D2u(t, ) - Au(t,z) =0, (, J;) € R xR,
U|t:0 = f0> U‘t:l = f1> u|t:a = fa-
has a unique solution.

In addition to the above two conditions, we have to assume that « is not a Liouville
number.
From now on, we will explain the definition and some properties of a Liouville number.
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5. WHAT 1S A LIOUVILLE NUMBER?

Definition 5.1. A Liouville number is a real number x with the property that, for every
positive integer m , there exists a pair of integers (pm, Gm) with ¢, > 1 such that

1

qm™

Pm
xr — —

am

By definition, a Liouville number is a real number which is very closely approximated
by a sequence of rational numbers. The following is a famous example given by Liouville.

o0

x = Z 10-™
m=1
Properties of Liouville numbers. Let £ be the set of Liouville numbers. The

following are known in number theory.
Known facts

(1) Any Liouville number is a transcendental number.
(2) L is an uncountable set and dense in R.
(3) The Lebesgue measure of L is zero.

Remark 5.2. If unfortunately you take the third snapshot at a Liouville number time,
then you have to take at least one more snapshot in order to get a solution to the wave
equation. But such a bad luck rarely occurs because the Lebesque measure of the set of
Liouwville numbers is zero.

6. OUTLINE OF THE PROOF
We have the following diagram of correspondence.
Solutions of the wave equation 97u(t,r) — Au(t,z) =0
o =Jo s S g S,
atu“t:() =90
Cauchy data {fo, g0}
Ji=fox S+ go* Sy,
Snapshot data {fo, f1, fo} with the compatibility condition

S

The key idea is to show that the mapping from the space of Cauchy data to the space of
snapshot data with the compatibility condition is an isomorphism (fill the 7-part in the
above diagram) under the assumption that « is not a Liouville number.

6.1. Injectivity of the mapping {fo, g0} — {fo, f1, fo}. First, we consider the injec-
tivity of the mapping
Cauchy data {fo, go} +— Snapshot data {fy, f1, fa}-

Recall that we are assuming that « is irrational. If fy, = fi = f, = 0, namely if
ulj=o = u|i=1 = uli=o = 0, then by the uniqueness theorem we have the solution v = 0
and threfore, fo = u|i—o =0, go = dyuli=o = 0.
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6.2. Surjectivity of the mapping {fo, 90} — {fo, f1, fa}. Next, we consider the sur-
jectivity of the mapping

Cauchy data {fo, go} +— Snapshot data {fo, f1, fa}

Let us recall the compatibility condition

(fi— foxS") % So = (fa— foxS's) xSi.

Our objective is to find gy such that
go ¥ S1 = fi — fox 5, 9o * Sa = fo — fox a

In fact, such gy satisfies Oyul;—0 = go.
Now let

P1 = fl_fO*S,la Pa = fa_fO*S,a-

Then our objective is to find gy such that gy * S = ¢ and gy * S, = @, under the
condition that o x S, = ¢, * 5.
Let us admit the following theorem.

Theorem 6.1. Let o be an irrational number and not a Liouville number. Then there
exist compactly supported distributions ®, and ®, such that 1 xS, + P, xS, = 0y, where
0o denotes the Dirac delta function.

Using the above ®; and ®,, , let gy = p1 * 1 + ¢, * . Then

go * S1 = (1% D1+ pa * ) * Sy
= 1% Py % S1 + 1 % S x Py (by ¢1 % Sa = pa * S1)
= 1 % (P % S; + Py % Sy)
= 1 * 0 = 1, (by the above theorem).

Similarly we have gy * S, = ¢,, which completes the proof of the surjectivity.
Let us go back to the diagram of the correspondence.

Solutions of the wave equation 97u(t,z) — Au(t,z) =0
LR SR S
Oyl =0 = go
Cauchy data {fo, g0}
Ji=fo*S"1 + go* S,
Jo=Jfo*S5a+goxSa
Snapshot data { fy, f1, fo} with the compatibility condition

S
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The 7-part is given by the following..

Solutions of the wave equation 07u(t,z) — Au(t, z) = 0

{u|to—f0> b u=foxS+go*S;

atu‘t:() = 9o

Cauchy data {fo, g0}

{f1=f0*5/1+90*51«, Vo4 {90: (fi = foxS")x®y
Ja = foxS'a+go*Sa +(fo — fox S'a) * Py
Snapshot data {fo, f1, fo} with the compatibility condition
In particular, the above shows that the mapping
Cauchy data {fo, go} +— Snapshot data {fo, f1, fu}-

is an isomorphism. Therefore, the snapshot problem (SP) has a unique solution.

Remark 6.2. The proof of Theorem 6.1 uses a deep result on compactly supported distri-
butions by FEhrenpreis. For the details, see his book “Fourier analysis in several complex
variables” [Ehr70].

7. WHAT HAPPENS IF o IS A LIOUVILLE NUMBER?

Let us consider the case « is a Liouville number.
In this case, the mapping

Cauchy data {fo, go} +— Snapshot data {fy, f1, fa}-

is no longer surjective, and as a result, we see that there exist fy, fi, fo such that the
snapshot problem (SP) with the snapshot data { fy, fi, f.} does not have a solution.
We will prove it by contradiction. So we assume that the mapping

Cauchy data {fo, go} — Snapshot data {fo, f1, fa}-

is surjective.

For a compactly supported distribution 7" on R", we define a convolution operator
Cr: C®(R") — C>*(R™) by
Crf(e) = fT() = | flz—y)dT(y), =R, feC™(R).
JRn
Then we have

Theorem 7.1 (Ehrenpreis, [Ehr60]). Cr : C*°(R") — C*°(R") is surjective if and only
if the Fourier-Laplace transform T'(C) of T is slowly decreasing.

For the definition of slowly decreasing, see the above paper [Ehr60] by Ehrenpreis.

Roughly speaking, if T (¢) decays polynomially at infinity, then 7'(¢) is slowly decreasing.
Recall that the compactly supported distribution 5; is defined by

516y 016D

So the Fourier-Laplace transform of S; is given by
~ sin(t+/C -
St(C) - ( < C)v C € Cna
V-G
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from which it follows that SA}(C ) is slowly decreasing, and thus by the above theorem the
convolution operator Cs, : C*°(R™) — C*°(R") is surjective.
As in the proof of the existence of the solution, for the snapshot data {fo, f1, fa}, let

1= f1— fox S, Qo = fa— fox S

Then the compatibility condition is given by ¢ % S, = ¢4 x.S1. Namely Cs_ o1 = Cg, ¢,
In addition, the surjectivity of the mapping

Cauchy data {fo, go} + Snapshot data {fo, f1, fa}

means that for any pair (@1, p,) with Cs o1 = Cs, ., there exists go € C*°(R") such
that Cs, g0 = ¢1 and Cs, g0 = pa-
For simplicity, let
V=C®R"), S=Cs, T=Cs.

We note that T'S = ST and both S : V — V and T': V — V are surjective.
Here we have the following lemma.

Lemma 7.2. Let V be a vector space, and S, T be two surjective linear operators with
ST =TS. Then the following are equivalent.

(i) S :KerT — KerT is surjective.
(ii) T :KerS — KerS is surjective.
(iii) For any pair (v,w) € V x V with Sv = Tw, there is an x € V such that Sz = w
and T'r =v.

The proof is straightforward, so we omit it.
Now we apply the above lemma to

V=C®R"), S=Cs, T=C0Cs.

Then we have Cg, : Ker Cs;, — Ker Cys, is surjective.

On the other hand, by the uniqueness theorem, Ker Cg, (| Ker Cs, = {0}. Thus Cg, :
Ker Cg, — Ker Cg, is injective.

Moreover, we see easily that Cg, : Ker Cs, — Ker Cg, is a continuous linear operator.

Therefore, by the open mapping theorem, Cgal : Ker Cs, — Ker (Y, is also a continuous
linear operator.

Since « is a Liouville number, there exists a sequence of rational numbers {pg/q}22,
such that

, (k=1,2,3--+).
This inequality gives

. . e
0 < [sin(rqra)| = |sin (g — pi)| < 7lqea — pi| < ——.

k

Hence
qk—l
| (sin(rgr)) ™" | > kT

We take the sequence { fi }72; in C*°(R"™) defined by

1 .
Je(w) = — ™o, x= (v, -,z €ER", k=1,23---.
n
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We note here that in general for ¢,(z) = € (n € R") we have
Co, () = ¢y * Se()
- / Mm@V 4G, (y) = M / e YdS, (y)

sin(¢[n])
u
By taking n = (7q,0,---,0), t = 1,0or « in the above equality, we have

= ¢n(93)§t(77) = ¢77(x)

O ful) = fix Su(ax) = ST ¢ 0y — g

Tqk
sin(mwqyov)

Tqf

Cs, fr(x) = fr * Salx) = fr(z).

Thus f;, € KerCs, and in addition, we have

Tqu‘ eiﬂ-qkml

sin(mqpe)  qf

#) |C5 fulx)] = > 1, for any x € R™.

On the other hand, we see easily that f; — 0 in the topology of C*°(R") (and of course
in the topology of KerCly,).

Since Ogal : KerCs, — Ker(g, is a continuous linear operator, Ogal fr — 0 in the
topology of KerC,. which contradicts with the above inequality (#).

8. SUMMARY
[1] The 2-snapshot problem.
(SP) O2u(t, x) - Au(t,xz) =0, (t,x) e R x R™,
U|t:0 — f0> u‘t:l = fl-
(1) The uniqueness for the 2-snapshot problem does not hold.

(2) However, we can determine the snapshot ux = wu(k,-) of the solution u at any
integer time ¢t = k by the formula.

up = f1x W — fox Vg,
where Wy (k € Z) is a compactly supported distribution defined by

@(f) = s;%k”g) = Uk_1(cos|¢]) £ eR™.

[2] The 3-snapshot problem.

(SP) { O?u(t,x) — Au(t,z) = 0, (t,x) e R x R™,

U|t:0 = f0> U‘t:l = fl- u‘t:a = fu

(1) If o is an irrational number, the uniqueness for the 3-snapshot problem holds.
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(2) In addition, if « is not a Liouville number and if fy, f; and f, satisfy the com-
patibility condition

(fi = foxS"1) % Sa = (fa — foxS's) xSi.

then the 3-snapshot problem has a unique solution.
(3) If v is a Liouville number, there exist fy, fi and f, satisfying the compatibility
condition such that the 3-snapshot problem with the snapshot data {fo, fi, fo}
does not have a solution.

9. SNAPSHOT PROBLEM FOR THE SHIFTED WAVE EQUATION ON S"

We consider the snapshot problem for the shifted wave equation on the n-dimensional
sphere S with the standard metric.

(SP) { DPu(t,x) — <Agn — (”;1)2> u(t,z) =0, (t,x) e RxS"

u‘t:() = fo, U‘|t:a = fa,

where Ag» denotes the Laplace-Beltrami operator on S”. We consider Ag.» to be a non-
positive operator. Therefore its j-th eigenvalue is given by —j(j+n—1) (j =0,1,2,---).
Here we note that in the above snapshot problem (SP) we consider the shifted wave

equation
2 n—1 2
dru(t,z) — [ Agn — 5 u(t,z) = 0,

instead of the standard wave equation. In fact, from the point of view of harmonic
analysis on symmetric spaces, it is more natural to deal with the wave equation with the
so-called p-shift. See, for example, Helgason [Hel92], Olafsson and Schlichtkrull [OS92].
We assume that fo, f, € C*°(S™) and that for simplicity « > 0.
Let S; be the fundamental solution of the shifted wave equation on S".
Namely, let S; be the solution of

{ OPu(t, ) — <A§n (2

) )uz‘r) 0, (t,z)eRxS"

uli=o = 0, Juli=p = 0y,

where 9§, denotes the Dirac delta function on S" whose support is 0 = (1,0,--- ,0) € S"

We remark that as in the Euclidean space convolution on S” is defined in a similar way.
So we sometimes write f * g for functions f and ¢ on S". But we skip the definition of
the convolution on S".

Let us state when the above 2-snapshot problem has a unique solution.

Theorem 9.1 ([CGKW24]). The 2-snapshot problem (SP) with the snapshot data { fo, fa}
has a unique solution if and only if the following condition holds:

() fa = foxS5'a € Image of {Cs, : C=(S") — C™(S")},
where Cs, is the convolution operator on C*°(S") defined by Cs, f = f * S,
Next, we state when the condition (<)) holds.
Theorem 9.2 ([CGKW24]). Let f = /7
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(1) Ifnis odd, Condition () holds for all pairs { fo, fo} if and only if 5 is irrational
and not a Liouville number.

(i) / Ifn is even, Condition ({) holds for all pairs { fo, fo} if and only if 5 is one of
the following numbers:
(a) 0 is a rational number p/q in lowest terms with p odd, or
(b) B is irrational and B/2 is not a Liouville number of odd type.

The above theorem shows that the 2-snapshot problem with the snapshot data { fy, f.}
satisfying some suitable conditions has a unique solution. In this respect, there is a big
difference between the snapshot problem for the wave equation on R™ and that for the
shifted wave equation on S™. Roughly speaking, this is due to the fact that the solution
of the Cauchy problem for the shifted wave equation on S™ is 27-periodic in t if n is odd
and 4m-periodic in ¢t if n is even. More precisely, if u(¢, x) is a solution to the Cauchy

problem (CP) with the Cauchy data {fo, go}

(CP) { OPu(t,x) — (Asn - (%)2> u(t,z) =0, (t,z) € R xS"
u“t:O — fO? atu‘|t:0 = 490,

then we have u(t + 2w, ) = u(t,z) if n is odd and u(t + 47, z) = u(t,z) if n is even.

In particular, we have u(2mw, x) = fo(z) if n is odd and u(4nm,z) = fo(x) if n is even.
Therefore, in the case of S", solving the 2-snapshot problem with the snapshot data
uli=0 = fo, Uli=a = fa is equivalent to solving the 3-snapshot problem with the snapshot
data uli—g = fo, uli=2x = fo, Ult=a = fo if n is odd or with the snapshot data u|,—g =
fo, tlizar = fo, Uli=a = fao if n is even.

10. SOME REMARKS.

In our paper [CGKW24], we also consider the snapshot problem for the shifted wave
equation on noncompact symmetric spaces and obtain the analogous result to Theorem
4.2. More precisely, our setting and our result are given as follows. Let X = G/K be
a noncompact symmetric space and let us denote by Ay the Laplace-Beltrami operator
on X. In addition, let p be the half sum of the positive restricted roots of X counted
with multiplicity and let (p, p) denote the square of the length of p. (For the details of
symmetric spaces. see Helgason [Hel01], [Hel00], and [Hel08].) In [CGKW24], we also
deal with the snapshot problem for the shifted wave eqution on X.

Bu(t,z) — (D + (p.p)ultix) =0, (ta) €R x X,
(SP) ’
U"t:U - an U’|t:l - fl: u‘t:(v - fu,-

Similarly as in (4.1), we define compactly supported distributions S; and S’; on X using
the Fourier-Laplace transform on X. Then we have

Theorem 10.1 ([CGKW24)). Let a be an irrational number and not a Liouville number.
Suppose that fo, f1 and f, € C(X) satisfy the compatibility condition (fi — fo*5"1) *
So = (fa — fox 5',) % S1. Then the snapshot problem

(SP) O*u(t,x) — Au(t,x) = 0, (t,z) € R x R",
u‘t:U - an U/|t:l - fl: u‘t:(x - fa

has a unique solution.
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The point is that the surjectivity theorem such as Theorem 7.1 holds for convolution
operators on noncompact symmetric spaces. (See our papers [CGK17], [GWK21].) This
theorem combined with some theorems on the Fourier transform and the horocycle Radon
transform enables us to reduce the argument to the snapshot problem for the wave equa-
tion on the maximal abelian subspace corresponding to X.
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