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Lower bound of a quadratic form defined on a
direct sum of Sobolev spaces of divided regions

Sohei Ashida

1 Introduction

We consider first the eigenvalue problem of the Schrodinger equation for the
space dimension 1. The Schrodinger equation with the semiclassical parameter
h is written as (—h2A + V)u = Eu. Here V € C3(R) is a real-valued function,
E € R is the eigenvalue and u € L?(R) is the eigenfunction. Let us assume

V/(2)* + V" ()| = Ol ), |z] — oo,

for some py > 1, V(z) = Ey has two solutions x_ < zy, V(z) < Ey for
x € (x_,ry), £V (x+) > 0 and liminf|, o V(z) > Ep. Choose z1 € (z_,z4)
and set p; := min{py — 1,1} > 0. Then there exists a solution u4(z) (resp.,
u_(z)) on (z1,00) (resp., (—oo,x1)) such that

ux(z) =ChY*(V(z) — E)"/*exp <¥h‘1 /x VV(y) - Edy)

—P1
x|{14+0

/ V() — Bdy

asx — +oo (cf. [6]). We define A(F) := f;f((g)) /E — V(z)dz. Considering the
condition that u (z) and u_(x) are connected at x1, i.e. that (uq(x1),u/ (z1)) =
(u—(z1),u’ (x1)), we can see that eigenvalue E in a neighborhood of Ey satisfies

A(E) = 7(n +1/2)h + O(h?).

The corresponding eigenfunction is uy(z) (resp., u_(x)) on (x1,00) (resp.,
(=00, 21)).

Connection of local solutions gives exceptionally detailed information in one-
dimensional cases. When the space dimension is greater than 1, the exact
connection of local functions can not be achieved. In addition, local solutions
themselves can not be constructed exactly. However, local behaviors of eigen-
functions are strongly affected by the local behavior of the potential. Therefore,
in numerical analysis by discretization (finite-dimensional approximation) we
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need to choose basis functions that have local behaviors close to the true eigen-
functions.

The augmented plane wave (APW) method is a method for periodic lattices
based on such an idea. It was proposed by Slater [4]. The APW method is
preferred, because the method converges rapidly and it is independent of the
degree of localization of electrons (cf. [2]).

2 APW method

We consider Schrodinger equation in R™, n > 2:
(A +V)u= Eu.

We assume that the potential V' is periodic in the sense that V(x +T) = V()
for any T' € R™ such that

T=la +-+lpan,

where aq,...,a, € R™ are primitive translation vectors and l,...,l, € Z. For
fixed k € R™ we seek generalized eigenfunction that satisfies

u(z 4+ T) = e* Tu(z),

for any lattice vector T (u is called Bloch function). The eigenvalues of the
Bloch functions and their dependence on k play important roles in the theory of
metal, insulator and semiconductor. Let D := {z = Z?Zl cia; Vi, 0 < ¢ <1}

be the unit cell. We devide the unit cell D into regions as D = QU (Ug:2 Qa),

Qo :={z: |z —Ta| <Rn}, a=2,...,N,

o (1)

a=2

where Z,, o =2,..., N are atomic sites and R, > 0 (see Figure 1).
We assume

)

V(z) = {V(Ix—xal), T€Qy, a=2,...,N
0 T €

which is called Muffin-Tin potential. If e.g. V(|x — Z4]) L x € {1, the

= Te=za)’
Bloch function w in R™ restricted to the unit cell D is an eigenfunction of the
selfadjoint operator —A + V in L?(D) with the domain
{u € H*(D) :Vj, u(z + aj) = e u(z),

(G - V)u(z + aj) = ™% (G; - V)u(z), for z = chag, 0<¢ <1},
I#5
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o0/

Figure 1: Regions in the unit cell

where a1, ..., a, are primitive translation vectors and Gj; is the reciprocal lattice
vector such that G; - a; = 2md;;.

In ©; the eigenfunction u is given by the linear combination of the plane
waves

vg(x) = AT,

where G is a reciprocal lattice vector, i.e. G is a vector such that (G-T)/(27) € Z
for any lattice vector T.

In Q,, a > 2, we consider the linear combination

vg(x) = ei(kJrG)'i“‘ Z AZD:;L]C+GX§X (7"047 E)}/lm(eav 9004)7
Il,m

where [ = 0,1,2,..., m = —l,...,l, (ra,0a,¢a) is the polar coordinates of
T — Zo, Yim(0, ¢) is the spherical harmonics and x{*(r, E) is the radial function
depending on the parameter E (chosen later to be an eigenvalue). The coeffi-
cients A?T;f+G € C are determined so that two expressions of v (z) will coincide
on the boundary 0€1,,.

In order to determine A;I,;Lk"rg, we use a well-known expansion of the plane
wave e'(F+G) % with respect to the center Z:

ei(k-{—G)'ac — 47rei(k+G)~§ca Ziljl (7“/7'04)}/71;1(0/7 (P/)lem<(9a7 (Pa)7

lm

where (74,0, 0o) and (r',0',¢') are polar coordinates of x — Z, and k + G
respectively, and j; is the spherical Bessel function. From the condition that
this expression coincides with the expression of vg(x) inside Q, on the boundary
0Q,, it follows that

-] jl(r/Ra)Y}jn(e/a QD/)

ACRTC — g NN 1=0,1,2,..., m=—l,...,L
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The eigenfunction u is obtained as a linear combination of u* = vg,(z) con-
sidering the secular equation for u?, where G; ranges through reciprocal lattice
vectors. Since vg(x) itself depends on the eigenvalue E, the problem to deter-
mine the linear combination is not a usual eigenvalue problem of a matrix. We
denote vg(z) by va(z, E) to clarify the dependence on E.

3 Secular equation and the Rayleigh-Ritz method

Let X be a Hilbert space, A be a semibounded selfadjoint operator, {u!, ..., uM} €
D(A) (or form domain of A) be linearly independent. We define h;; := (u’, Au’),
actually, (Vu',Vul) + (u',Vul) for A = —A+V and s;; := (u’,u/). Set
H= (hij), S = (Sij).

The secular equation is the following

det (H— ES)=0, E€R.

Let E1,...,Ey € R be solutions to the secular equation. In particular, if
(ut,ul) = 0ij, then S = I'and Ey, ..., Eys are eigenvaluesof H. Let Eq,...,Ey €
R be the M lowest eigenvalues of A. Then we have

Ep>FEm m=1,..., M.

This method is called the Rayleigh-Ritz method.

Since the energy F obtained by the APW method satisfies the secular equa-
tion for vg, (z, E), if vg,(z, E) were in H'(D), E would be an upper bound
of the true eigenvalue. However, since there exist infinitely many coefficients
A?Zf"‘G, 1=0,1,2,..., m=—l,...,l of vg(z, E) to be determined, in prac-
tical calculation the expansion is cut off at some finite . Hence vg(z, F) has
discontinuity on 9, and thus vg(z, E) ¢ H'(D). Therefore, E,, can be
smaller than FE,,. Recall that decrease of the value E‘m obtained from the secu-
lar equation in the usual Rayleigh-Ritz method means that the value has been
improved, because it is an upper bound.

4 Purpose of the present result and the main
result

It would be very useful if there exists a method to use different basis sets in
different divided regions and to estimate the error due to the discontinuity of
functions on intersections of the boundaries of the regions. The purpose of the
present research is the following.

e Estimate the effect of the discontinuity of functions on the boundary 9,
to the solution E,, of the secular equation not only in APW method but
also in general eigenvalue problems.
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Here note that the basis functions in the APW method work only for the special
setting. They are plane waves and products of spherical harmonics and radial
functions centered at atomic sites. They work for the Muffin-Tin potential, but
for general potentials they are not good choices for the basis functions.

Let Q C R™ be a region with bounded 9€2. We define

(@, 0)q ::/Qa*(x)@(x)dx, @, v € L*(9),

(u,v) := /n u*(z)v(z)de, wu,v € L*(R™).

Let Ti_y : H(Q) — @51, H=™=1/2(89) be the trace operator in § satisfying

).
o

for & € CY(Q). Note that if 2 € HY(Q), | > 1, we have Tou € H'"'/2(0Q)
because it is the first component of T;_1%. We denote Tow also by @|sq.
We assume

o' 1q
yerey AT
90 on

- N o0
Ti1u= (um’é)n

(A) Q,NQ5 =0, a # B, UN_, Qa = R", 89, is of class C* and bounded, and
each 00, N 0N, a # [ is a connected component of 9, or the empty
set (cf. Figure 2).

(B) There exist 0 < a < 1 and b > 0 such that for any @, € H'(Q,)
(tia, [V]ia)o, < al|Vialliz,) +blalizq,) o=1,...N,
and for any u € H2(R™)

HVUHL2(]R") < a||Au||Lz(Rn) + b||u||L2(]Rn)

(C) There exist M € N isolated eigenvalues Fji,..., Epr of the selfadjoint
operator —A + V in L?(R") with the domain H?(R") in ascending order
at the bottom of the spectrum, and there exists d > 0 such that F,, <
d m=1,..., M.

We denote Zgzl(ﬁa,f)a)ga also by (u,v) for u = (d41,...,4n),v = (01,...,
in) € @N_ L2(Q). Let u' = (@,...,ak) € @ H2 (D), i = 1,..., M,
(W) = 6i5. hi; = (Vu', V) + (v, Vu?), where Vu* = (Vai,..., Vi),
(Vul, Vad) == SN (Viil,, Vi Yo, and (Viia, Via)a, = Y11 (Os,fia, O, Ta)q,
We denote by En, = Ep(ul,...,uM) the mth eigenvalue of H = (h;;) in as-
cending order.
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Figure 2: Example of the arrangement of regions

5 Main results

The following is our main theorem.

Theorem 5.1. Under the assumptions (A), (B) and (C) there exist constants
C,8 > 0 depending only on {0}, a, b and d such that if

M
MY N ik loa, — @loas | reeeo.non,) < 6
i=1 a#£f

we have

M
Ep > By — CM? > N i |oa., — 5lo0, | ra/2 (00.n00,):
i=1 atp

forany 1 <m < M.

From u € H?(R™) we can construct (g, ..., ux) € @aNzl H?(Qy) by g (z) =
u(z), * € Q. Conversely, for (4y,...,Un) € @gzl H?(Q,) we define u €
L*(R™) by u(z) = Ga(x), © € Q4. In this sense we have

N
H*R") ¢ D H*(QW) & L*(R").

a=1
Theorem 5.1 means that the effect of discontinuity of u on the boundaries

904NN to E,, is estimated by the difference of the boundary values ||iq a0, —
Ugloas |l r3/2(00.n00,)- Combining the result with the min-max principle for
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—A+V on L?(R") we have

E,, > inf Em(ul,...,uM)ZEmeMQe,
ul,...,uME@gzl H?(Q4)
(ui,uj>:5ij

Zi,a#ﬁ“ﬁmé’ﬂa —ﬁ;ﬂaﬂg HH3/2 <e

for sufficiently small ¢ > 0, which coincides with the principle of the Rayleigh-
Ritz method when € = 0.

The lower bound deteriorates as M increases. However, after solving the
secular equation, we obtain corresponding linear combinations ¢™ of the basis
functions such that (Vy™, V™) + (o™, V™) = E,,. Thus to estimate E,,,
for a fixed mq a posteriori, we have only to consider ¢, ..., ¢™°, and therefore,
the lower bound with M and u’ replaced by mg and ¢ holds. In particular, for
the a posteriori estimate of Ey, M is always 1.

Even when {u'} is not orthonormalized, considering the orthonormalization
we can see that the same form of estimate holds for the eigenvalues obtained by
solving the secular equation. However, for the constant é not to be very small
and C not to be very large the discontinuity should not become large by the
orthonormalization.

Next let us consider the case of APW method. Let {ai,...,a,} be a base
of R" and set D :={x =Y.' | ¢;a; : Vi, 0 < ¢; < 1}. We assume

(A) QuNQp =0, a # B, nglﬁa =D, 09, N D is of class C3, and each
00, NONg, o # (3 is a connected component of 9€), or the empty set.

(B’) There exist 0 < a < 1 and b > 0 such that for any @, € H'(Q,)
(U, |V]ia)eo < al|VialTz,) +0llialT2,), @=1,... N,
and for any u € Dy
VullL2(py < allAullz2p) + bllullL2(p),
where Dy, is defined by

Dy, = {u € H*(D) : Vj, u(z + a;) = e u(x),

(G- Vu(z + a;) = % (G} - V)u(z), for z = chal, 0< ¢ <1},
I#j

Under (B’) it can be proved that the operator —A + V in L?(D) with the
domain Dy, is a semibounded selfadjoint operator, and its spectrum is discrete
with the eigenvalues F,,, = E,,(k), m = 1,2,... such that E,, — co as m — oc.
Moreover, each E,,(k) (labeled in ascending order) depends analytically on &
except at points in a real-analytic subset of R™ on which E,, (k) is degenerated.
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(C’) There exist M € N isolated eigenvalues Ej,...,Epy of the selfadjoint
operator —A +V in L?(D) with the domain D}, in ascending order at the
bottom of the spectrum, and there exists d > 0 such that E,, < d, m =
1 M.

yeeey

We may assume 9Q; N OD # (), that is, ; is the interstitial region. We set

N
Qr = {u=(i,....in) € P H () Vi, @z +a;) =e* iy (),
a=1

for x = chal, 0<¢ <1},
I#]j

Ui = (ﬂi, .. 7’&3\1) S Qk n (@gzl H2<QQ)), 1= 1, .. .,]\47 (ui,uj> = (Sij hi]‘ =
(Vu', Vul) + (u?, Vu?). We denote by E,, the mth eigenvalue of (h;;) in ascend-
ing order. Our another main theorem is the following.

Theorem 5.2. Under the assumptions (A’), (B’) and (C”) there exist constants
C,0 > 0 depending only on {Q.}, a, b and d such that if

M
MZ ZH’&ZJ@Q” — plo, || msr2(00.n00,) <0,
i=1 a#p

we have

M
B > By — CM?Y N il |og., — ibloa, o2 (00.n00,):
i=1 a#p

forany 1 <m < M.

The essence of the proof of Theorems 5.1 and 5.2 is the equivalence of two
semi-norms in the Sobolev space concerned with discontinuity of the functions.
For the proof of the equivalence we need to prove several results about the
Sobolev space.

6 Outline of the proof

Let Qo CR", a =1,...,N be regions with boundaries of class C!, [ > 1 such
that Q, N Qs =0, a # . We denote by D the region such that Uiv:1 Q. =D.
We denote by T, the trace operator in Q, (cf. [5]). The following can be
proved by the divergence theorem using a partition of unity and C! mappings
that map the boundaries to hyperplanes.
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Proposition 6.1. Assume that @i, € H'(Q,), a = 1,...,N, and define u €
L?3(D) by u(z) = tia(v) for x € Q. Then u € H'(D) if and only if

(TP iia) (2) = (JTL [ag)(x), = € O NNy,

for any a # B such that 92, N 0Nz # 0, where J : @f;:lo H=m=12(5Q, N
0Qp) — @l,;io H=m=1/2(00, N 00g) is defined by

Jg = (90, (=1)" g, (1) "Tgim1),

for g =(go,..,q1-1) € -1, H=™=1/2(8Q,, N 09p).
Let (Hg(Q))* be the orthogonal complement of H}(2) in H(Q).

Lemma 6.2. Let Q be a region with a bounded boundary of class C3. Then
there exists a constant C' > 0 such that

[l z2(0) < Clluloallgs2o0),
for any u € (H(Q))* N H2(Q).

We have a decomposition H2(Q,) = (H3 () N H2(Q4)) D((Hg (2a))+ N
H?(Q,)). Obviously we have >arpllialoc, — sloas |l mar@a.naa,) = 0 for
(i1, ... an) € @N_ (HX(Q4) N H2()). Therefore, one would expect that
the norm of (ay,...,ayx) € @Y (H}(Q4))* N H?(Q,)) could be estimated
using >_, . slltalon., — Usloo, || ms/2(00.noq,). However, this is not the case,
because on 0Q, N€g the values of i,|oq, and Gglan, can cancel out. In order
to avoid this, we decompose an element in @gil H?(Q,) into a sum of tuples
that have nonzero difference iq oo, — Uglaa, only on different 92, N 0Qs on
which the difference is given by @4 |aq, because tglaq, = 0.

We suppose that Q,, o =1,..., N are regions satisfying (A) or (A’). Then
for any 1 < o < N there exists a region Q% C R" satisfying the following
condition. In the case of (A) (resp., (A’)) if 2, is bounded (resp., IQ,NOD = (),
then Q, C Qa, 00 0, and 8Qa has only one connected component. If £,
is unbounded (resp., 90, NID # 0), then Qo =R» (resp., Qo = D) in the case
of (A) (resp., (A?)). Intuitively, Q* is the region obtained by filling up the holes
in Q.

We denote connected components of 0€,, that enclose bounded regions not
including points in Q, by (0Q4)1,--., (0Q)p, (if such connected components
exist), and denote the bounded region in R"™ whose boundary is (0Q4), by
Qayp. (Intuitively, Qa’p, p=1,..., P, are holes in ,.) Then there exists some
1 < B < N such that 0F = Qa,p-



074

QBP=0,u0; U0,

ﬁ3,1: Qs

00, @8y, / 2= 0%

Figure 3: Definitions of the regions

0,,=0°=Q; U0, UQ,

Figure 4: Definitions of the regions

For example 02 =Q, u@u@u@umu@yﬁg.

We shall consider the case of (A). Let u, € H*(Q*). If we set ug € H*(Qp)
by 1s(x) = ua(z), € Qs for Qs € Q% and a3 = 0 for Qg ¢ O, we can
identify ug, € H2(Q) with (@, ..., ay) € @gzl H?(Qp). In this sense we have

N

H*(Q*) c P H*(Qp),
p=1

10



075

and therefore, we have

N R N
> HX(Q) C D H(Qp).
a=1

B=1
In fact, the opposite inclusion holds.

Lemma 6.3.
N A N
> HX(Q) = P H*(Qp).
a=1 =1

Let X be a Hilbert space and Y a closed subspace of X. We define dist (u,Y') :=
infyey||u —wlx, for u € X, where ||-||x is the norm in X.

Theorem 6.4. Assume (A) and let X = @)_, H*(Q,) and Y = H'(R™) N

(@ivzl H?(Qy,)). Then there exists a constant C > 0 depending only on {Q,}
such that for any u € X we have

CMdist (u,Y) <> |lialon. — @plo, |l o2 0a.no,) < Cdist (u,Y).
B

We also have the corresponding result for the case of (A’).

Theorem 6.4 means that the semi-norms dist (u,Y) and >__lltaloo, —
Ugloas || 3/2(00.n00,) are equivalent. (dist (u,Y) >0 and dist (au,Y’) = |a|
dist (u,Y") are obvious. To see dist (u 4+ v,Y") < dist (u,Y) + dist (v,Y"), for any
€ > 0 choose wy,wy € Y such that |Ju — w||x < dist (u,Y) +¢, |Jv —wa|x <
dist (v,Y) + €, and note ||u +v — (w1 + w2)||x < dist (v, Y) + dist (v,Y) + 2¢.)

Since the true eigenfunctions are in Y, it follows from the right inequality
that in order to approximate a true eigenfunction by u € @iv:l H?(Q,) we
must make the semi-norm >° s |l%alo0. — Uslons | ms/2(90.n00,) small. From
this fact we can see that Theorems 5.1 and 5.2 are plausible. However, it is the
left inequality that is used for the proof of the theorems, and it is much more
difficult to prove than the right inequality.

Finally we need a lemma about orthonormalization of a basis in a Hilbert
space. We set the norms ||z := Zf\il ||, ||z]l2 == (Zf\il l2:|2)Y2, ||2)|oo =

A M
maxi<i<r |i], [[A]l = sup, o L2 [ Ay = maxi<jn Y, Jai] and [| Al =

maxi<;<mMm Z]]V; |aij| (cf. [1]).

Lemma 6.5. Let ¥°, ..., UM be linearly independent vectors in a Hilbert space
H such that if we define a matric € = (e;;) by

(U8 W) = 65 + €5,

we have 2||E]|1 + €max < 1, where €max = maxi<;<is |€i|. Then there exists
an M x M matriz B such that (¥*,..., UM)T .= B!, ... OM7T satisfies
(U, W) = 65 and || B — Intlloo < (2/IE]1 + €max) (1 = 2[|€][1 — €max) ™"

11
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H = (hij), hij == (Vu',Vul) + (u’, Vu/) is diagonalized by an M x M
unitary matrix Y = (y;;) as YHYT = diag [E1,...,Euy).

Denoting Y (u!,...,u™)T again by (u',...,u™)T we may assume that H
is a diagonal matrix from the beginning. Here note that if we denote the
old functions by (ugqs--->ubq)” and the new ones by (uiey,-- - Ukew) ! =

Y (udygs-- > udiq)”, the discontinuity of the new functions is estimated as

(e )al090 — (Ukew) 8lo0s 137200 no9,)
M . .
< idg)alo, — (i) slocs |l msr2@0.n00,)-
j=1

If there exists M’ < M such that EMurh .. .,EM > d, from the assumption
FE; < d the inequality for these eigenvalues are obvious and we have only to

consider (u!,...,u™") and M’ x M’ matrix with entries h;;, 1 < i,j < M.
Thus we may assume that E1,..., Ej; < d from the beginning.
From

(Vul, V) + (u', V') = E; < d,

we obtain 1o
; d+b
vl < (153) =c
l1-a
where ||wl|| ;= (w,w). By Theorem 6.4 we can decompose u® as u’ = ¢ 4 &%,

where Ui € HY(R") N (@Y, H2(Q,)) and

19|y, r2(.y < C ZH’&M@QQ — hloas |l Hsrz00.n00,)-
a#p

Since u* = ¥ + &, we have
Ve < C+ | ve'|.
Moreover, from ||u|| = 1 it follows that
o) < 14 (|97
We define an M x M matrix H = (h;;) by
hij = (VU VO + (U8 V),

Then we have ||H — H||oo < C((1+¢)e" 4+ ¢ M), where ¢ := max;<;< (|| @] +
IV®?|) and €” := =77 (| @] + [|[V®7]|). By Lemma 6.5 if

3((1+€)e" +€eévVM) <1/2, (6.1)

there exists an M x M matrix B such that (¥!,..., ¥M) .= B(®¥! .. . ©wM)T
satisfies (V% W7) = §;; and ||B — Ip]leo < C(¢” + €V M). We define H = (h;;)
by

hij == (VU VOI) 4 (T, VP7),

12
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Then H = BHBT and ||H — H||oo < CM(€” + ¢'/M)(1 + ¢’ + ¢v/M) which
yields || H — H||oo < CM (" + €’/M) under (6.1).

Combining the estimate above we obtain |[H — Hl|joe < Cé with é :=
¢+ M+M(e"+€+/M). Since ¥ € H'(R™), by the Rayleigh-Ritz method the
eigenvalues E; of H are estimated as E; > FE;, i=1,..., M. By the perturba-
tion theorem of matrices and ||Alls < (J|AHOOHAH1)1A/2 = || A]| o for an Hermitian
matrix A, we can also see that |E; — E;| < ||H — H||oo. Thus we obtain

The result immediately follows from this, € := maxj<;<p (|| + [|[VO]),
M : .
e =3, (197 + Vo),
12l @y, m2(0n) < C D _llikloo. — @5loo, | e 0a.n00s),
a#B

and

[(@New)alon, — (Tkew) loos || r3/2 (00, nocy)
M . .
<D ibia)aloan = () sloas a2 00.000,):
j=1

The proof of Theorem 5.2 is almost the same as that of Theorem 5.1. We have
only to modify Lemma 6.3 so that @} and ¢ satisfy the boundary condition:
u(z +aj) = e %u(z), for x = > 12 @ar, 0 < ¢ < 1. For the estimate E; > E;
we use that —A + V' with the domain

Dy :={u € H*(D) :Vj, u(x + a;) = e’ % u(x),

(G- Vu(z + aj) = % (G} - V)u(z), for z = chal, 0< ¢ <1}
17

is the selfadjoint operator associated with the quadratic form (Vu,Vu)p +
(u, Vu)p with the form domain

Qi = {u € H'(D) V), u(w+a;) = e u(a),

for x = chal, 0<¢g<1}.
l#£5

where D :={z =>"", cia; : Vi, 0 < ¢; < 1}.

7 An example (Three-dimensional square well)

We consider the eigenvalue problem (—A + V)u = Eu in R3

V(I) — 2 |(E| <a ’
0 |z| > a

13
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where V > 0 is a constant. If the function space is restricted to that with
angular momentum 0, the solution is

u(z) = (4m) "2~ Ix(r),

where r := |z|, x(r) = Asinar, r < a and x(r) = Ce™P", r > a (cf. [3, Section
15]). Here A,C € R are constants and a := (Vy — |E|)'/2, 8 := |E|'/2. The
condition that the radial function is linearly dependent at |z| = a is given by
asinaa—pBcosaa = (Vo—|E|)/?sin(Vy—|E|)?a—|E|'/? cos(Vy — | E|)Y/?a = 0.

The eigenvalue is determined by this condition. If %2 < Voa? < %, there
exists only one eigenvalue. When Vj = 1 and a = m, by solving the equation
above numerically, we obtain the eigenvalue F; = —0.457591.

The coefficients for the normalized eigenfunctions are

A =0.657960, C' = 4.05791.
We change A and C (increase A and decrease C) under ||u|| = 1 and evaluate
Ey = (Vu, Vu) + (u, Vu).

Thus u is no longer continuous on the boundary 9Qs = {z : |x| = a}, where
Qp :={z:|z| >a} and Qs := {z : |z| < a}. We obtain the estimate

By > — 0457591 — 0.271962|uloq, — ulaq, || 12(00,)
= O([ulaa, — U|Bﬂz|\%2(aﬂz))-

Since in this case the boundary value is constant and H3/2 norm is equivalent
to L2 norm on the boundary, we can see that the order with respect to ||u|aq, —
ulo, || 12 (90,) in the main theorem can not be improved.

-0.1 |

-0.3 |}

energy

04 F

-0.6 |

-0.7

0 0.1 0.2 0.3 0.4 0.5
discontinuity I

Figure 5: Energy dependence on discontinuity
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For T':= |lulaq, — ulaq, | 2(90,) = 0.1 we have
Fy = —0.484263 < F; = —0.457591.

For T' = ||lulaq, — ulo, ||L2(00,) = 0.5 we have E; = —0.579822.
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