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1 Introduction

In this paper, we provide criteria for all A-simple singularities. It is known
that the A-simple singularities of plane curve germs R, 0 — R?, 0 are classified
as follows.

Fact 1.1 ([1, Theorem 3.8]). The following are representatives of the A-
simple germs ¢ : R, 0 — R?,0:

Type | Normal form of ¢

G
Eg. (t3’t3k+1 T 5pt3(k+p)+2), 0<p<k-_2 (1537 t3k+1)
By | (85,6772 4 6,1t 0 < p < b — 2; (8, 6772)
Wis (th > =), (¢4 1°)
Wiy | (8,15 +#055), g > 1

Wis | (#4167 £ 1), (¢4, 67 £ ¢13), (11, 17)

where €, is 1 if p is even; £1 if p is odd.

Among these, necessary and sufficient criteria are already known for
Ay, Eg (see [6, Theorem 1.3.2, Theorem 1.3.4]), Ay (see [8, Theorem 1.23]),
Ag (see [5, Theorem A.1]), Wiy (see [7, Theorem 4.14]). In this paper, we
present a unified method that provides criteria for all A-simple singularities.

To this end, we first introduce the curvature parameter and establish a
fundamental theorem for curves of finite multiplicity. We then derive criteria
for all A-simple singularities.

Finally, as an application of our criteria, we describe parallel curves of
regular points and A-simple singularities degenerate into A-simple singular-
ities. In general, the parallel curve of a regular curve develops singularities
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when it reaches the radius of curvature. It is known that a non-vertex point
degenerates into an A, singularity, while a first-order vertex degenerates into
an Fjg singularity. Using our criteria, we show that a second-order vertex
degenerates into a Wiy singularity. Furthermore, for other A-simple singu-
larities, the parallel curve has the same type of singularity at corresponding
points, but degenerates at a certain distance. In most cases, this distance
coincides with the radius of curvature of a regular approximation; however,
for F15 and F44 singularities, we show that a different type of degeneration,
called equi-multiple degeneration, occurs.

This paper is a summary of joint work with Toshizumi Fukui, presented
in [4].

2 Curvature parameter

In this section, we restrict our discussion to plane curves; however, similar
arguments can be developed for curves in R". See [3] for details.
First, in order to fix notation, we review the case of regular plane curves.

Review 2.1. Let C*®-map 7 : R — R? be a regular curve.

(1) There exists a C'*° reparameterization s = s(t) such that s is an arc
length parameter. Moreover,

dy
E(S) =1(s),

where t is the unit tangent vector.

(2) We define the curvature & of v(s) by the following differential equation:

RO 0]

where £ = R(s) is a C* function and n is the unit normal vector.

Next, we introduce the notion of curvature parameter for an irreducible
curve germ in R?,0. To this end, we first define the multiplicity of a map.

Definition 2.2. (Multiplicity) We say that a C**-map ¢ : R,0 — R2 0 is
of multiplicity m at t = 0, if there exists a C°®°-map ¢ : R,0 — R2,0 so
that

6= "o, 4040

Lemma 2.3. Let a C*®-map ¢,, : R,0 — R?, 0 be of multiplicity m at t = 0.
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(1) There exists a C*° reparameter s = s(t) such that +s™/m/! is an arc
length parameter. Moreover, there exists a unit vector field t along the

curve ¢, such that
d @ Sm—l

S "
ds  (m—1)!

We call s the curvature parameter of ¢,,.
(2) The curvature x of ¢,,(t) is given by

w(t) = O

where ¢ is a general parameter and & is the same function as in (2.1).

Proof. (1) can be proved in the same way as the construction of the arc length
parameter in the regular case. (2) follows by a direct computation. O

Thus, the curvature parameter can be regarded as a natural extension of
the arc length parameter to singular curves. In particular, by differentiating a
curve parametrized by the curvature parameter with respect to s, one obtains
the unit tangent vector ¢ and the unit normal n. Moreover, (2) shows that
the curvature of a singular curve can be expressed in terms of the curvature
k of a regular curve sharing the same frame.

By using the above results, we can establish the following fundamental
theorem for plane curves of multiplicity m.

Theorem 2.4. Let #(s) be a C* function. Then there exists a plane curve

of multiplicity m whose curvature parameter is s and whose curvature is
(m—1)!
Tom—1
rotations and translations.

given by R(s). Moreover, such a curve is uniquely determined up to

Proof. As in the regular case, the existence of a unit tangent vector t(s)
follows from the fundamental theorem of the theory of curves applied to
k(s). Define ¢,,(s) by

(2.2) b (5) = /0 8 %td&

Then ¢,,(s) gives the desired plane curve of multiplicity m. O
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3 Curvature Criteria of A-simple singulari-
ties

First, we express #(s) as the following power series:

2 S‘S

) P
K(S):Z/{iﬁ:KO+K18+K2§+KJ3§+”.
=0 : : :

Next, by solving the differential equation (2.1), we obtain #(s). Then, we
construct a singular curve ¢o(s) of multiplicity 2 with an arbitrary curva-
ture by (2.2). Finally, by applying suitable coordinate changes to ¢s(s) and
transforming it into the normal form of an A, singularity, we obtain the
following criterion.

Remark 3.1. In the case m = 1, the expression for ¢;(s) coincides with
Bouquet’s formula.

Theorem 3.2. Let s be the curvature parameter. Then a plane curve 7(s)
is A-equivalent to an Ay singularity if and only if it is of multiplicity 2 and
satisfies

/%OZI%QI"' :/%Qk_4:0 and I%Qk_g%o.

Example 3.3. ~(t) = (t*,t* + t°) is A-equivalent to Ag : (¢,17).

Proof. By computing the arc length and the curvature, we obtain

t
L(t) = / V (2t + 5t4)2 + 1616 dt = t* +t° + o(t?)
0

() = 483(5t% — 4)
T (2t + 5th)2 + 16t6)372

Next, we determine a reparameterization such that

35
=2+ ?t?’ +12t* + o(t).

2

L(t(s)) = 5 + o(s")
For instance, we set
Hs) = tos (1405 + s + 155 + (to # 0)
S) = S —_ _ g — ...

0 R TR 0
and determine the coefficients (tg),1,ts, ... successively. In this case, we
obtain

21 3

fp=75) h=t2=0 t; =125, ...
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Hence,

1 4 5

K(t(s)) = - (—25 + 420t§% + 1440t§% + 0(35)>

»

Therefore, kg = ky = 0, k4 = 4203 # 0, which implies that v is A-equivalent
to Aﬁ. O

By carrying out computations similar to those for the Ay, singularities
for ¢3 and ¢4, we can obtain analogous criteria for the remaining A-simple
singularities.

To describe these criteria in a concise form, we introduce the following
notation:

2 3

s st s
0(s) = /0 K(u) du, 0(s) = 295 = 015 + Oy + 03

S
2l T
1>1

In other words 6;,1 = &;.

Theorem 3.4. ¢,,(s) defines

(1) Agk <:>m:2, 6220, (Z§é0 mod2,z<2k—1), 9%_17&0,
(i-1) Egx  <=m=3, 6,=0, (i%0 mod 3, i <3k —2); O #0,
(i=2) Egpro <=m=3, 0;,=0, (i£0 mod 3, i <3k —1); Ogx 1 £ 0,
(lim1) Wiy <=m=4, 6 £0,

( _

ili—2) Wiy, <=>m=4, 6, =0, 0, £0, 0; =0,
(Z Z= 0 mod 2, i < 2q + 1), 62q+1 #0,

(111—3) ng < m = 47 ‘91 = 62 = O, 93 7£ 0.

Furthermore, by solving (2.1) for n(s), we immediately obtain the follow-
ing corollary.

Corollary 3.5. ¢,,(s) defines a front singularity if and only if m > 2 and
01 # 0.

Proof. A curve ~(s) is a front singularity if and only if n’(s) # 0, which is

equivalent to 0; # 0. Because n(s) = (?) — (%) S+ .-, O

4 Parallel Curves

We consider the parallel curves of ¢,,(t), (2.2), defined by ¢? (t) = ¢, (t)+0n
where 0 is a non-zero constant. We assume that ¢ is a curvature parameter

of ¢p,.
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Lemma 4.1. The multiplicity m® of the parallel ¢° (¢) at ¢ = 0 is given by
the following:

ord 6, if ord 6 < m;
m’ =< m, if ord > m, orord § =m, § #6.1;
min{i : 6; # 0,7 > ord 0}, iford 0 =m, 6 =0,

Proof. This is a consequence of the following computation:

tm—l

(650 =Gy =5 ~ )1

i>ord 6
tm_l

ti—l
:((1—59m)m—5 3 Qi(i_l)!>t.

i>ord 0, i#m

Example 4.2 (Conditions of degeneracy). .

(1) In the case m = 1, the parallel curve of a regular curve at distance o
develops a singularity if and only if § = 1/6;.

(2) In the case m = 2, the singularity further degenerates if and only if
‘91 =0and 0 = 1/92

(3) In the case m = 3, the singularity further degenerates if and only if
91 :92 =0and d = 1/03

(4) In the case m = 4, the singularity further degenerates if and only if
61:92:03:0and(5:1/94.

Under these conditions, by computing the curvature of the parallel curve,
we obtain the degeneracy behavior of singularities.

4.1 The case of multiplicity 1

Theorem 4.3. The parallel curve at distance  becomes singular when § =
1/6,. Moreover, under this condition, the following hold:

(1) If the curve has no vertex (i.e. 6 # 0) at the point under considera-
tion, then the parallel curve degenerates to one having an A, : (2, t%)
singularity.
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(2) If the curve has a first-order vertex (i.e. 6y = 0, 03 # 0) at the point
under consideration, then the parallel curve degenerates to one having
an Eg : (t3,t*) singularity.

(3) If the curve has a second-order vertex (i.e. 6, =63 =0, 64 # 0) at the
point under consideration, then the parallel curve degenerates to one
having a Wiy : (t4,1%), (¢4, ¢° & t7) singularity.

(4) In general, if the curve has a (n — 2)-th order vertex at the point under
consideration, then the parallel curve degenerates to one having a front
singularity of multiplicity n.

Remark 4.4. The cases of Ay and FEg have already been treated in [2] and
[8], respectively. The results from Wi, onward appear to be new.

4.2 The case of multiplicity 2

Theorem 4.5. In the case of multiplicity 2, the parallel curve degenerates
when ¢, = 0 and 6 = 1/6,. Moreover, under this condition, the parallel curve
degenerates as follows:

(1) If the curve has an A, : (¢?,¢°) singularity, then the parallel curve
degenerates to one having an Eg : (t3,¢°) singularity.

(2) Let k > 3. If the curve has an Ay, : (¢2,t**1) singularity and 6, # 0,
then the parallel curve degenerates to one having a Wfék% (410 +
t2F+1) singularity.

(3) Let k > 3. If the curve has an Ay, : (¢2,t?**1) singularity and 0, =
0, then the parallel curve degenerates to one having a singularity of
multiplicity at least 5 (that is, a non-.4-simple singularity).

Corollary 4.6. Under the same assumptions as above, let 0 < p < k — 3.
Then, for Ay, the multiplicity m? satisfies

5: 2p—|—4, if92q+420(q:
2% — 1, if Oyyey =0 (0 <

This theorem shows that the type of an As-singularity is determined
by the coefficients 6; with i Z 0 mod 2, whereas the multiplicity m? is
determined by those with ¢ =0 mod 2.
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4.3 The case of multiplicity 3

Theorem 4.7. In the case of multiplicity 3, the parallel curve degenerates
when 0, = 6, =0 and § = 1/63. Moreover, under this condition, the parallel
curve degenerates as follows:

(1) If the curve has an Eg : (¢3,¢°) singularity, then the parallel curve
degenerates to one having a Wig : (t4,¢7), (t4,t7 £¢9), (t*,17 £ t13) sin-
gularity.

(2) Let k > 2. If the curve has an Fg or Eg o singularity, then the parallel
curve degenerates to one having a singularity of multiplicity at least 5
(that is, a non-.A-simple singularity).

Corollary 4.8. Under the same assumptions as above, let 0 < p < k — 3.
Then, for Eg, (resp. Egii2), the multiplicity m® satisfies

3p+6a if93q+620((]:0,1,"',p—l),
ml = and 03,46 # 0 (¢ = p);
3k —2 (resp. 3k —1), ifbl3,6=0(0<¢q<k—3).

This theorem shows that the type of E type singularity is determined
by the coefficients §; with i Z 0 mod 3, whereas the multiplicity m° is
determined by those with ¢ =0 mod 3.

In contrast to the degenerations considered so far, it turns out that a
degeneration in which the type of singularity changes while preserving mul-
tiplicity 3 occurs only in the following cases.

Theorem 4.9. Let k > 2. Then the following hold:

(1) In the case of an Eg singularity:
If the curve has a (t3, #3571 + g, _,t5%~1) singularity, then the parallel
curve degenerates to one having (¢3, t3**1) singularity, where

206k — 7 0%,
(3k — 2)1(3k — 3)! 07

571 :(93 -

(2) In the case of an Fgj o singularity:
If the curve has a (£3, 32 + g, _#5%2) singularity, then the parallel
curve degenerates to one having (¢3, t3**2) singularity, where

206k —5)1 6%,
(3k — D13k — 2)! Ogr_s

5_1 :93 -
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We call this special type of degeneration an equi-multiple degenera-
tion.

Example 4.10. In the case k = 2.

(1) For Ey : (£3,¢7 + %), (3,t7) singularity, if the curve has a (¢3, 7 + %)
singularity, then the parallel curve degenerates to one having (3, ¢7)

singularity, where
sl =0, — ?'9_2
° 305
(2) For Eyy : (83,13 £¢19), (3, %) singularity, if the curve has a (¢3, % +¢19)
singularity, then the parallel curve degenerates to one having (£3, %)

singularity, where

762
=05 — -2,
20,

4.4 The case of multiplicity 4

Theorem 4.11. For singularities Wi,, szq_l, and Wig, the parallel curves
do not exhibit any degeneration of singularities, including those to non-.A4-
simple singularities.
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