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ABSTRACT. In this article, we briefly survey the study of the num-
ber of fold components of image simple fold maps into surfaces. In
particular, we clarify under what conditions this number modulo
two is a homotopy invariant. We also consider the algebraic num-
ber of fold components for image simple fold maps in the case
where the target is the plane R2.

1. INTRODUCTION

This is a survey article about the parity of the number of fold com-
ponents for image simple fold maps of closed manifolds into surfaces.
Details can be found in [2, 5].

Throughout the paper, we work in the C'* category: manifolds and
maps between them are smooth of class C* unless otherwise stated.

Let M™ and NP denote manifolds of dimensions n and p, respectively,
with n > p > 1. We consider a smooth map f: M"™ — NP.

Definition 1.1. A point ¢ € M™ is a singular point if the rank of the
differential df,: T, M™ — T4 N? is strictly smaller than p. We denote
by S(f) the set of singular points of f. We say that f is image simple
if the restriction f|s(s): S(f) — N? is a topological embedding.

Definition 1.2. A point ¢ € S(f) is a fold singularity (or, simply, a
fold) if, around ¢, f can be represented by the map

2, 2 2
(w1, 02, ..., 20) = (21, 20, Tpy, FT, w0y £ )

with respect to certain local coordinates around ¢ and f(q). The num-
ber of negative signs in the last coordinate function is called the index
with respect to the direction specified by the last coordinate in the
target.

The point q is a definite fold singularity (or, simply, a definite fold)
if the signs appearing above are all the same, i.e. if the index is equal to
0 or n — p+ 1. Otherwise, ¢ is called an indefinite fold singularity (or,
simply, indefinite fold). We say that f is a fold map if S(f) consists
only of fold singularities.
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It is easy to check that if f is a fold map, then S(f) is a closed (p—1)-
dimensional submanifold of M™ and the restriction f|g: S(f) — NP
is a (codimension one) immersion. In particular, such an f is image
simple if and only if f|g(s) is a smooth embedding.

In the following, we mainly consider the case p = 2.

Definition 1.3. A singular point ¢ € S(f) of a smooth map f: M"™ —
N? that has the normal form

(tl,tg,l'l, To, ... ,l’n_g) — (tl,tg + t1to + ZE’% + l’g +-..+ ZL’,,Q.L_Q)
is called a cusp singularity (or, simply, a cusp).

Smooth maps f: M™ — N? with only folds and cusps as their sin-
gularities are often said to be generic. It has been known that the
set of generic maps is open and dense in the space C®(M™, N?) of
smooth maps of M™ into N? endowed with the Whitney C* topology
[1, 11, 12].

Ezample 1.4. Let f,: S® — S? be the Hopf fibration. Its homotopy
class [fi] is a generator of 73(.5?) & Z. By the birth move [10, Figure 5],
the map f; is homotopic to a map g;: S* — S? such that S(g;) =
St consists of two cusps, an arc of definite folds and another arc of
indefinite folds. In its turn, by Levine’s elimination technique [3], the
map ¢; is homotopic to a fold map h;: S® — S? with one circle of
indefinite folds and one circle of definite folds (see Fig. 1, where the
red curves represent the image of definite folds and the black curves
represent the image of indefinite folds).

Now, for a positive integer n > 1, we consider the “connected sum”
hy: S — S? of n copies of hy: S® — S2?. More precisely, we con-
sider t,, o hy, where ¢,,: S? — S? is a certain rotation through angle
mn/n with respect to a fixed axis for m = 0,1,...,n — 1, and take
their “connected sum” (for this “connected sum” operation, refer to |6,
Lemma 5.4]). See Fig. 2. Note that h, represents n € Z = m3(S?).
Note also that h, is an image simple fold map.

Motivated by the above example, Masamichi Takase posed the fol-
lowing question (see [8]).

Question 1.5 (Takase, 2019). Let f: S® — S? be an arbitrary image
simple fold map representing n € Z = 7w3(S?). Let £S(f) denote the
number of components of S(f). Then, does the congruence £S(f) =
n+1 (mod 2) always hold?

Note that for the image simple fold map h, constructed above the
congruence in the Takase question holds.

Then, the second author of the present paper showed that the answer
to the above question is negative in general by constructing a counter
example (see [9]).
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FiGURE 1. The Hopf fibration f; is homotopic to
g1: S* — 5% such that ¢;(S(g1)) C S? is as depicted
in the left-hand figure. The two cusps of g; can be elim-
inated along the dotted curve using Levine’s technique
so that we obtain an image simple fold map h; such that
hy(S(hy)) is as depicted in the right-hand figure. The
maps f1, g1 and h; are homotopic to each other and rep-
resent a generator of m3(S?) & Z.

O~ O=Z0O

\/—/

n

F1GURE 2. The figure represents the image of the singu-
lar point set of h, in S2.

The existence of such a counter example leads to the following more
general problem.

Problem 1.6. Let f: M™ — S be an image simple fold map of a closed
n-dimensional manifold with n > 2 into a surface S. Under what
conditions is £S(f) (mod 2) a homotopy invariant of f?

2. REsSuLTS

In this section we essentially answer Problem 1.6. Theorem 2.1 gives
a positive answer under the assumptions that the dimension of the

source manifold is even, and the target surface is orientable. The next
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two theorems show that if either of these assumptions is dropped, then
the parity of the number of fold components need not be a homotopy
invariant.

The following criterion has been proved in [2].

Theorem 2.1 (Kahmeyer and Sadykov, 2024). The parity of the num-
ber of fold components, §S(f) (mod 2), is a homotopy invariant of im-
age simple fold maps f: M™ — S if n = dim M"™ > 2 is even and S is
orientable.

In §3, we give a proof of Theorem 2.1 different from the original one
in [2].

In the case where S = R? the statement of Theorem 2.1 can be
strengthened by considering the algebraic number of fold components
rather than the parity of the number of fold components. This has
been proved by Levine [4]. In §4 we give another proof of this fact, see
Theorem 4.2.

When n is odd, the situation changes drastically. The following
negative result has been proved in [5].

Theorem 2.2 (Sadykov and Saeki, 2025). Suppose n > 3 is odd.
For an arbitrary image simple fold map f: M™ — S of a closed n-

dimensional manifold M™ into a surface S, there exists an image simple
fold map g: M™ — S homotopic to f such that £S(g) = 8S(f) + 1.

For maps into non-orientable surfaces, again we have a negative re-
sult [5].

Theorem 2.3 (Sadykov and Saeki, 2025). Let n > 2 be an arbitrary
even integer. Then, there exist a closed n-dimensional non-orientable
manifold M and two image simple fold maps f,g: M™ — M into the
open Mdébius band M such that f is homotopic to g but £S(f) # £S(9g)
(mod 2).

In §5 we go over the constructions that prove Theorems 2.2 and 2.3.

3. HOMOTOPY INVARIANCE OF #5(f) (mod 2)

In this section we prove Theorem 2.1. In the following, y denotes
the Euler characteristic.

We may assume that S is connected. Let f: M™ — S be an image
simple fold map, where n > 2 is even and S is an orientable surface.
First, we suppose that S is a closed surface. Note that f(S(f)) is a
finite disjoint union of simple closed curves in S. Let S\ f(S(f)) = UR;
be the decomposition into connected components. For each ¢, take a
point y; € R; and set x; to be the Euler characteristic x(f~*(y;)) of
the regular fiber f~!(y;) with the convention that y; = 0 if f~(y;) =

(). Note that the value y; does not depend on the choice of y; by
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Ehresmann’s fibration theorem applied to the submersion f restricted
to f7H(R).

Since S is connected, the regular fibers of f are all cobordant. Hence
the parity of x; does not depend on 7. Another way to see this is to
take an embedded arc 7 in S which intersects f(S(f)) transversely at
exactly one point in its interior, and which connects y; and y; for some
i and j. Then, f[s-1(4): f7'(y) — 7 can be identified with a Morse
function with exactly one critical point on a cobordism between f~!(y;)
and f~!(y;). Since the dimensions of the regular fibers are even, the
difference x; — x; is equal to £2.

We set rp = 0 € Z/4Z if x; are all even, and set r; = 1 € Z/4Z
otherwise. Let Ry (or R;) be the union of those R;’s for which x; =
(mod 4) (resp. x; = ry+2 (mod 4)). Since the Euler characteristics x;

of fibers over adjacent regions differ by 2 modulo 4, we have S = E)UE

and Ry ﬂ~§1 — f(S(f)), where Ry and R; denote the closures in S of
Ry and Ry, respectively. Since f(S(f)) is a finite disjoint union of
embedded circles, we have x(R;) = x(S) — x(Rp) and

x(M™) ZXiX(Rz')
x(Fo) + (o + () (mod 4
2x(Ro) + (rf +2)x(S) (mod 4).

Furthermore, since E(L is a compact orientable surface with boundary
f(S(f)), we have 2x(Ry) = 2£S(f) (mod 4). Consequently,

15(f) = (X(M") = (ry +2)x(5))/2  (mod 2).
Since 77 is a homotopy invariant of f, this proves Theorem 2.1 in the
case where S is closed.

Remark 3.1. The above proof shows that y(M™) is always even, since
x(9) is even. This can also be deduced from a result due to Whitney
[12] and Thom [11] stating that the parity of x(M™) coincides with that
of the number of cusp points, or from an Euler characteristic formula
modulo 2 obtained in [7]. The homotopy invariance of r; can also be
proved by using arguments in [7], for example.

When S is not closed, let H: M"x[0,1] — S be a homotopy between
two image simple fold maps f and g: M™ — S. Since H(M" x [0, 1])
is a compact subset of S, we may assume that H is a map into a
closed orientable surface containing H(M™ x [0,1]). Then, the above
argument applies. This completes the proof of Theorem 2.1.

Remark 3.2. The above proof shows that if r; = 0, then §S(f) =
X(M™)/2 (mod 2). For example, this congruence holds if f is a map
into an open surface S. See also §4 for a refined result in the case where
S =R2
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Remark 3.3. The following comment is due to Kenta Hayano. When
M™ is of even dimension and S is orientable, the parity of 15(f) seems
to be an invariant of something much weaker than the homotopy class
of f.

In fact, according to our new proof, it is an invariant of the parity
of the Euler characteristic of a regular fiber. For example, when M*
is orientable of dimension 4, a regular fiber is also orientable and its
Euler characteristic is always even. This means that the parity of
£S(f) depends only on x(M*) and x(S). A sharper argument may be
possible.

4. INTEGRAL LIFT OF #5(f) (mod 2)

In this section, we consider a refined version of Theorem 2.1: i.e.,
the homotopy invariance of a certain integral lift of 5(f) (mod 2).
The following problem has been posed by Tatsuro Shimizu.

Problem 4.1. When £S(f) (mod 2) is a homotopy invariant, can we
define a “sign” € {£1} for each component of S(f) in such a way that
the number of connected components of S(f) counted with signs is an
integer homotopy invariant of f7

The answer is, in fact, given by Levine [4| for the case where the
target surface S is the plane R% Here, we give another formulation
and its proof in line with the discussion in §3.

Let f: M™ — R? be an image simple fold map of a closed manifold
M™ of even dimension n > 2 to the plane. Let v be a component of
S(f). The complement R? \ f(v) is a disjoint union of an open 2-disk
and an unbounded region. Let xy be a point in the open 2-disk near
f(v) and 2 be a point in the unbounded region near f(v). We say
that v (or f(7)) is positive if x(f 1 (zq)) > x(f ! (2s)). Otherwise, we
say that v (or f(v)) is negative.

The following theorem is essentially due to Levine [4|. Here, we give
another proof based on an argument similar to that in §3.

Theorem 4.2. Let f: M™ — R? be an image simple fold map of a
closed manifold M of even dimension n > 2 to R%. Then, the Euler
characteristic x(M™) is even, and the algebraic number of fold compo-
nents counted with signs is equal to

p(f) = n(f) = x(M")/2,
where p(f) and n(f) are the numbers of positive and negative compo-

nents of S(f), respectively. In particular, the algebraic number of fold
components is a homotopy invariant of f: it depends only on x(M™).

Proof. First, let us define the following notion. For any component
R of R* ~ f(S(f)), the depth d(R) of the region R is the algebraic

number of times a generic ray from a point in R crosses A = f(S(f)),
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where crossings with positive components of A are counted with posi-
tive signs, while crossings with negative components of A are counted
with negative signs. Note that this is well-defined due to the vanishing
of H(R* Z).

The complement R? . A of A = f(S(f)) is a disjoint union R, LI
R,U- - -LUR;, of regions, where R, is the unbounded region. For y; € R;,
set F; = f~1(y;). In particular, the fiber F,, is empty. As we have seen
in §3, the Euler characteristics of the fibers over two adjacent regions
differ by +2. Therefore d; = x(F;)/2 is the depth of the region R;.

For each component S; of A, choose a small closed annular neigh-
borhood U; of S;, and choose a large closed 2-disk B C R? containing
all U; in its interior. Put U = UU;. Then, we have

M" = fY(B~IntU)U f~1(U).

Since f~1(U) and f~'(JU) are disjoint unions of locally trivial bun-
dles over circles, their Euler characteristics are zero. Thus, we have
X(M") = x(f~1(B~ Int U)).

Let @); denote the component of B\ 1Int U in the region R;, 1 <i < k.
Then Q; is diffeomorphic to R;, and we have

x(M") = ZX(f_l(Qi» = ZX(E‘)X(Qz‘) = Z 2d;x (R;).

It remains to compute this sum. Note that the sum on the right hand
side only depends on the signed components of A, which determine the
regions R; and their depths. For this reason, we will denote the sum
S 2d;x(R;) by xa. We emphasize that the sum xa is well-defined
for every finite family of simple closed curves A in R? with signed
components.

Choose an innermost component C' of A, and let D be the open
2-disk bounded by C. Let R be the region adjacent to C' on the other
side. For R = RU D, we have y(R') = x(R) + 1. If C is positive, then
d(D) = d(R) + 1, and therefore

2d(D)x(D)+2d(R)x(R) = 2(d(R)+1) +2d(R)x(R) = 2+2d(R)x(R’).

Thus, for A’ = A~ C, we have xao = 2 + yas. Similarly, in the case
of a negative innermost component C, deleting C' from A results in
increasing the sum by 2.

Iterating this procedure, we essentially remove all components of
A and reduce the sum to zero. Hence, if p(f) and n(f) denote the
numbers of positive and negative fold components of f, respectively,
then we have x(M") = " 2d;x(R;) = 2p(f) — 2n(f). This completes
the proof. O

Remark 4.3. Levine’s proof of Theorem 4.2 given in [4] is based on
generic projections m : R?> — R such that the composition wo f: M"™ —
R is a Morse function.

We do not know the answer to Problem 4.1 when S is not R2.
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5. CHANGING £5(f) (mod 2)

Let us prove Theorem 2.2. Let f: M™ — S be an image simple fold
map of a closed n-dimensional manifold M™ into a surface S, where
n > 3 1is odd.

Let A be a small 2-disk contained in f(M™) ~ f(S(f)). We modify
the image simple fold map f by homotopy with support on a connected
component of f~!'(A), following the procedure as described in Fig. 3.
These figures depict the images of singular point sets of generic maps
inside A. The integers attached to some curves indicate the corre-
sponding indices of the relevant folds with respect to the directions
indicated by arrows. The lower left figure depicts the singular value
set of f inside A, i.e. the empty set. Then, we create three wrinkles,
using the birth move three times (see [10, Fig. 4]). Next, by three flip
moves, we turn the wrinkles into three “bow ties” made up of folds of
indices n — 1, n and n 4+ 1 (see |10, Fig. 4]|). Note that reversing the
chosen direction interchanges the indices n — 1 and n + 1. Then, we
merge the three “bow ties” as in the upper right figure by the cusp
elimination technique due to Levine [3]. This is possible, since we are
modifying the maps only on a connected component of f~!(A) so that
the paths between the images of the cusps that are merged can be lifted
to curves in M™ connecting the relevant cusps. As the three fold curves
all have indices n > 2, we can then perform the type III crossing as
in the lower right figure (see [10, Fig. 6]). Finally, we perform three
unflips. This is possible, since the involved folds are of indices n and
n+ 1 with 2 <n < 2n—1 (see [10, Fig. 4]). This completes the proof
of Theorem 2.2.

Remark 5.1. There is also another proof of Theorem 2.2 using higher-
dimensional Dehn twists. For details, see [5].

Let us now prove Theorem 2.3.
Let w and z: S* — R be two Morse functions such that (refer to
Fig. 4)
e w has exactly two critical points a; and as of indices 0 and 1,
respectively, with w(a;) = —1 and w(az) = 1,
e 2 has exactly four critical points by, by, b3 and b4 of indices 0,0, 1
and 1, respectively, with z(b;) = —1, z(bs) = —1/2, z(b3) = 1/2

and z(by) = 1,
e there exists an orientation reversing involution o: S!' — S1
such that w oo = —w, o(a;) = az and o(az) = a4,

e there exists an orientation reversing involution 7: S! — S!
such that z o717 = —z, 7(by) = by, 7(bs) = b3, 7(b3) = bs and
T(b4) = bl.

Then, w induces a fold map

idjpy x w: [0,1] x S' = [0,1] x R,
8
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FIGURE 4. Two Morse functions w and z on S' and the
involutions ¢ and 7 of S*

which further induces a fold map

W = idg1xw: S*x St — S'XR,
where idjp ] is the identity map of the interval [0, 1], S*x S! is obtained
from [0, 1] x S* by identifying (1, z) with (0, o(x)) for each x € S*, and
S'XR is obtained from [0,1] x R by identifying (0,¢) with (1, —t) for
each t € R. Similarly, we get a fold map

7 =idgixz: S'xS' = S'XR.
We see that w and z are image simple fold maps from the Klein bottle

S'xS* to the open Mabius band M. Furthermore, we have £S(w) =
9
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while 25(2) = 2. On the other hand, since w and z are null-homotopic,
the maps w and z are homotopic. Hence, the parity of the number of
connected components of singular point set is not a homotopy invariant
for image simple fold maps in general. This completes the proof for the
case n = 2.

For n > 4 even, a similar construction works (for details, see [5]).
This completes the proof of Theorem 2.3.

6. FURTHER PROBLEMS
We conclude with some related problems.

Problem 6.1. The following problem has been posed by Kentaro Saji.
Let f: M™ — S be an image simple fold map of a closed n-dimensional
manifold M™ into a surface S with n > 2. When n = dim M"™ > 3 is
odd, is it possible, under some circumstances, to decrease the number
of fold components of #S(f) by one?

Problem 6.2. The following problem has been posed by Toshizumi
Fukui. What can be said for other dimension pairs (n,p)? Are there
such dimension pairs for which a similar problem can be interesting?
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