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1 Introduction

We investigate differential geometric properties of surfaces with singularities in hyperbolic 3-space
and have defined the hyperbolic framed surface in [10]. Many surfaces are hyperbolic framed base
surfaces and the theory of hyperbolic framed surfaces can be applied to study their properties.
However, there are some surfaces that may not be hyperbolic framed surfaces. A typical example is
the one-parameter family of hyperbolic framed curves. A curve in hyperbolic 3-space with curvature
1 and torsion 0 is known as a horocycle. A one-parameter family of horocycles is called a horocyclic
surface (cf. [4]), which may not conform to the definition of a hyperbolic framed base surface.
These examples, along with others, motivate the development of a more general notion of singular
surfaces in hyperbolic 3-space.

In Euclidean space, the framed surface possesses a smooth moving frame at its singularities (cf.
[2]). The relation between one-parameter families of framed curves and framed surfaces was dis-
cussed in [3]. To address a broader class of singular surfaces, authors in [8] introduced generalized
framed surfaces. In hyperbolic 3-space, we give the concept of hyperbolic generalized framed sur-
faces, extending hyperbolic framed surfaces and one-parameter families of hyperbolic framed curves.
The relations between these surfaces are discussed in Section 3. Additionally, we provide necessary
and sufficient conditions for a smooth surface to be a hyperbolic generalized framed base surface
(Theorem 3.9). In order to study mixed-type surfaces with singularities in Lorentz-Minkowski 3-
space, authors in [5] introduced the lightcone framed surface equipped with a lightcone frame. The
lightcone framed surfaces are closely related to generalized framed surfaces in Euclidean 3-space,
see Theorem 3.5 in [5]. We further discuss the connections between hyperbolic generalized framed
surfaces, generalized framed surfaces of Euclidean 3-space and lightcone framed surfaces of Lorentz-
Minkowski 3-space in Section 4. To illustrate the theory, two examples are presented in Section
5.

All maps and manifolds considered here are of class C° unless otherwise stated.

The content of this paper is based on joint research with Donghe Pei and Masatomo Takahashi

(ct. [6]).

2 Preliminaries

Let R} denote Lorentz-Minkowski n-space with the pseudo inner product (x1,x2) and the pseudo
vector product 1 A a2 A -+ A @p—q where &; € R} (i =1,2,...,n —1). A vector x € R}\ {0} is
spacelike, lightlike or timelike if (x,x)>0, (x,x) = 0 or (x, x)<0, respectively. The norm of vector
x is given by [|z|| = \/|(z,x)|. We define the hyperbolic 3-space as H*> = {x € R} | (z,z) = —1}
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and the de Sitter 3-space as S} = {x € R | (x,z) = 1}. The submanifold A5 in [1] is defined as
As = {(1/1,112) S Si; X Si; | <I/1,V2> = 0}

It is well known that there are two connected branches in hyperbolic 3-space. Here we only
consider curves or surfaces on the branch {m = (x1,x9,x3,24) € H 3 | 21 > 0} and still denote it by
H3. In this paper, we denote U a simply connected open subset in R? and I an interval in R.

2.1 Hyperbolic framed surfaces

Definition 2.1 ([10]). We define (z,m,s) : U — H?3 x As as a hyperbolic framed surface if
(y,n)(u,v) = (xy,n)(u,v) = (X, n)(u,v) = (x,s)(u,v) = 0 for all (u,v) € U, where x,(u,v) =
(0 /0u)(u,v), Ty(u,v) = (0x/0v)(u,v). = : U — H3 is a hyperbolic framed base surface if there
exists (n, s) : U — As such that (x,n,s): U — H? x Aj is a hyperbolic framed surface.

Let t(u,v) = (x An A 8)(u,v). Then {x,n,s,t} is a moving frame along x. Thus, we get

Ty (u,v) 0 0 ar(u,v)  bi(u,v) x(u,v)
ny(u,v) | 0 0 er(u,v)  fi(u,v) n(u,v)
sy (u,v) ai(u,v) —ei(u,v) 0 g1(u,v) s(u,v) |’
tu(“?”) bl(“?”) _fl(u7v> _91<U7U) 0 t(“?”)
., (u,v) 0 0 az(u,v)  ba(u,v) x(u,v)
ny(u,v) | _ 0 0 es(u,v)  folu,v) n(u,v)
Sy(u,v) az(u,v) —ez(u,v) 0 g2(u,v) s(u,v) |’
tv<u7v> b2(u7v> _f2(u7v> _92<U7U) 0 t(“?”)

where a;,b;, €4, fi,9; : U = R, ¢ = 1,2 are smooth functions. They are called the basic invariants of
(z,m, ).

2.2 One-parameter families of hyperbolic framed curves

Definition 2.2. We call (v,v1,v2) : U — H3 x Aj a one-parameter family of hyperbolic framed
curves with respect to u (respectively, with respect to v) if (y,v;)(u,v) = (v, Vi) (u,v) = 0 (respec-
tively, (v, v;)(u,v) = (7v,, Vi) (u,v) = 0) for all (u,v) € U, i = 1,2, where ~,(u,v) = (0v/0u)(u,v),
Yo (u,v) = (97/0v)(u,v). v : U — H3 is called a one-parameter family of hyperbolic framed base
curves with respect to u (respectively, with respect to v) if there exists (v1,v2) : U — As such that
(v,v1,v2) : U = H3 x As is a one-parameter family of hyperbolic framed curves with respect to u
(respectively, with respect to v).

Define p(u,v) = (y Avi Ave)(u,v) , then {7,v,v9, u} is a moving frame along ~.
Let (v,v1,v2) be a one-parameter family of hyperbolic framed curves with respect to u. We
have the following formulas

Yulu,v) 0 0 0 mu,v)\ [v(uv)
via(u,v) | _ 0 0 n(u,v) a(u,v) vi(u,v)
vou(u,v) 0 —n(u,v) 0 b(u,v) vo(u,v)
“u(uav> m(u,v) —CL(U,U> —b(U,U) 0 IL(U,U)
Yo (u,v) 0 P(u,v)  Qu,v)  M(u,v)\ [ (u,v)
vio(u,v) | _ | P(u,v) 0 N(u,v) A(u,v) vi(u,v)
voy(u,v) Q(u,v) —N(u,v) 0 B(u,v) vo(u,v)
[.LU<U,’U> M(U,U) —A(U,U) —B<U,’U> 0 u(u,v)
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where m,n,a,b, M, N, A, B, P,Q : U — R are smooth functions. They are called the curvature of
the one-parameter family of hyperbolic framed curves with respect to u.

3 Hyperbolic generalized framed surfaces

Definition 3.1. We say that (x,v1,v2) : U — H? x As is a hyperbolic generalized framed surface
if (x,v1)(u,v) = (x,v2)(u,v) = 0 and there exist smooth functions «, : U — R such that
(T A Ty A xy)(u,0) = a(u,v)vr(u,v) + B(u, v)ve(u,v) for all (u,v) € U. We define z : U — H? as
a hyperbolic generalized framed base surface if there exists (v1,v3) : U — Aj such that (x,vq,v9) :
U — H3 x Aj is a hyperbolic generalized framed surface.

Let v3(u,v) = (x Avi Ava)(u,v). Then {x,v1,v2,v3} is a moving frame along . Thus, we get

Ty (u,v) 0 a(u,v)  bi(u,v) c1(u,v) x(u,v)
vig(u,v) | _ [a1(u,v) 0 er(u,v)  fi(u,v) vi(u,v)
vou(u,v) bi(u,v) —ei(u,v) 0 g1(w,v) | | va(u,v) |7
vy (u,v) ci(u,v) —filu,v) —g1(u,v) 0 vs(u,v)
Ty (u,v) 0 as(u,v)  ba(u,v)  ca(u,v) x(u,v)
vio(u,v) | _ | az(u,v) 0 ea(u,v)  fa(u,v) | | v1(u,v)
voy(u,v) ba(u,v) —ea(u,v) 0 g2(u,v) vo(u,v)
v3y(u,v) ca(u,v)  —fa(u,v)  —ga(u,v) 0 v3(u,v)

where a;, b;, ¢;, €5, fi,g; : U = R, i = 1,2 are smooth functions with a1by — asb; = 0. They are called
the basic invariants of (x,v1,v3). Denote

a(u,v) = (a1(u,v) as(u,0))",b(u,v) = (br(u,v) bo(u,0))", e(u,v) = (c1(u,v) ea(u,0))"
where a’” denotes the transpose of a. Thus we can get
a(u,v) = det (b(u,v) e(u,v)), B(u,v) = det (c(u,v) a(u,v)).

Since (x,v1,v2) is smooth, Xyy = Tyy, Vi = View a0d Vayy, = Vayy, hold. Tt follows that we have
the integrability conditions:

a1y — brez — c1 fo = agy — baer — o f1,
b1y + arez — c1g2 = bay + aze; — cagi, (1)
Cly + a1 fo + b1ga = coy + a2 f1 + bagi,

e — f192 = e2u — f291,
Jiv + €192 + aica = fou + €201 + azer, (2)
g1v — e1f2 + bica = gou — e2f1 + bacy.

Then we give fundamental theorems for hyperbolic generalized framed surfaces using their basic

invariants.

Definition 3.2. Let (x,v1,v2), (Z,U1,72) : U — H? x As be two hyperbolic generalized framed
surfaces. We say that (x,v1,v2) and (F,U1,V2) are congruent as hyperbolic generalized framed
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surfaces if there exists A € SO(1,3) such that T(u,v)
Ua(u,v) = A(va(u,v)) for all (u,v) € U. Here,

A(x(u,v)), Ui(u,v) = A(vi(u,v)),

~1.00 0
T 0 100

SO(1,3) ={ A€ My(R) | ATGA=G, det(A) =1, G=| o . | o
0 00 1

Theorem 3.3 (Existence theorem for hyperbolic generalized framed surfaces). Let a;,b;,c;,e;,
firgi : U = R, i =1,2 be smooth functions with a1by — asby = 0 and the integrability conditions (1)
and (2). Then there exists a hyperbolic generalized framed surface (x,v1,v32) : U — H? x A5 whose
associated basic invariants are a;, b;, ci e, fi,9: : U = R, i =1,2.

Theorem 3.4 (Uniqueness theorem for hyperbolic generalized framed surfaces). Let (z,v1,v2),
(Z,U1,U3) : U — H3 x Ag be two hyperbolic generalized framed surfaces with the same basic
invariants a;, b;, ¢, e;, fi,gi : U = R, ¢ = 1,2. Then (x,v1,v2) and (T, U1,U2) are congruent as
hyperbolic generalized framed surfaces.

3.1 Relations between hyperbolic generalized framed surfaces, hyperbolic framed
surfaces, one-parameter families of hyperbolic framed curves and smooth
surfaces.

Proposition 3.5. (1) Let (z,n,s) : U — H3 x As be a hyperbolic framed surface with basic
invariants a;, b;, e, fi, gi, @ = 1,2. Then (x,n,s) is a hyperbolic generalized framed surface
with a(u,v) = (a1bg — agby)(u,v), B(u,v) =0.

(2) Let (xz,v1,v2) : U — H? x Ag be a hyperbolic generalized framed surface with basic invariants
Qq, bi7 Ci, €4, fiu gi, = 17 2.

(i) If a1(u,v) = az(u,v) =0 for all (u,v) € U, then (x,v1,v2) is a hyperbolic framed surface.
(ii) If by (u,v) = ba(u,v) = 0 for all (u,v) € U, then (x,v2,v1) is a hyperbolic framed surface.

(iii) If there exists a smooth function 6 : U — R such that (a1 cos @ —by sin 0)(u,v) = (agcosf—
by sin @) (u,v) = 0 holds for all (u,v) € U, then x is a hyperbolic framed base surface.

Remark 3.6. Regular surfaces in hyperbolic 3-space are hyperbolic framed base surfaces, and
therefore, regular surfaces are also hyperbolic generalized framed base surfaces.

Proposition 3.7. (1) Let (v,v1,v2) : U — H? x As be a one-parameter family of hyperbolic
framed curves with respect to u. Then (v,v1,v2) is a hyperbolic generalized framed surface
with a(u,v) = —m(u,v)Q(u,v), B(u,v) = m(u,v)P(u,v).

(2) Let (z,v1,v9) : U — H? x A be a hyperbolic generalized framed surface with basic invariants
ai, bi, cisei, figi, i = 1,2, If aj(u,v) = bi(u,v) = 0 for all (u,v) € U, then (x,vi,v2) and
(z,va,v1) are one-parameter families of hyperbolic framed curves with respect to u.

(3) Let (z,v1,v9) : U — H? x A be a hyperbolic generalized framed surface with basic invariants
a;,bi,ci,ei, fivgi, i = 1,2, Assume there exists a smooth function 8 : U — R such that
(a1 cos@ — by sinb)(u,v) =0 for all (u,v) € U.



166

(i) If c1(u,v) = 0 for all (u,v) € U, then x is a one-parameter family of hyperbolic framed
base curves with respect to u.

(ii) If there exists a point (ug,vo) € U such that c¢1(ug,vo) # 0, then x is a one-parameter
family of hyperbolic framed base curves with respect to u at least locally around (ug,vp).

Remark 3.8. Here we have only considered one-parameter family of hyperbolic framed curves with
respect to u. Similar conclusions hold for one-parameter family of hyperbolic framed curves with
respect to v.

Theorem 3.9. Let & : U — H? be a smooth surface. Then x is a hyperbolic generalized framed
base surface if and only if there exists a smooth map v : U — S3 such that (x,v)(u,v) = (T A 2y A
Ty, V) (u,v) =0 for all (u,v) € U.

3.2 Singularities of hyperbolic generalized framed base surfaces

We say a point p is a cross cap singular point (respectively, Sfﬁ singular point) of x if x is A-
equivalent to (u,v) ~— (u,v? uv) (respectively, (u,v) — (u,v? v(u? 4 v?))) at p. We use the
following Lemma to obtain the conditions for cross cap and Sfﬁ singular points.

Lemma 3.10 ([7, 9)). Let x : (U,p) — (H?,x(p)) be a map germ and p = (ug,vg) a corank one
singular point of x. Then,

(1) x at p is A-equivalent to cross cap if and only if dp(ug,vg) # O.

(2) = at p is A-equivalent to Sy~ singular point if and only if dp(ug,vo) = 0, det Hess ¢(ug, vo) < 0,
Ex(p) and mx(p) are linearly independent.

3) x atp is A-equivalent to Sy singular point if and only if dp(ug,vg) = 0 and det Hess ¢(ug, vg) >
1
0.

Here, p(u,v) = det(x,&x, nx, nmx)(ugp, vo), & is a vector field transverse to the null vector field n
and det Hess o(u,v) = (Quupor — ©2,) (1, v).

Proposition 3.11. Let (z,v1,v2) : U — H? x As be a hyperbolic generalized framed surface
with basic invariants a;, b, c;,ei, fiygi, © = 1,2. If p = (ug,v0) is a singular point of x, that is,
a(ug,vg) = det (b(uo,vg) c(uo,vg)) =0 and B(ug,vo) = det (c(uo,vg) a(uo,vg)) = 0. Then,

(1) p is a cross cap singular point of x if and only if (a1, az, by, bs2)(ug,vo) = (0,0,0,0),
(c1,¢2)(up,vo) # (0,0) and (det (bu c) det (av c) — det (bv c) det (au c)) (up,vo) # 0.

(2) pisa Sf' singular point of x if and only if (a1, az, b1, b2)(ug,vo) = (0,0,0,0), (c1,c2)(ug,vo) #
(0,0), (det (by c) det (a, c) — det (by c) det (ay, c)) (up,vo) = 0, det Hess ¢(ug,vg) < 0 and
(—cidet (ay €) + cadet (ay ¢),cadet (b, ¢) — ¢q det (by €)) (ug,vo) # (0,0).

(3) pisa Sy singular point of x if and only if (a1, a2, b1, b2)(ug,vo) = (0,0,0,0), (c1,c2)(uo, vo) #
(0,0), (det (by c) det (a, ) — det (b, ¢) det (ay €)) (ug,vo) = 0 and det Hess ¢(ug,vo) > 0.
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4 Relations between hyperbolic generalized framed surfaces in H?,

generalized framed surfaces in R? and lightcone framed surfaces
in R}

4.1 Relations between hyperbolic generalized framed surfaces and generalized
framed surfaces

Let R? denote Euclidean 3-space with the inner product @ - y and the vector product & x y, where
x,y € R®. Denote A = {(z,y) € S? x $? |z -y =0}, where S> = {x e R? |z -z = 1}.

Definition 4.1 ([8]). We call (%, 71,75) : U — R3 x A a generalized framed surface if there exist
smooth functions @, 8 : U — R such that (Z, X ) (u,v) = @(u,v)v1(u,v) + f(u, v)Va(u,v) for all
(u,v) € U. ®: U — R3 is a generalized framed base surface if there exists (U1,73) : U — A such
that (&,71,V2) is a generalized framed surface.

Let U3(u,v) = (U1 X U2)(u,v), then {1,792, U3} is a moving frame along .
Poincaré 3-disc D3 = {(xl,xg,acg) | LU% er% + ;U% < 1} is an open subset of Euclidean space.
There is a diffeomorphism 7 from H3 to D3,

( ) x2 €3 Ty
w(r1,r2,r3, T = .
1,42,4L3,44 .T1+1’£E1+1’1’1+1

The inverse mapping of 7 is

(1+ 2% + 23 + 23, 221, 279, 273)

2 _ 2 _ 2
1—2f—25—x3

7 (21, 12, 23) =

Proposition 4.2. Let (z,v1,v2) : U — H? x A5 be a hyperbolic generalized framed surface. Denote
iU(’LL, U) = (xlv I2,x3, .’E4)(U, U); Vl(“ﬂ U) = (y17 Y2,Y3, y4)(u7 U) and VQ(U, U) = (Z17 22, 23, Z4)(’LL, U)'
Then (Z,U1,U3) : U — D3 x A is a generalized framed surface, where

— L2 L3 L4
Bu,0) = moa(u,v) = (g o T (),

71 (u,0) = (]9217(11,27“1) (u,0), T, v) = (I;z, QQ,27“2) (uv),
VPTt+ay + 1 VD3t g5+ 15

p1(u,v) = (291 — T1Y2 — y2) (U, v), q1(u,v) = (z3y1 — 21y3 — ¥3) (U, V),

r1(u,v) = (T4y1 — 1Y4 — ya)(u, v), p2(u,v) = (1221 — 2122 — 22) (U, v),

q2(u,v) = (x321 — x123 — 23) (U, v), ro(u,v) = (2421 — x124 — 24)(u, ).

Proposition 4.3. Let (%,71,75) : U — D> x A be a generalized framed surface. Denote T(u,v) =
(z1,29,23)(u,v), U1(u,v) = (y1,y2,y3)(u,v) and Ua(u,v) = (z1,22,23)(u,v). Then (x,v1,v3) :
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U — H3 x As is a hyperbolic generalized framed surface, where

(1+ 22 + 23 + 23, 231, 279, 273)

1—x%—a:%—x§ (w,0),

x(u,v) =7 L o E(u,v) =

<plaq11T1751) <p21q21T2752) )
V-pit+ai+ri+si V-3 + a3 +13+ 83
p1(u,v) = 2(z1y1 + 222 + 3Y3) (U, ), P2(u,v) = 2(121 + T222 + 2323) (U, V),

(u,v), va(u,v) =

vi(u,v) =

g1 (u,v) = (14 27 — 23 — 23)y1 + 2212995 + 22123Y3) (U, V),
q2(u,v) = (1 4+ 3:1 — x% — x3)z1 + 2x12929 + 2212323) (U, V),

)=
) =
) =
ri(u,v) = (2z12291 + (1 — 151 + 372 — 23)y2 + 2z223y3) (u
)=
) =
)=

)

)(u,v)

)(u, ),

ro(u,v) = (2z12921 + (1 — 2% + 23 — x3)22 + 2x9w323) (U, v),
s1(u,v) = (2x123y1 + 2x223y2 + (1 — 23 — 23 + 22)y3) (u, v),
s9(u,v) = (2r12321 + 2x0x320 + (1 — 23 — 23 + 23)23) (u, v).

4.2 Relations between hyperbolic generalized framed base surfaces and light-
cone framed base surfaces

The submanifold Ay in [1] is defined as Ay = {(v1,v2) € LC* x LC* | (v1,v2) = —2}, where LC* =
{x € B3\ {0} | (w,z) = 0},

Definition 4.4 ([5]). We call (z, £X.07): U — R} x Ay a lightcone framed surface if there exist
smooth functions &, 8 : U — R such that (Zy A &) (u,v) = &(u, v} (u,v) + B(u,v)€ (u,v) for all
(u,v) € U. = : U — R} is a lightcone framed base surface if there exists (£7,£7) : U — Ay such
that (x,£7,£7) is a lightcone framed surface.

Consider the projections m; : H3 — R? (i = 2,3,4), where ma(r1,79,23,24) = (71,73,24),
m3(21, X2, T3, T4) = (21, T2, 74) and wy(x1, T2, 3, T4) = (21, 2, T3).

Proposition 4.5. Let (x,vq,v3) : U — H? x Ag be a hyperbolic generalized framed surface. If
m; o v3(u,v) is spacelike for all (u,v) € U, then @ = m;ox : U — R} is a lightcone framed base
surface, 1 = 2,3, 4.

From R} to H3, we consider the maps p; : R — H? (i = 2,3,4), where

pa(a,b,c) = ( V—1+a? —bQ—CQbC)

p3(aa b,C) = (CL, ba \/_1 + a2 - b2 - 621 C) )

p4(a7 b? C) = <CL, b,C, \/_1 + CL2 - b2 - CQ)
and a2 — b2 — % > 1.

Proposition 4.6. Let (z,£7,£7) : U — R} x Ay be a lightcone framed surface. Denote T(u,v) =
(w1, 22, 23)(u,v). If (23 — 23 — 22)(u,v) > 1 for all (u,v) € U, thenx = p;ox : U — H? is a
hyperbolic generalized framed base surface, i = 2,3, 4.
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5 Examples

Two examples are provided as applications of hyperbolic generalized framed surfaces.

Example 5.1 (Corank one singularities). Let = : (R?,(0,0)) — (H?,2(0,0)) be given by
x(u,v) = <\/u2+f2(u v) + g%(u,v) + 1,u, f(u,v), g(u, v)),

where f,g: U — R are smooth functions with f,(0,0) = g,(0,0) = 0. By a direct calculation, we
have

(& ATy Ay (u,v) = ((gvf — fug)(u,v) + u(fogu — fugo)(u,v),

(14 ) (fogu — fugv)(u,v) +ulgef — fog)(u,v)
VU2 + (2 + g (u,v) +1
(90 + 9uf* = fogf) (w, ) + u(f fogu = [ fugo)(u,v)
Vu?+ (f2+g%)(u,v) +1
(_fv +gufg— fvg )(u U) + u(gfvgu - gquv)(“?”)) ]
Vur+ (f2+ 9% (u,v) +1

)

)

There exist unit spacelike vectors

V (g(u,v) — ugy(u,v))? + g2(u,v) + 1
p(u,v)

(T1 — k) (u,v)

vi(u,v) =

and
(ugy(u,v) — g(u,v))x(u,v) + (0, gu(u,v),0,—1)

(9(u,v) — ugu(u,v))* + gi(u,v) + 1
such that (x,v1)(u,v) = (x,ve)(u,v) = (v1,v2)(u,v) =0 and

vo(u,v) =

(x A xy A xy)(u,v)

)v/p(u,v)

(9(u,v) — ugu(u,v))? + g5 (u,v) + 1
q(u,v)

\/U (f2+ 9% (u, v) + 13/ (g(u, v) = ugu(u,v))? + g (u, v) + 1

gv(u,v

\/U2 (f2 + g2)(u,v) +1/(g

vi(u,v)

I/Q(U,U),

where
D1, 0) = (7 ) = ufuln, o) Ve + (P g2 (0 0) + 1, (w,0) — (1 0) fulu,0),

L P2 0) = wf (o) ful, ), £, 0)g(0,0) = ug(u,0) fuu,0)),
7 (u,0) = (uga(u,0) = g(u,0)(w,0) + (0, gu (v, ), 0, 1),

(0 + 9ufu)(w,0) + u(gu + ) (1,0) = v ful, V)gu(u,0)
(9(u,v) — ugalu, ) + g3(u, 0) + 1
pln,0) = (F(u,0) = uful, ) + (90, 0) — uguw, ) + ((fug — 9ul)? + F2 + 63w, 0) +1,
a(u,0) = gu(10) (—(91 + gufu) (w,0) + ulguf + 9f) (0, 0) = €2 ful,0)gu(w,0))

o fol 0) (9, 0) = uga(,0))* + g2(u, ) + 1).

k(u,v) =

)

8
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Thus, (x,v1,v2) is a hyperbolic generalized framed surface with

_ go(u,v)v/p(u,v)

VuZ + (7 + ¢7)(u,0) + 1/ (g, v) = ugu(u, v))? + g3 (u,v) + 1
_ q(u,v)
V(P ) 0) + 1y (g(u,v) — uga(u,0)® + g u,v) + 1

Example 5.2 (A hyperbolic ruled surface). Let v : (—m, 7] — H3,

a(u,v)

B(u,v)

13 9cosu — 3cos3u 9sinu — 3sin3u 6\/§cosu
7(“): Ea 5 ) 5 ) 5

be a smooth curve in H® and § : (—m, 7] — S},

(=156 sin u, —97 sin 2u + 18 sin 4u, —50 sin® u — 144 sin* u + 25, —36+/3 sin 2u)

51/144sin u + 25 '

O(u) =

Then

x(u,v) = coshvy(u) + sinhvd(u)

5 5y/Iddsin?u+25 5 5v/144 sin? u + 25
(9sinu — 3sin3u) coshv (50 sin?u + 144 sin* u — 25) sinh v
5 5v/144sin% u + 25 ’
6v/3cosucoshv  36v/3sin2usinhv
5 5 144sin2u+25>

B (13 cosh v 156 sinusinhv  (9cosu — 3cos3u)coshv  (97sin2u — 18sin4u) sinh v

is a hyperbolic ruled surface generated by v and 8, where (u,v) € (—m, 7| xR. By a direct calculation,
we have

—12v/3sinu cosh v + sinh vy/432sin? u + 75

(x A xy Axy)(u,v) = 7

Vi (u7 U)
65 sinh v

+ I/Q(U,U),
/144 sin? u + 25

(24 cos u, 13 cos 2u, 13 sin 2u, 13v/3)
Vl(“v U) = )

2v/ 144 sin? u + 25

3 3 1
vo(u,v) = (O, —\/7_ cos 2u, —\/7_ sin 2u, 5)

where

and (x,v1)(u,v) = (x,v9)(u,v) = (V1,v9)(u,v) = 0. Thus, (x,v1,v2) is a hyperbolic generalized
framed surface with

—12v/3sin u cosh v + sinh vy/432sin% u + 75 65 sinh v
a(u,v) = , Blu,v) = —>
v 144 sin” u + 25

5
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Figure 1: A curve o and a hyperbolic ruled surface & projected to Poincaré 3-disc. The two black
points are cross cap singularities of .

and the basic invariants

. _ : : \/72
(al (u7 ’U) bl (u’ ’U) el (u7 ’U)) _ _ \/125::11;1;}4_25 12+/3 sin u cosh v+551nhv 432 sin® u+75 0
az(u,v) ba(u,v) ca(u,v) 0 0 1]’
(61 (u’ ’0) fl (u7 ’U) a1 (U, "U)) _ 0 14221210252_:125 12\/§sinusinhv—c%sh vy/432sin? u+75 .
62(’&,’0) f2(uvv) 92(1"71)) 0 0 0

Since «(0,0) = 3(0,0) =0, (a1, az,b1,b2)(0,0) = (0,0,0,0), (c1,¢2)(0,0) = (0,1) # (0,0) and

(det (bu c) det (av c) — det (bq, c) det (au c)) (0,0) = 12v3 # 0,
we can obtain that  is A-equivalent to cross cap at (0,0) by Proposition 3.11. A similar discussion
leads to the conclusion that x is also A-equivalent to cross cap at (m,0), see Figure 1.
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